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HE Opinions of the Moderns concerning the Author of 
the Elements of Geometry, which go under Euclid's 
name, are very different and contrary to one another. Peter 
Ramus aſcribes the Propoſitions, as well as their Demonſtra- 
tions, to Theon; others think the Propoſitions to be Euclid's, 
but that the Demonſtrations are Theon's; and others main- 
tain that all the Propoſitions and their Demonſtrations are 
Euclid's own. John Buteo and Sir Henry Savile are the 
Authors of greateſt Note who aſſert this lafl, and the greater 
part of Geometers have ever fince been of this Opinion, as 
they thought it the moſt probable. Sir Henry Savile, after 
the ſeveral Arguments he brings to prove it, makes this Con- 
cluſion (Page 13. Pralect.) “ That, excepting a very few 
© Interpolations, Explications, and Additions, Theon altered 
« nothing in Euclid.” But, by often conſidering and com- 
paring together the Definitions and Demonſtrations as they 
are in the Greek Editions we now have, I found that Theon, 
or whoever was the Editor of the preſent Greek Text, by 
adding ſome things, ſuppreſſing others, and mixing his own 
with Euclid's Demonſtrations,. had changed more things to 
the worſe than is commonly ſuppoſed, and thoſe not of ſmall 
moment, eſpecially in the Fifth and Eleventh Books of the 
Elements, which this Editor has greatly vitiated ; for inſtance, 
by ſubſtituting a ſhorter, but inſuthcient Demonſtration of 
the 18th Prop. of the 5th Book, in place of the legittimate 
one which Euclid had given ; and by taking out of this Book, 
beſides other things, the good Definition which Eudoxus or 
Euclid had given of Compound Ratio, and giving an abſurd 
one in place of it in the 5th Definition of the 6th Book, 
Which neither Euclid, Archimedes, Appollonjus, nor an 
Geometer before Theon's time, ever made uſe of, and of 
which there is not to be found the leaſt appearance in any of 
their Writings ; and, as this Definition did much embarraſs 
Beginners, and is quite uſeleſs, it is now thrown out of the 
Elements, and another, which without doubt Euclid had 
given, is put in its proper place among the Definitions of 2 
5t 


er 


tth Book, by which the Doctrine of Compound Ratios is re: 
dered plain and eaſy. Beſides, among the Definitions of thy 
irth Book, there is this, which is the 1oth, viz. “ Equi 
and ſimilar ſolid figures are thoſe which are contained hy 
©« ſimilar planes of the ſame number and magnitude.” Now 
this Propoſition is a 'Theorem, not a Definition, becauſe the 
equality of figures of any kind muſt be demonſtrated, and 
not aſſumed; and therefore, tho? this were a true Propoſition, 
it ought to have been demonſtrated. But indeed this Propoti. 
tion, which makes the r1oth Definition of the 11th Book, 


is not univerſally true, except in the caſe in which each of . 0 
the folid angles of the figures is contained by no more than nec 
three plain angles; for, in other caſes, two ſolid figures may im 
be contained by ſimilar planes of the ſame number and magni- Nit ir 
tude, and yet be unequal to one another; as ſhall be made KP 
evident in the Notes {ubjoined to theſe Elements. In like Ge. 
manner, in the Demonſtration of the 26th Prop. of the 11th, or 
Book, it is taken for granted, that thoſe ſolid angles are e- en! 
qual to one another which are contained by plain angles of x, 


the ſame number and magnitude, placed in the ſame order; 
but neither 1s this univerſally true, except in the caſe in which 
the ſolid angles are contained by no more than three plain 
angles; nor of this caſe is there any Demonſtration in the 
Elements we now have, though it be quite neceſſary there 
ſhould be one. Now, upon the 1oth Definition of this Book de- 
pend the 25th and 28th Propoſitions of it; and upon the 25th 
and 26th depend other eight, viz. the 27th, 31ſt, 32d, 
33d, 34th, 36th, 37th, and 40th of the ſame Book; and the 
12th of the 12th Book depends upon the 8th of the ſame, and 

this 8th, and the Corollary of Propoſition 14th, and Prop. 18th 

of the 12th Book depend upon the gth Definition of the 11th 

Book, which is not a right Definition, becauſe there may be ſo- 

lids contained by the fame number of ſimilar plain figures, 

which are not ſimilar to one another, in the true ſenſe of ſimila- 

rity received by all Geometers ; and all theſe Propoſitions have, 

for theſe reaſons, been inſufficiently demonſtrated fince "Fheon's 

time hitherto. Beſides, there are ſeveral other things, which 
have nothing of Euclid's accuracy, and which plainly ſhew that 

his Elements have been much corrupted by unſkilful Geome- 

ters; and, though theſe are not ſo{groſs as the others now men- 

tioned, they ought by no means to remain uncorrected. 
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eaſoning, and 
Mathematical Learning, to remove ſuch Blemiſhes, and 


Upon theſe Accounts it appeared neceſſary, 


ſtore the principal Books of the Elements to their original 


ccuracy, as far as I was able; eſpecially ſince theſe Elements 


e the Foundation of a Science by which the Inveſtigation 


d Diſcovery of uſeful Truths, at leaſt in Mathematical 


earning, is promoted as far as the limited Powers of the Mind 
low; and which likewiſe is of the greateſt Uſe in the Arts 
oth of Peace and War, to many of which Geometry is abſolute- 


neceffary. This I have endeavoured to do by taking away 


e inaccurate and falſe Reaſonings which unſkilfal Editors have 


t into the place of ſome of the genuine Demonſtrations of 


uclid, who has ever been juſtly celebrated as the moſt accurate 


Geometers, and by reſtoring to him thoſe Things which The- 
or others have ſuppreſſed, and which have theſe many Ages 


en buried in Oblivion. 


In this third Edition, Ptolemy's Propoſition concerning a 
operty of quadrilateral figures in a circle is added at the 
d of the fixth Book. Alſo the Note on the 29th Prop. 
dok 1ſt, is altered, and made more explicit, and a more 
neral Demonſtration is given inſtead of that which was in 
e Note on the roth Definition of Book 11th; beſides the 
ranMtion is much amended by the friendly aſſiſtance of a 


arned Gentleman. 


To which is alſo added, the Elements of Plain and Spherical 


— whichare commonly taught after the Elements of 
C . ; 
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DEFINITIONS 


| : I. = FH; 
Point is that which hath no parts, or which hath no See Notes. 

magnitude. % 
| IT. 


A line is length without breadth. 
III. 
The extremities of a line are points. 
A ſtraight line is that which lies evenly between its extreme 
points. wy 


A ſuperficies is that which bath only length and breadth. 


The extremities of a ſuperficies are lines. 
VII. 

A plane ſuperficies is that in which any two points being taken, See N. 

the ſtraight line between them lies wholly in that ſuperficies. 
VIII. 

« A plane angle is the inclination of two lines to one ano- 8e N. 
&« ther in a plane, which meet together, but are not in the 
fame direction.” | 

IX. 


A plane rectilineal angle is the inclination of two ſtraight 
lines to one another, which meet together, but are not in 
che ſame ſtraight line. Ft * 

6 * 
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Di e n 


| : I. 
Point is that which hath no parts, or which hath no Sce Notes. 
magnitude. 
II. 
A line is length without breadth. 
III. 
The extremities of a line are points. 
IV. 
A ſtraight line is that which lies evenly between its extreme 
Points. | * 


A ſuperficies is that which both only length and breadth. 


The extremities of a 3 are lines. 
VII. 
A plane ſuperficies is that in which any two points being taken, See N. 
the ſtraight line between them lies wholly in that ſuperficies. 
VIII. 
% A plane angle is the inclination of two lines to one ano- Se N. 
« ther in a plane, which meet together, but are not in the 
*« ſame direction.” 
IX. 


A plane rectilineal angle is the inclination of two ſtraight 
lines to one another, which meet together, but are not in 
the fame ſtraight line. 


A N. | 


THE ELEMENTS 


| 
8 D 


EF 8” of 
B__—C E — 


N. B. When ſeveral angles are at one point B, àny one 
© of them is expreſſed by three letters, of which the letter that 
© is at the vertex of the angle, that is, at the point in which 
© the ſtraight lines that contain the angle meet one another, is 
© put between the other two letters, and one of theſe two is 
© ſomewhere upon one of thoſe ſtraight lines, and the other 
© upon the other line: Thus the — which is contained by 
* the ſtraight lines AB, CB is named the angle ABC, or CBA; 
© that which is contained by AB, DB is named the angle 
© ABD, or DBA; and that which is contained by DB, CB is 
© called the angle DBC, or CBD; but if there be only one angle 
© at a point, it may be expreſſed by a letter placed at that point; 
© as the angle at F. Fes 

> 


When a ſtraight line ſtanding on ano- 
ther ſtraight line makes the adjacent | 
angles equal to ane another, each of _ y 
the angles is called a right angle; 
and the ſtraight line which ſtands | 
on the other is called a perpendicu- | « 
lar to it. 

XI. | 


An obtuſe angle is that which is greater than a right angle. 


XII 


0 
An acute angle is that which 7 leſs than a right angle. . 
III. 
« A term or boundary, is the extremity of any thing.“ | 0 
X 


A f gure is that which is incloſed by one or more boundaries. 
A circle A 


OF EUCLID, 3 


XV. Book I. 


A circle is a plane figure contained by one line, which is cal- 
led the circumference, and is ſuch that all ſtraight lines 
drawn from a certain point within the figure to the circum- 
ference, are equal to one another: 


XVI. 
And this point is called the center of the circle. 
XVII. 
A diameter of a circle is a ſtraight line drawn thro? the center, See N. 
and terminated both ways by the circumference. 
| XVIII. 
A ſemicircle is the figure contained by a diameter and the part 


of the circumference cut off by the diameter. 
- « A ſegment of a circle is he figure contained by a ſtraight 
| line and the circumference it cuts off. 
3 figures are wks which are contained by ſtrai ght 
Trilateral figures, or es Rraight lines; 
Quadrilateral, by four ſtrai — 
3 figures, or N by more than four ſtraight 
XXIV. 


Of three ſided figures, an equilateral triangle is that which has 
three equal ſides. 
ON . XXV. 2 
An iſoſceles triangle, is that which has only two ſides 2 


A2 ; 


7 


Sec N. 
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XVXVI. 


A ſcalene triangle, is that which has three unequal ſides. 


XXVII. 


A right angled triangle, 1 that which has a right angle. 
X 


VIII 


An obtuſe angled triangle, is that which has an obtuſe an gle. 


ELM FAY 


| XXIX. 

An acute angled triangle, is 5 5 which has three acute angles. 
XXX. 

Of four ſided figures, a ſquare is that which has all its fides 

equal, and all its angles right angles. 

— 1 [—V— 

1 

ö | 

1 1 


* 
1 
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XXXI. 
An oblong is that which has all its angles right angles, but has 
not all its ſides equal. 
XXXII. 


A rhombus is that which has all its ſides equal, but its angles 
are not right angles. 


FY 2.3 9 Og 
* 


XXXIII. 
A rhomboid is that which has its oppoſite ſides equal to one 
another, but all its ſides are not equal, nor its angles right 


les. 
TNT? - XXXIV, 
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ne 


V. 


OF EVELID. 
XXXIV. 3 


ziums. 
XXXV. 
Parallel ſtraight lines, are ſuch as are in the ſame plane, and 
which, being produced ever ſo far both ways, do not meet. 


— 
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POSTULATES. 


ET it be granted that a ſtraight line may be drawn from 
any one point to any * point. 


That a terminated ſtraight line may be produced to any length 
in a ſtraight line, * 


And that a circle may be deſcribed from any center, at any di- 
ſtance from that center. 


AX I O M 8. 


J. 
HINGS which are equal to the ſame are equal to one an- 
other. 1 


If equals be added to equals, the wholes are equal, 
If equals be taken from equals, the remainders are equal. 
8 IV. 
If equals be added to unequals, the wholes are unequal. 
| 1 | 


If equals be taken from unequals, the remainders are unequal. 


Things which are double of the ſame, are equal to one another. 
VII. 
Things which are halves of * are equal to- one another. 
| II. 
Magnitudes which coincide with one another, that is, which 


exactly fill the ſame ſpace, are equal to one another. 
A. 3 IX. 


All other four ſided figures beſides theſe, are called Trape - 


* 


- 
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Book I. IX. 
ze whole is greater than its 4 
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Two ſtraight lines cannot inclſe a ſpace. 
All right angles are equal to one another. 


Pr 


ce If a ſtraight line meets two ſtraight lines, ſo as to make the e 
&« two interior angles on the ſame fide of it taken together 

cc leſs than two right angles, theſe ſtraight lines being con- fi 

c tinually produced, ſhall at length meet upon that fide on j 

&« which are the angles which are leſs than two right angles, t 

5 See the notes on Prop. 29. of Book I,” 5 c 
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ROD | | Book J. 
PROPOSITION I PROBLEM. 


T O deſcribe an equilateral triangle upon a given 
finite ſtraight line. ; 


Let AB be the given ſtraight line; it is required to deſcribe 
an equilateral triangle upon it. 

From the center A, at the di- 
ſtance AB, deſcribe the circle 
BCD, and from the center B, at 
the diſtance BA, deſcribe the 
circle ACE ; and from the point 
C, in which the circles cut one 
another, draw the ſtraight lines b 
CA, CB to the points A, B; ABC 
ſhall be an equilateral triangle. 


Becauſsthe point A is the center of the circle BCD, AC is | 
equal © to AB; and becauſe the point B is the center of the c, : 5th De- 
circle ACE, BC is equal to BA: But it has been proved that CA finition. 
is equal to AB; therefore CA, CB are each of them equal to | 
AB} but things which are equal to the ſame are equal to one 
another d; therefore CA is equal to CB; wherefore CA, AB, 4 1 au. 


BC are equal to one another; and the triangle ABC is there - om. 


fore equilateral, and it is deſcribed upon the given ſtraight line 
AB. Which was required to be done. | 


P R O P. II. PR O B. 


F a given point to draw a ſtraight line equal 
1 to a given ſtraight line, | 


* 


Let A be the given point, and BC the given ſtraight line; it is 
required to draw from: the point A a ſtraight line equal to BC, 

From the point A to B draw * | 
the ſtraight line AB; and upon 
it deſeribeb the equilateral triangle 
DAB, and produce e the ſtraig 
lines DA, DB to E and F; from 
the center B, at the diſtance BC 
deſcribe d the circle CGH, and 
from the center D, at the diſtance 
DG deſcribe the circle GL. AL 
thall be equal to BC. | 


A4 
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Book 1. Pecauſe the point B is the center of the circle CGH, BC is 
As equal © to BG; and becauſe D is the center of the circle GKL, 
e 5 DE DL is equal. to DG, and DA, DB, parts of them, are equal ; 
f. 3, Ax therefore the remainder AL is equal to the remainder f BG: 
But it has been ſhewn, that BC is equal to BG; wherefore AL 
and BC are each of them equal to BG; and things that are 
equal to the ſame are equal to one another; therefore the 
ſtraight line AL is equal to BC. Wherefore from the given 
point A a ſtraight line AL has been drawn equal to the given 
_ ſtraight line BC. Which was to be done. 


PROP. UI. PROB. 
$row the greater of two given ſtraight lines tq 
cut off a part equal to the leſs. 
Let AP and C be the two gi- 220 
ven ſtr-ightlines, whereof AB is | 


the greater. It is required to cut alf 

off from, AB, the greater, a part ſtr: 

equal to C the leſs. the 

"WF WEN From the point! A draw * the EF 
ſtraight-line AD equal to C; the 

and from the center A, and at — 


b. 3, Poſt, the diſtance AD, deſcribe b the 

| circle DFF; and becauſe A is 
the center of the circle DEF, AE ſhall be equal to AD; but the the 
ſtraight. line C is likewiſe equal to AD; whence AE and C are n 
each of them equal to AD; wherefore the ſtraight line AE is equal the 
c. 1. As, to C, and from AB, the greater of two ſtrai it lines, a ang 


art AE has been cut off equal to C the leſs. Which was te Wh ©": 
done. | | oy — 
P R O P. IV. THEOREM. anc 


FF two triangles have two ſides of the one equal to I <q 
two ſides of the other, each to each; and have 

likewiſe the angles contained by thoſe ſides equal to 
one another; they ſhall likewiſe have their baſes, or 
third ſides, equal; and the two triangles ſhall be e- 
qual; and their other angles ſhall be equal, each to 
ach» viz. thoſe to which the equal ſides are oppoſite. 


L Let ABC, DEF be two triangles which have the two ſides 
AB, AC equal to the two ſides DE, DF, each to each, viz, 
| | | | AB 
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OF EUCLID. 


ABto DE, and AC to DF; 
and the angle BAC equal 
to the angle EDF, the baſe 
BC ſhall be equal to the 
baſe EF; and the triangle 
ABC to the triangle DEF; 
and the other angles, to 
which the equal ſides are 


| 


oppoſite, ſhall be equal, 
each to each, viz. the angle B 


= } REES - 


ABC to the angle DEF, and the angle ACB to DFE. 

For, if the triangle ABC be applied to DEF ſo that the point 
A may be on D, and the ſtraight line AB upon DE; the point 
B ſhall coincide with the noint E, becauſe AB is equal to DE; 
and AB coinciding with DE, AC ſhall coincide with DF, be- 
cauſe the angle BAC is equal to the angle EDF; wherefore 
alſo the point C ſhall coincide with the point F, becauſe the 
ſtraight line AC is equal to DF: But the point B coincides with 
the point E; wherefore the baſe BC ſhall coincide with the baſe 
EF, becauſe the point B coinciding with E, and C with F, if 
the baſe BC does not coincide with the baſe EF, two ſtraight 
lines would incloſe a ſpace, which is impoſſible. * Therefore a. 10, Ax 


the baſe BC fthall coincide with the baſe EF, and be equal 
to it. Wherefore the whole triangle ABC ſhall coincide with 


the whole triangle DF, and be equal to it; and the other 
angles of the one ſhall coincide with the remaining angles of 
the other, and be equal to them, viz. the angle ABC to the 


angle DEF, and the angle ACB to DFE. Therefore, if two tri- 
angles have two ſides of the one equal to two ſides of the other, 
each to each, and have likewiſe the angles contained by thoſe 
hides equal to one another, their baſes ſhall likewiſe be equal, 
and the triangles be equal, and their other angles to which the 


equal ſides are oppoſite ſhall be equal, each to each. Which 


was to be demonſtrated. 


FFD VV TKEOR; 
12 angles at the baſe of an Iſoſceles triangle are 


equal to one another; and if the equal ſides b 
produced, the angles upon the other ſide of the ba 


mall be equal. 
Let ABC be an Iſoſceles triangle, 


| 


of which the fide AB is e- 
qual 


10 


Book I. 
WY 


a. 3. 1. 


e. 3. Ax 


| Ar two angles of a triangle be equal to one another, 
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qual to AC, and let the ſtraight lines AB, AC be produced to 
D and E, the angle ABC ſhall be equal to the angle ACB, and 
the angle CBD to the angle BCE. f 

In BD take any point F, and from AE, the greater, cut off 
AG equal * to AF, the leſs, and join FC, BG. 

Becauſe AF is equal to AG, and AB to AC; the two ſides 
FA, AC are equal to the two GA, AB, each to each; and 
they contain the angle FAG com- 
mon to the two triangles AFC, A 
AGB ; therefore the baſe FC is e- 
qual b to the baſe GB, and the tri- 
angle AFC to the triangle AGB; 
and the remaining angles of the one 
are equal b to the remaining angles 
of the other, each to each, to which 
the equal ſides are oppoſite ; viz. 
the angle ACF to the angle ABG, 
and the angle AFC to the angle F 
AGB: And becauſe the whole AF is 
equal to the whole AG, of which che D 
parts AB, AC are equal ; the re 
mainder BF ſhall be equal © to the remainder CG; and FG was 
proved to be equal to GB ; therefore the two fides BF, FC are 
equal to the two CG, GB, each to each; and the angle BFC is 
equa] to the angle CGB ; wherefore the triangles are equal d, 
and their remaining angles, each to each, to which the equal 
fides are oppoſe; therefore the angle FBC is equal to the angle 
GCB, and the angie BCF to the angle CBG : And, ſince it has 
been demonſtrated that the whole angle ABG is equal to the 
whole ACF, the parts of which, the angles CBG, BC, are alſo 
equal; the r-maining angle ABC is therefore equal to the re- 
maining angle ACP, which are ihe angles at the baſe of the 
triangle ABC: And it has aifo been proved that the angle FBC 
is equal to the angle GP, which are the angles upon the other 
be. of the baſc. "Theretore the angles at the baſe, &c. 
Q. * 17 | 

COROLLARY. Hence every equilateral triangle is alſo equi- 
angular, / TN 


PROP VE THEOM. 


the fſives alto which ſubtend, or are oppefite to 
the equal angles ſhail be equal to one another, 


Let 
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Let ABC he a triangle having the angle ABC equal to the Book I. 
nele ACB; the fide AB is alf» equal to the fide AC. — 
or if AB be not equal to AC, one of them is greater than 

he other: Let AB be the greater, and from it cut * off, DB e- . 3. x. 
qual to AC, the lef.,, and join DC ; there- 
ore, becauſe in the triangles DBC, ACB, A 

DB is equal to AC, and BC common to D 
both, the two ſides DB, BC are equal to 
he two Ar, CB, each to each; and the 
ngle DBC is equal to the angle ACB; 
herefore the baſe DC is equal ro the 
daſe AB, and the triangle DBC is equal 
o the triangleb ACB, the leſs to the 
greater; which is abſurd. Therefore B - C FRY 
\B is not unequal to Ag, that is, it is 
s qual to it. Wherefore, if two angles, &c. Q. E. D. 
Cor. Hence every equiangular triangle is alſo equilateral, 


\ PROP. VII. THEOR. 


d to 


and 
it off 


ſides 
and 


Pon the ſame haſe, and on the ſame fide of it, ste N. 
there cannot be two triangles that have their 


x Was G - 2 

C are Wiles which are terminated in one extremity of the 
FC is {aſe equal to one another, and likewiſe thoſe which 
ual k re terminated in the other extremity, 

equa 

angle If it be poſſible, let there be two triangles ACB, ADB up- 
it has Wn the ſame baſe AB, and upon the fame ſide of it, which have 
to the Wheir ſides CA, DA, terminated in the extremity A. of the 
re allo Waſe, equal to one another, and like- C 5 

he re · {Wiſe their ſides CB, DB that are ter- 

of the Nuinated in B. | 

FBC Join CD; then, in the caſe in 


yhich the vertex of each of the tri- 

angles is without the other triangle, 

cauſe AC is equal to AD, the angle | 

\\.D is equal * to the angle ADC; & 5. bs 

zut the angle ACD is greater than — 

he angle BCD; therefore the angle & Tit B 
eis greater alſo than BCD; | 

auch more then is the angle BDC greater than the angle BCD. 

nean, becauſe C'B is equal to DB, the angle BDC is equal * to 
© angle BCD; but it has been demonſtrated to be greater 
a it; which is impoſſible. 


ther, 
te to, 


Let 


But 
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Bock 1. But if one of the vertices, as D, be within the other ti 
angle ACB; produce AC, AD to E, E; E of 
therefore, becauſe AC is equal to AD F * 
in the triangle ACD, the angles ECD, des 
FDC upon the other ſide of the baſe de 
a. 3. 1. CD are equal * to one another; but the 8. 


angle ECD is greater than the angle 
BCD; wherefore the angle FDC is like · 
wiſe greater than BCD; much more 
then is the angle BDC greater than the 3 
angle BCD. Again, becauſe CB is equal A 0 
to DB, the angle BDC is equal a to the 
angle BCD; but BDC has been proved to be greater than th 
ſame BCD, which is impoſſible. The caſe in which the ver 
tex of one triangle is upon a ſide of the other needs no & 
monſtration. 
Therefore upon the ſame baſe, and on the fame fide of i 
there cannot be two triangles that have their ſides which ar 
terminated in one extremity of the baſe equal to one anothe 
and likewiſe thoſe which are terminated in the other extre 


mity. Q. E. D. 


PROP. VIII. THE OR. 


I two triangles have two ſides of the one equal ii 
two ſides of the other, each to each, and ha- 
Iikewiſe their baſes equal; the angle which is con 
tained by the two ſides of the one ſhall be equal tt 
the angle contained by the two ſides equal to them 
of the other. 

Let ABC, DEF be two triangles having the two ſides A 
AC equal to the two ſides DE, DF, each to each, viz. AB 
DF, and AC to A D G 
D; and alſo the | 
baſe BC equal to 
the baſe EF. 'The 
angle BAC is e- 
qual tothe angle 


EDF. 
For, if the tri- 
angle ABC be B e = 24 = ky 1. 


In 

D 
the 
i ua 


applied to DEF, OT: 
ſo that the point B be on F, and the ſtraight line BC ups 
EF; the point C ſhall alſo coincide with the point F, ben 
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er tr 


des with the baſe EF, but the ſides BA, CA do not coin- 
de with the ſides ED, FD, but have a different ſituation, as 
G, FG; then, upon the ſamè baſe EF, and upon the ſame 
de of it, there can be two triangles that have their ſides 
hich are terminated in one extremity of the baſe equal to one 
nother, and likewiſe their ſides terminated in the other extre- 
ity : But this is impoſſible * ; therefore, if the baſe BC coin- 
Aides with the baſe EF, the ſides BA, AC cannot but coincide 
ith the ſides ED, DF; wherefore likewiſe the angle BAC 
an the 
ne ver 


no dt 


e of i 
ch ar 
nothe 

Extre 


two triangles, &c. Q. E. D. 


PROP. IX. PROB. 


O biſet a given rectilineal angle, that is, to 
divide it into two equal angles. 
P BAC be the given rectilineal angle, it is required to bi- 
CL It, 
Take any point D in AB, and from AC cut* off AE e- 
ual to AD; join DE, and upon it 
elcribe® an equilateral triangle DEF; A 
ual ten join AF, the ſtraight line AF 
haviſctts the angle BAC. 
con Becauſe AD is equal to AE, and 
ual t is common to the two triangles D 
them DAF, EAF; the two ſides DA, AF 
re equal to the two ſides EA, AF, 
ach to each; and the baſe DF is e- 
Jual to the baſe EF; therefore the 
ngle DAF is equal©to the angle 
AF; wherefore the given rectilineal angle BAC is biſected 
the ſtraight line AF. Which was to be done. | 


es Al 


, AB 


PROP. X. PROB. 


O biſect a given finite ſtraight line, that is, to 
divide it into two equal parts. 

Let AB be the given ſtraight line; it is required to divide 
into two equal parts. 
Deſcribe ® upon it an equilateral triangle ABC, and biſect 
the angle ACB by the ſtraight line CD. AB is cut into two 
qual parts in the point D. 
Becauſe 


13 


C is equal to FF ; therefore BC coinciding with EF, BA and Book l. 
c ſhall coincide with ED and DF; for if the baſe BC coin 


A. 7. 1. 


incides with the angle EDF, and is equal b to it. Therefore b. 8. Ax. 


b. 1. 1. 


c 8. re 


8. I» ts 
b. 9. 1. 


Bock f. 


C. 4. 1. 


G9. I, 


d. 10. Def. 
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Becauſe AC is equal to CB, and CD C 


common to the two triangles ACD, 
BCD; the two ſides AC, CD are e- 
qual to BC, CD, each to each; and the 
angle ACD is equal to the anglè BCD; 
therefore the baſe AD is equal to the 
baſe © DB, and the ſtraight line AB is 
divided into two equal parts in the 
point D. Which was to be done. 


PROP. XI. PROB. 


1 draw a ſtraight line at right angles to a giver 
ſtraight line, from a given point in the tame 


Let AB be a given ſtraight line, and C a point given init; 
it is required to draw a ſtraight line from the point C at right 
angles to AB. 

"Take any point D in AC, and make * CE equal to CD, and 
upon DE deſcribe the equila- 
teral triangle DFE, and join F 
FC; the ſtraight line FC drawn 
from the given point C is at 
right angles to the given 
ſtraight line AB. 

Becauſe DC is equal to CE, 
and FC common to the two' 
triangles DCF, ECF; the two 0 * 
ſides DC, CF are equal to the AD C E 3 


two EC, CF, each to each; and the baſe DF is equal to tht 
baſe EF; therefore the angle DCF is equal © to the angle ECF; 
and they are adjacent angles. But, when the adjacent angle 
which one ſtraight line makes with another ſtraight line att 
equal to one another, each of them is called a right d anglej 
therefore each of the angles DCF, ECF is a right angle 
Wherefore irom the given point C in the given ſtraight ling 
AB, FC has been drawn at right angles to AB, Which wal 
to be done. | | 

Cor. By help of this Problem it may be demonſtrated tha 
two ſtraight lines cannot have a common ſegment. 

If it be poſſible, let the two ſtraight lines ABC, ABD hate 
the ſegment AB common to both of them. From the point! 


draw BE at right angles to AB; and becauſe ABC is a * bg 
ine, 


givet 
tame 


1 init; 
1 ight 


D, and 


E B 
| to the 
e ECT; 
t angle 
line alk 
d angle; 
t angle 
ght line 
11ch wi 


ited that 
BD have 


> point þ 
; ſtraight 
lng, 
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ne, the angle CBE is equal a to E Bock I. 
e angle EBA; in the ſame 
anner, becauſe ABD is a | 
raight line, the angle DBE is 
qual to the angle EB A; where- 
"re the angle DBE is equal to 


e angle CBE, the leſs to the | D 
reater; which is impoſſible; 28 
erefore two ſtraight lines can- A B 9 


ot have a common ſegment. 
P R O P. XII. PR OB. 


O draw a ſtraight line perpendicular to a given 
ſtraight line of an unlimited length, from a 


ven point without it. | 

Let AB be the given ſtraight line, which may be produced 
any length both ways, and let C be a point without it. It is 
quired to draw a ſtraight line 
erpendicular to AB from the 
pint C. 

Take any point D upon the 
her fide of AB, and from 
e center C, at the diſtance 
D, defcribe b the circle EGF 
eeting ABin F, G; and bi- 
Xt e FG in H, and join CF, 
H, CG, the ſtraight line CH drawn from the given point C, 
perpendicular to the given ſtraight line AB. 

| Becauſe FH is equal to HG, and HC common to the two 

angles FAC, GHC, 'the two fides FH, HC are equal to the 

o GH, HC, each to each; and the baſe CF is equal 4 to theg. 16. Def 
ale CG; therefore the angle CHF is equal e to the angle CHGz . 

d they are adjacent angles; but when a ſtraight line ſtanding « 8+ 1 

n a ſtraight line makes the adjacent angles equal to one ano- | 
er, each of them is a right angle, and the ſtraight line which 

nds upon the other is called a perpendicular to it; therefore 

om the given point C a perpendicular CH has been drawn to 

ne given ſtraight line AB. Which was to be done. 


PROP. XIII. T HE O R. 


HE angles which one ſtraight line makes with 
another upon one ſide of it, are either two right 


bgles, or are together equal to two right angles. A 
et 
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Bock T. Let the ſtraight line AB make with CD, upon one ſide 
i, the angles CBA, AB D; theſe are either two right angles, 
| are together equal to two right angles 

For, if the angle CBA be equal to ABD, each of them i 


. 4 a 

| ? 

| n 

. | i 
D _— .* C n Ro” 
D B C 


a. Def. 10. right“ angle; but, if not, from the point B draw BE at rig 
b. 11. 1. angles d to CD; therefore the angles CBE, EBD are two rig 
angles, and becauſe CBE is equal to the two angles CBA, A} 
together; add the angle EBD to each of theſe equals ; ther 
& 2. Ax. fore the angles CBE, EBD are equal © to the three angles Ch. 
ABE, EBD. Again, becauſe the angle DBA 1s equal tot 
two angles DBE, EBA, add to theſe equals the angle ABC 
therefore the angles DBA, ABC are equal to the three angk 
DBE, EBA, ABC; but the angles CBE, EBD have been d 
monſtrated to be equal to the ſame three angles; and thin 
2. 1. Ax, that are equal to the ſame are equal d to one another; theretc 
the angles CBE, EBD are equal to the angles DBA, ABC; b 
CBE, EBD are two right angles; therefore LBA, ABC 
together equal to two right angles. Wherefore when a ſtray to 


Ine, & c. Q. E. D. ar 

PROP. XIV. T HE OR. « 

F at a point in a ſtraight line, two other ſtraigh : 

1 lines upon the oppofite ſides of it, make the M © 

jacent angles together equal to two right angle ne 

theſe two ſtraight lines ſhall be in one and the an q 

ſtraight line. 

At the point B in the ftraight | A - 
line AB, let thetwo ftraightlines 


C, BD upon the oppoſite ſides 
of AB, make the adjacent angles 
ABC, ABD equal together to 
two right angles. BD is in the 
fame ſtraight line with CB, 

For, if BD be not in the fame ___ 
ſtraight line with CB, let BE be C. B 


| ſider 
ples, « 


1em 1 
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in the ſame ſtraight line with it; therefore, becauſe the ſtraight Book 7. 
line AB makes angles with the ſtraight line CBE, upon one 

ſide of it, the angles ABC, ABE are together equal * to two a. 13. 1. 
right angles; but the angles ABC, ABD are likewiſe together 

equal to two right angles; therefore the angles'CBA, ABE are 

equal to the angles CBA ABD : Take away the common angle 

ABC, the remaining angle ABE 9; equal d to the remaining b. 3. As, 
angle ABD, the leſs to the greater, which is impoſſible; there- 

fore BE is not in the ſame ſtraight line with BC. And, in like 
manner, it may be demonſtrated, that no other can be in the 

ſame ſtraight line with it but BD; which therefore is in the ſame 

ſtraight line with CB. Wherefore if at a point, &c. Q. E. D. 


PROP AV. THEOKR 


F two ſtraight lines cut oneanother, the vertical, 
or oppoſite, angles ſhall be equal. 


| 


Let the two ſtraight lines AB, CD cut one another in the 
point E; the angle AEC ſhall be equal to the angle DEB, and 
CEB to AED. 

Becauſe the ſtraight line AE makes with CD the angles 


CEA, AED, theſe angles are to- 
gether equal* totwo right angles. 


Again, becauſe the ſtraight line C | 
DE makes with AB the angles 
AED, DEB; theſe alſo are — 


together equal * to two right A — B 3. , 
angles; and CEA, AED have 


been demonſtrated to be equal 
to two right angles; wherefore D 


the angles CEA, AED are equal to the angles AFD, DEB. 
Take away the common angle AED, and the remaining angle 
CEA is equal b to the remaining angle DEB. In the tame man- b. 3. Axe 
ner it can be demonſtrated that the angles CFB, AED are e- 
qual. Therefore if two ſtraight lines, &c. Q. E. D. 
Cox. 1. From this it is manifeſt, that it two ſtraight lines 
cut one another, the angles they make at the point where they 
cut, are together equal to four right angles. 
Cor. 2. And conſequently that all the angles made by any 
number of lines meeting in one point, are together equal to 


four right angles. | 
B PROP. 
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PROP. XVI. T H E OR. 


FF one ſide of a triangle be produced, the exterior t! 
angle is greater than either of the interior oppo. 8 
fite angles, 5 

Let ABC be a triangle, and let its ſide BC be produced to D, d. 


the exterior angle ACD Js greater than either of the interior M +; 
oppoſite angles CBA, BAC. 
A 


Bifect* AC in E, join BE 
and produce it to F, and make 
EF equal to BE; join alſo | 
FC, and produce AC to G. E 
Becauſe AF. is equal to 
EC, and BE to FF; AF, EB 
are equal to CE, EF, each to — — 
each and the angle AEB is B C D 
equal® to the angle CLF, bes | 
cauſe they are oppolite ver- 
tical angles; therefore the 
baſe AB is equal*to the baſe G 
CF, and the triangle AEB to the-triangle CEF, and the remain- 
ing angles to the remaining angles, each to each, to which the 
equal ſides are oppoſite; wherefore the angle BAE is equal to 
the angle ECF; but the angle ECD is greater than the angle 
ECT, therefore the angle ACD is greater than BAE: In the 
ſame manner, if the ſide BC be biſected, it may be demonſtrated 
that the angle ECG, that is 4, the angle ACD, is greater than 
che angle ABC. Therefore if one ſide, &c. Q. E. D. 


|” 


PROP. XVII. THEOR. N 


NY two angles of a triangle are together le: 
than two right angles. tha 


PL 


A as 

Let ABC be any triangle my 
any two of its angles together leſs 
are leſs than two right angles. eau 
Produce BC to D; and be- be 
cauſe AC is the exterior angle but 
of the triangle ABC, ACD is WE not 


greater * than the interior and 


” leſs 
oppoſite angle ABC; to each of b C : N 


theſe 
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theſe add the angle ACB, therefore the angles ACD, ACB are Book. J. 
greater than the angles ABC, ACB; but ACD, ACB are to- 


ether equal® to two right angles; therefore the angles ABC, b. 13. 3. 
CA are leſs than two right angles In like manner it may be 
demonſtrated that BAC, ACB, as alſo CAB, ABC areleſs than 
two right angles. Therefore any two angles, &c. Q. E. D. 


PROP. XVIII. THEOR. 


1 greater ſide of every triangle is oppoſite to 
the greater angle. 


Let ABC be a triangle, of A 
which the ſide AC is greater 
than the ſide AB; the angle 
ABC is alſo greater than the D 
angle BCA. 

Becauſe AC is greater than _ 4 
AB, make * AD equal to AB, B Gn 
and join BD; and becauſe ADB | 
main. is the exterior angle of the triangle BDC, it is greater d than b. 16. 1. 
ch the the interior and oppolite angle DCB; but ADB is equal © to . 3. 2 
1al to ABD, becauſe the fide AB is equal to the fide AD; there- 
angle fore the angle ABD is likewiſe greater than the angle ACB 3 
n the wherefore much more is the angle ABC greater than ACB. 
trated Therefore the greater fide, &c. Q. E. D. - 


r tha PROP. XIX. THEOR. 


1 * greater angle of every triangle is ſubtended 
by the greater ſide, or has the greater ſide oppoſite 


Sl 


to if, 


r lets Let ABC be a triangle, of which the angle ABC is greater 
ray the angle BCA; the fide AC is likewiſe greater than the 
ide g 
For, if it be not greater, AC 
muſt either be equal to AB, or N 
lels than it; it is not equal, be- 
cauſe then the angle ALEC would 
be equal *to the angle ACB; 
ut it is not; therefore AC is 
We: not equal to AB; neither is it 


D Ie; becauſe then the angle B e C 


4. 4, 12 


theſe B 2 ABC 


29 
Book I. 
b. 18. x. 


See N. 


C. 19 1. 


Seo N. 


. and make * AD equal to AC, 
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ABC would be leſs d than the angle ACB}; but it is not; there. 
tore the fide AC is not leſs than AB; and it has been ſhewn 
that it is not equal to AB; therefore AC is greater than AB, 
Wherefore the greater angle, &c. Q. E. D. 


PROP. XX. THEOR. 


\ NY two ſides of a triangle are together greater 
than the third fide, 


Let ABC be a triangle; any two ſides of it together are 
greater than the third fide, viz. the ſides BA, AC greater than 
the fide BC; and AB, BC greater than AC ; and BC, CA 
greater than AB. | 

Produce BA to the point D, D 


and join DC. | 
Becauſe DA is equal to AC, A 
the angle ADC is likewiſe equal 
b to ACD; but the angle BCD 
is greater than the angle ACD; 
therefore the angle BCD is great- C 
er than the angle ADC; and be- 
cauſe the angle BCD of the triangle DCB is greater than its 
angle BDC, and that the greater © fide is oppoſite to the greater 
angle, therefore the fide DB is greater than the fide BC; but 
DB is equal to BA and AC; therefore the ſides BA, AC are 
greater than BC. In the ſame manner it may be demonttrated, 
that the ſides AB, BC are greater than CA; and BC, CA 
greater than AB. Therefore any two ſides, &c, Q. E. D. 


, 


PROP. XXI. THEOR. 


F, from the ends of the ſide of a triangle, there be 

drawn two ſtraight lines to a point within the 
triangle, theſe ſhall be leis than the other two ſides 
of the triangle, but ſhall contain a greater angle. 


Let the two ſtraight lines BD, CD be drawn from B, C. 
the ends of the ſide BC of the triangle ABC, to the point D 
within it; BD and DC are leſs than the other two ſides BA, 
AC of the triangle, but contain an angle BDC greater than the 
angle BAC. | 

Produce BD to E; and becauſe two ſides of a triangle at 


greater than the third ſide, the two ſides BA, AE of the 2 
ang 


1 the 
ſides 
e. 


int D 
8 BA, 
an the 


zle are 
he ti 
angle 
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angle ABE are greater than BE. To each of theſe add EC, Book k. 
therefore the ſides BA, AC are greater than BE, EC: Again, WY 
becauſe the two ſides CE, ED A 

of the triangle CED are great- E 

er than CD, add DB to each 

of theſe ; therefore the fides 

CE, EB are greater than CD, 

DB; but it has been ſhewn that 

BA, AC,are greater than BE, 

EC; much more than are BA, B 
AC greater than BD, DC. C 


Again, becauſe the exterior angle of a triangle is greater than 
the interior and oppoſite angle, the exterior angle BDC of the 
triangle CDE is greater than CED ; for the {ame reaſon, the ex- 
terior angle CEB of the triangle ABE is greater than BAC ; and 
it has been demonſtrated that the angle BDC is greater than 
the angle CEB; much more then is the angle BDC greater than 
the angle BAC. Therefore if from the ends of, &c. Q. E. D. 


PROP. XXII. PROB. 


10 make a triangle of which the ſides ſhall be e- S N. 
qual to three given ſtraight lines; but any two 
whatever of theſe muſt be greater than the third. a. 20. , 


Let A, B, C be the three given ſtraight lines, of which any two 
whatever are greater than the third, viz. A and B greater than 
C; A and C greater than B; and B and C than A. It is requi- 
red to make a triangle of which the ſides ſhall be equal to A, B, 
C, each to each. 

Take a ſtraight line DE terminated at the point D, but un- 
limited towards E, and 
make DF equal to A, FG 4. 3. bo 
to B, and GH equal to C; | 
and from the center F, at 
the diſtance FD, deſcribe 
d the circle DKL; andD 
from the center G, at the 
diſtance GH deſcribe b a- 
nother circle HLK, and 
join KF, KG; the tri- 
angle KFG has its ſides 
equal to the three ſtraight lines A, B, C. 

Becauſe the point F is the center of the circle DKL, FD is 


B 3 equal 


% 
- 
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Book I. equal e to FK; but FD is equal to the ſtraight line A; there- 

fore PK is equal to A: Again, becauſe G is the center of the Af 
c. 15. Def. circle LKH, GH is equal to GK; but GH is equal to C, MW. 
therefore alſo GK is equal to C; and FG is equal to B; there- WM"! 
fore the three ſtraight lines KF, FG, GK are equal to the three | 
A, B, C: And therefore the triangle KFG has its three ſides Mete 


KF, FG, GK equal to the three given ſtraight lines A, B, C. D. 


Which was to be done. 5 
1 PROP. XXIII. PR OB. B/ 
any 


Ta given point in a given ſtraight line, to make a Wc 
rectilineal angle equal to a given rectilineal angle, Wh: 


Let AB be the given ſtraight line, and A the given point in it, EC 
and DCF the given rectilineal angle; it is required to make an is 
angle at the given point an 
A in the given ſtraight C A to 
line AP, that ſhall be bu 
equal to the given rec- er 
tilineal angle DCE. \ 

Take in CD, CE, 4 
any points D, E, and he 

a. 22. 1. join DE; and make * D 1 
the triangle AFG the 7 
ſides of which ſhall be | E. 
equal to the three B. 1 


ſtraight lines CD, EE, EC, fo that CD be equal to AF, CE to 
AC,:rd DEF to FC; and becauſe DC, CE are equal to FA, AG, 
each to each, and the baſe DE to the baſe FG; the angle DCE 
b. 8. 2. is equal d to the angle FAG. Therefore, at the given point A in 
the given ſtraight line AB,, the angle FAG is made equal to 
the given rectilineal angle DCE. Which was to be done. 


PROP. XXIV. THEOR. 


Seen. JF two triangles have two ſides of the one equal to 

two ſides of the other, each to each, but the angle 
contained by the two ſides of one of them greater 
than the angle contained by the two ſides equal to 
them, of the other; the baſe of that which has the 
greater angle ſhall be greater than the vaſe of the other. F 


Let ABC, DEF be two trianglcs which have the two 74 
| —— 7 
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AB, AC equal to the two DE, DF, each to each, viz. AB equal Book l. 
to DE, and AC to DF ; but the angle BAC greater than the 


langle EDF; the baſe BC is alfo greater than the baſe EF. 


Of the two fides DE, DF, let DE be the fide which is not 
greater than the other, and at the point D in the ſtraight line | 
DE make * the angle EDG equal to the angle BAC; and make * 33+ . 
DG equal b to AC or DF, and join EG, GF. b. 3- 2. 
Becauſe AB is equal to DE, and AC to DG, the two ſides 
BA, AC are equal to the two ED, DG, each to cach, and the 
angle BAC is equal D 
to the angle LDG; 
therefore the baſe BC 
is equal © to the baſe 
EG; and becauſe DG 
is equal to DF, the 7 
angle DFG is equal“ d. 8. 1. 
to the angle DGF; 


but the angle DGFis K F==X 
greater — the an- B C F 6 
gle EGF ; therefore the angle DFG is greater than EGF; and 
much more is the angle EFG greater than the angle EGF; and 
becauſe the angle EFG of the triangle EFG is greater than the 
angle EGF, and that the greater © fide is oppoſite to the greater e. 19. 2. 
angle; the fide EG is therefore greater than the fide EF; but 


EG is equal to BC; and therefore alſo BC is greater than EF. 
Therefore if two triangles, &c. Q. E. D. 


C. 4. Is 


PROP. XXV. THE OR. 


F two triangles have two ſides of the one equal to 
two ſides of the other, each to each, but the baſe 
of the one greater than the baſe of the other; the 
angle alſo contained by the ſides ot that which has 
the greater baſe, ſhall be greater than the angle con- 
tained by the ſides equal to them, of the other. 


Let ABC, DEF be two triangles which have the two ſides 
AB, AC equal to the two ſides Dit, DF, cach to cach, viz. AB 
equal to DE, and AC to DF; but the baſe CB greate: than the 
bale LF; the angle BAC is likewiſe greater than the angle I 

1 or 
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For, if it be not greater, it muſt either be equal to it, 
leſs; but the angle BAC is not equal to the angle EDE, he. 


cauſe then the baſe A 

BC would be equal | D 
to LF; but it is not; 
therefore the angle 
BAC is not equal to 
the angle EDF; nei - 
ther is it leſs; becauſe 
then the baſe BC | 
would be leſs b than N 
the baſe EF ; but it B C E F 


is not; therefore the angle BAC is not leſs than the angle EDF; 
and it was ſhewn that it is not equal to it ; therefore the angle 
BAC is greater the angle EDF. Wherefore, if two triangles, 


&c, Q. E. D. 


PROP. XXVI. THE OR. 


F two triangles have two angles of one equal to two 
angles of the other, each to each ; and one fide e- 
qual to one fide, viz, either the ſides adjacent to the 
equal angles, or the ſides oppolite to equal angles in 
each; then ſhall the other ſides be equal, each to 
each, and alſo the third angle of the one to the third 
angle of the other. | 
Let ABC, DEF be two triangles which have the angles 
ABC, BCA cqual to the angles DEF, EFD, viz. ABC to 


DEF, and BCA to EFD ; alſo one fide equal to one fide; 
and firſt, Jet thoſe ſides be equal which are adjacent to the 


angles that are cqual in the two triangles, viz. BC to EF; the 


other ſides ſhall be A D 
equal, each to each, 
viz. AB to DE, and 
AC to DF; and the 
third angle BAC to 
the third angle LDF. 
For, if AB be not 
equal to DE, one of 


them. d „3 Bs F 


greater. Let AB be the greater of the two, and make 


BG equal to DE, and join GC; therefore becauſe BG 3 
equ 
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equal to DE, and BC to EF, the two fides GB, BC, are equal 
to the two DE, EF, each to each; and the angle GBC is equal 
to the angle DEF; therefore the baſe GC is equal * to the baſe 
DF, and the triangle GBC to the triangle DEF, and the other 
angles to the other angles, each to each, to which the equal 
fides are oppoſite ; therefore the angle GCB is equal to the 
angle DFE ; but DFE is, by the x equal to the angle 
BCA; wherefore alſo the angle BCG is equal to the angle 
BCA, the leſs to the greater, which is impoſſible ; therefore 
AB is not unequal to DE, that is, it is equal to it; and BC is 
equal to EF; therefore the two AB, BC are equal to the two 
DE, EF, each to each; and the angle ABC is equal to the angle 
DEF; the baſe therefore AC is equal“ to the baſe DF, and the 
third angle BAC to the third angle EDF. 


Next, let the ſides D 
which are oppoſite to | 
equal moo in each 
triangle be equal to 
one another, viz. AB 
to Dr.; likewiſe in 
this caſe, the other 
lives ſhall be equal, | 
AC to DF, and BC 
to EF; and alſo the B HC Ex 
third angle BAC to the third EDF. 

For, it BC be not equal to EF, let BC be the greater of them, 
and make BH equal to EF, and join AH ; and becauſe BH is 
equal to EF, and AB to DE; the two AB, BH are equal to 
the two DE, EF, each to each; and they contain equal angles 
therefore the baſe AH is equal to the baſe DF, and the triangle 
ABH to the triangle DEF, and the other angles ſhall be equal, 
each to each, to which the equal ſides are oppoſite; therefore 
the angle BHA is equal to the angle EFD ; but EFD is equal 
to the angle BCA ; therefore alſo the rn, BHA is equal to 
the angle BCA, that is, the exterior angle BHA of the triangle 
AHC is equal to its interior and oppoſite angle BCA ; which 
Is impoſſible d; whereſore BC is not unequal to EF, that is, 
it is equal to it; and A; is equal to DE; therefore the two AB, 
BC are equal to the two DE, EF, each to each; and they contain 
equal angles; wherefore the baſe AC is equal to the baſe DF, and 
the third angle BAC to the third angle EDF. Therefore if two 
angles, &c. Q. E. D. 


F 


PROP. 


BY 
Book I, 


a. 4. I. 


b. 16. 1. 
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PROP. XXVII. THE OR. 
FF a ſtraight line falling upon two other ſtraight 
lines makes the alternate angles equal to one an- 
other, theſe two ſtraight lines ſhall be parallel, 


Let the ſtraight line EF, which falls upon the two ſtraight 
lines AB, CD, make the alternate angles AEF, EFD equal tg 


one another; AB is parallel to CD. 


3, FR 


b. 35. Def. 


For, it it be not parallel, AB and CD being produced ſhall 
meet either towards BD or towards AC; let them be produced 
and meet towards BD in the point G; therefore GEF is a tri. 
angle, and its exterior angle AEF is greater * than the inten- 


or and oppoſite angle EFG; 
but it is alſo equal to it, 
which is impoſſible 3 there- A __ 


EC B 
fore AB and CD being pro- 
duced do nut meet towards | -—>u 
D 


BD. In like manner it may — 
be demonſtrated that they do C / F 


not meet towards A,C ; but 


thoſe ſtraight lines which meet neither way, though produced ever 
ſo far, are parallel > to one another. AB therefore is paralld 


to CD. Wherefore if a ſtraight line, &c. Q. E. D. 


PR OP.  AXVAl THEO R; 


F a firaight line falling upon two other ſtraight 

lines makes the exterior angle equal to the inte: 
rior and oppoſite upon the ſame fde of the line; 
or makes the interior angles upon the ſame fide to- 
gether equal to two right angles; the two ſtraight 
lines ſhall be parallel to one another, 

Let the ſtraight line EF, which falls upon the two ſtraight 
lines AE, CD, make the exterior E 
angle EGh equal to the interior 
and oppoſite angle GHD upon the 8 
0 A- 


tame ude; or make the interior B 

angles on the ſame ſide PCI, 18 

CD together equal to two right | 

angles; AB is parallel to CD. C——— Tg —— DJ 
Becatuſe the angle | GL is e— H 


qual to the angle GHH, and the 


an gle 


OF EUCLID. 


ole EGB equal? to the angle AGH, the angle AGH is equal 
the angle GHD; and they are the alternate angles; therefore 
B is parallel d to CD ; again, becauſe the angles BGH, GHD 
equal © to two right angles, and that AGH, BGH are alſo 
ual d to two right angles; the angles AGH, BGH are equal 
the angles BGH, GHD : Take away the common angle 
H, therefore the remaining angle AGH is equal to the re- 
ining angle GHD ; and they are alternate angles; there- 
aul e AB is parallel to CD. Wherefore it a ſtraight line, &c. 


duced E. D. 
A mp PROF. M. THE ON. 


ener ſtraight line falls upon two parallel ſtraight 
lines, it makes the alternate angles equal to one 

other; and the exterior angle equal to the interior 

d oppoſite upon the ſame fide; and likewiſe the 

>G | interior angles upon the ſame fide together e- 


al to two right angles, 


ight 


All- 


aight 


Ual to 


Le the ſtraight line EF fall upon the parallel ſtraight lines 
„CD; the alternate angles AGH, GHD are equal to one 
other; and the exterior angle EGB is equal to the interior 


| oppolite, upon the ſame ſide E 
iD; and the two interior angles 
pH, GHD upon the ſame fide are 


ether equal to two right angles. _—_— — — 
raight or, if AGH be no: equalto GH p,A G B 
2 1NLC- ¶ of them muſt be greater than the 


er; let AG H be the greater; and gx 10 1 
aule the angle AGH 18 8 * D 

nthe angle GHD, add to each of F 

m the angle BGH; therefore the angles AGH, BGH are 
ater than the angles B6H, GHD; but the angles AGH, 
H are cqual * to two right angles; therefore the angles 
H, GD are leſs than two right angles; but thoſe ſtraight 
s which, with another ſtraight line falling upon them, make 
interior angles on the ſame fide lets than two right angles, 
mect + together if continually produced; therefore the 
git lines 2B, CD, if produced tar enough, ſhall meet; but 
never meet, {ince they are parallel by the hypotheſis 
fefore the angle AGH is not unequal to the angle GHD, 
15, It is equal to it; but the angle AGH is equal ® to the 
e LGB; therefore likewiſe LGB is equal to GHD; add to 


angle each 


25 


Book ; , 


a. 1 5. .. 
b. 27. I. 
c. By Hyp 
d. 13. 1. 


See the 
notes on 
thi- prope» 
ſition. 


A. 13. L. 


112. au. 
See the 
notes ou 
this prope» 
ſition. 

b. 16. Bo 


A. 29. I. 


b, 25. 1. 


a, 23. 1. 
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each of theſe the angle BGH; therefore the angles EGB, 30 
are equal to the angles BGH, GHD; but EGB, BGH are 
qual © to two right angles; therefore alſo BGH, GHD are! 
qual to two right angles. Wherefore if a ſtraight line, & 


QE. D. 


PROP. XXX. T HE OR. 


TxAriGHT lines which are parallel to the fan 
ſtraight line, are parallel to one another. 


Let AB, CD be each of them parallel to EF; AB is alſog 
rallel to CD. 
Let the ſtraight line GHK cut AB, EF, CD; and beca 
GHK cuts the parallel ſtraight 


lines AB, EF, the angle AGH ng 
is equal“ to the angle GHF. dt 
Again, becauſe the ſtraight line G/_ : 
GK cuts the parallel ſtraight lines 

EF, CD, the angle GHF is equal 1 | [ 


to the angle GKD; and it was E- . 
ſhewn that the'angle AGE is e- K/ Wo 
qual to the angle GHF ; there- C 5 
fore alſo AGE is equal to GED; L: 

and they are alternate angles; 


therefore AB is parallel d to CD. Wherefore ſtraight lines, | 
Q.E D. 


PROP. XXXI. PROB. 


1 draw a ſtraight line through a given po 
parallel to a given ſtraight line. 
Let A be the given point, and BC the given ſtraight line; 


is required to draw a ſtraight line A 

through the point A, parallel to the E D 

ſtraight line BC. pf : 
In BC take any point D, and join . wit 

AD; and at the point A in the tot 


ſtraight line AD make * the angle B D 
DAE equal to the angle ADC ; and . 
produce the ſtraight line EA to F. 

Becauſe the ſtraight line AD, which meets the two ira 
lines BC, EF, makes the alternate angles EAD, ADC equi 
one another, EF is parallel» to BC. Therefore the ſtraight 
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H a 
ID are: 


line, & 


AF is drawn through the given point A parallel to the given Book. I. 
night line BC. Which was to be done. — 


PROP, XXXIL THE OK. 


F a fide of any triangle be produced, the exterior 
angle is equal to the two interior and oppoſite 
ngles; and the three interior angles of every trian- 
le are equal to two right angles. 


Let ABC be a triangle, and let one of its ſides BC be pro- 
uced to D ; the exterior angle ACD 1s equal to the two inte- 
jor and oppoſite angles CAB, ABC; and the three interior 
noles of the triangle, viz. ABC, BCA, CAB are together equal 
o two right angles. 


Through the point C draw CE parallel * to the ſtraight line a; 31. x, 


B; and becauſe AB is pa- 
allel to CE, and AC meets A 

hem, the alternate angles | E 
BAC, ACE are equal b. A- 
gain, becauſe AB is parallel 
o CE, and BD falls upon 
hem, the exterior angle ECD 


s equal to the interior and B A 3 


ppoſite angle ABC; but the angle ACE was ſhewn to be equal 

o the angle BAC; therefore the whole exterior angle ACD ; 
s equal to the two interior and oppoſite angles CAB, ABC; | 
o theſe equals add the angle ACB, and the angles ACD, ACB | 
are equal to the three angles CBA, BAC, AC]; but the an- 

ges ACD, ACB are equal © to two right angles; therefore al- e. 13. ts 

0 the angles CBA, BAC, ACB are equal to two right angles. 

herefore if a fide of a triangle, &c, Q. E. D. 

Cox. 1. All the interior angles 
of any rectilineal figure, together 
with four right angles, are equal 
to twice as many right angles as 
the figure has ſides. 

For any rectilineal figure 
Höcpz can be divided into as 
ro ſtraſth many triangles as the figure has 
lides, by drawing ſtraight lines 
om a point F within the figure 


he {an 


iS alſo 1 


d becat 
/ 


| 0——— 
— 


b. 29. Is 


lines, 


en pol 


t line; 


A 


30 


Book J. to each of its angles. And, by the preceeding Propofition, 
che angles of theſe triangles are equal to twice as many rig 


a. 2. Cor. 
15. 1. 


b. 13. 1. 


rallel to CD, and BC meets them, 


angle BCD ; therefore the baſe AC is equal b to the baſe Bl, 
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angles as there are triangles, that is, as there are ſides of! 
figure; and the ſame angles are equal to the angles of the 
gure, together with the angles at the point F, which is the cn 
mon. vertex of the triangles ; that is, together with four rj 
angles. Therefore ail the angles of the figure, together 
four right angles, are equal to twice as many right angles 280 
figure has ſides. 


Cor. 2. All the exterior angles of any rectilineal figure, H 
together equal to four right angles. If? 
ecauſe every interior angle % tl 
ABC with its adjacent exterior 
ABD is equal b to two right N. P 
angles; therefore all the interi- A e of 
or, together with all the exterior IF 
angles of the figure, are equal 8 
to twice as many right angles as "BY 
there are ſides of the figure; that A 
is, by the foregoing corollary, D $ . 
they are equal to all the inte B 1 44 


rior angles of the figure, toge- 
ther with four right angles; therefore all the exterior angles at 
equal to four right angles. a 


PROP. XXXII. T HE OR. 


HE ſtraight lines which join the extremities d 
two equal and parallel ſtraight lines, toward 
the ſame parts, are alſo themſelves equal and parall 


Let AB, CD be equal and parallel ſtraight lines, and joint 


towards the ſame parts by the A B 
ſtraight lines AC, BD ; AC, BD ng): 
are allo equal and parallel. 

Join BC; and becauſe AB is pa- 


the alternate angles ABC, BCD 


| C D 
are equal * ; and becauſe AB is equal to CD, and BC conn 
to the two triangles ABC, DCB, the two ſides AB, BC are e 
qual to the two DC, CB; and the angle ABC is equal to tt 


and the triangle ABC to the triangle BCD, and the other angle 
1 
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he other angles b, each to each, to which the equal ſides are Book I. 
polite; therefore the angle ACB is equal to the angle CBD; You 
1 becauſe the ſtraight line BC meets the two ſtraight lines * 
C, BD, and makes the alternate angles ACB, CB equal to 

e another, AC is parallel? to BD; and it was ſhown to be « 2. 1. 
ual to it. Therefore ſtraight lines, &c. Q. E. D. 


* PROP. XXXIV. THE OR. 


CHE oppoſite fides and angles of parallelograms 
are equal to one another, and the diameter bi- | 
& them, that is, divides them in two equal parts. 1 


N. B. A paralellogram is a four ſided figure, of which 
e oppoſite ſides are parallel; and the diameter is the 
aight line joining two of its oppoſite angles. | 


Let ABCD be a parallelogram, of which BC is a diameter ; 
7 : oppoſite ſides and angles of the figure are equal to one an- 
\ erz and the diameter BC biſects it. | | 

Becauſe AB is parallel to CD, and BC meets them, the al- f 


ate angles ABC, BCD are e- A R | 
al * to one another; and be- , OOTY * 39» Te 
uſe AC is parallel to BD, and 
meets them, the alternate 
zles ACB, CBD, are equal“ 
one another; wherefore the OC 


0 triangles ABC, CBD have D 

0 angles ABC, BCA in one, equal to two angles BCD, CBD 

the other, each to each, and one ſide BC common to the 

0 triangles, which is adjacent to their equal angles; there- 

e their other ſides thall be equal, each to each, and the 

rd angle of the one to the third angle of the other d, viz. b. 26. x. 

e ide AB to the ſide CD, and AC to BD, and the angle 

\C equal to the angle BDC: And becauſe the angle ABC is 

wal to the angle BCD, and the angle CBD to the angle ACB; 

whole angle ABD is equal to the whole angle ACD : And 

angle BAC has been ſhown to be equal to the angle BDC; 

refore the oppoſite ſides and angles of parallelograms are e- 

a to one another; alſo, their diameter biſects them; for 

d being equal to CD, and BC common, the two AB, BC 

equal to the two DC, CB, each to each; and the angle ABC 
| 18 


es Of 
vard 


D 


111100 

are © 
| to the 
ſe BD, 


| angle 
(0 
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Book I. is equal to the angle BCD; therefore the triangle ABC i 
| 4 qual eto the triangle BCD, and the diameter BC divides u 
| parallelogram ACDB in two equal parts. Q. E. D. 


PROP. XXXV. THEOR. 


zee N. ARALLELOGRAMS upon the ſame baſe and betw: 
-the ſame parallels, are equal to one another, 


See the zd Let the parallelograms ABCD, EBCF, be upon the fan 
and 3d fi- baſe BC, and between the ſame parallels AF, BC; the paralle 


gures. gram ABCD ſhall be equal to the parallelogram EBCF. ys 
If the ſides AD, DF of the parallelograms ABCD, DRC! Jo 
cauſe 
oppoſite to the baſe BC be termina- and 
ted in the ſame point D; it is plain R. a D | iS e 
that each of the parallelograms is | r 
4 34. x. double of the triangle BDC; and a 
they are therefore equal to one an- * 
other. | my 
But if the ſides AD, EF, oppoſite a — 
to the baſe BC of the 1 C EBC 
ABCD, EBC, be not terminated in the ſame point; then EH A5) 
cauſe ABCD is a parallelogram, AD, is equal * to BC; for i de f 
. 1. Ax. ſame reaſon, EF is equal to BC; wherefore AD is equal dt equa 


EF ; and DE is common; therefore the whole, or the remain 
| or 3. der, AE is equal“ to the whole, or the remainder DF; AB A 
Ax. ſo is equal to DC; and the two EA, AB are therefore equalt 


A D E 


Li 
betw 
AD, 
B is eq 
the two FD, DC, each to each; and the exterior angle DC 90 c 
d. 29. 1. qual d to the interior EAB; therefore the baſe EB is equi ; 4; 
©4. 1. te the baſe FC, and the triangle EAB equal © to the triag znd 
FDC; take the triangle FDC from the trapezium ABCF, "WM 14 ; 
from the ſame trapezium take the triangle EAB ; the remal 
f.3- Ax. ders therefore are equal f, that is, the parallelogram ABCD ech 
equal to the parallelogram EBCF. Therefore parallelograms 1 14% 
on the ſame baſe, &c. Q. E. D. dery 


PRO! 


les f 


DC 
eq 
riangh 
F, an 
emall 
3CD! 
ms up 
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PROP. XXXVI THEOR. 


Book I, 


ARALLELORGAMS Upon equal baſes and between 
the ſame parallels, are equal to one another, 


Let ABCD, EFGH be parallelograms upon equal baſes BC, 


FG, and between the 
ſame parallels AH, BG; 
the parallelogram ABCD 
is equal to EFGH. 

Join BE, CH; and be- 
cauſe BC is equal to FG, 
and FG to* EH, BC is 
is equal to EH; and they 


PROP. XXXVII. 


H 


i 


D E 


B 


THE OR. 


© 


G 


are parallels, and joined towards the ſame parts by the ſtraight 
lines BE, CH : But ſtraight lines which join equal and parallel 
ſtraight lines towards the ſame parts, are themſelves equal and 
parallel; therefore EB, CH are both equal and parallel, and b. 33. r. 
EBCH is a parallelogram; and it is equal® to ABCD, becauſe 
it is upon the ſame baſe BC, and between the ſame parallels BC, 
AD: For the like reaſon the parallelogram EFGH is equal to 
the fame EBCH : Therefore alſo the parallelogram ABCD is 
equal to EFGH. Wherefore parallelograms, &c. Q. E. D. 


RIANGLES upon the ſame baſe, and between the 


ſame parallels, are equal to one another. 


Let the triangles ABC, DBC be upon the fame baſe BC and 


AD 


between the ſame parallels E 
AD, BC: The triangle ABC 
is equal to the triangle DBC. 

Produce AD both ways 
to the points E, F, and thro' 
B draw* BE parallel to CA; 
and thro' C draw CF paral- 
lel to BD: Therefore each 


F 


—_— 


B 


C 


a. 34 1. 


c, 35. IL 


a. 31. 1. 


ak the figures EBC A, DBCEF is a parallelogram; and EBC A is 
equal ® to DBCF, becauſe they are upon the ſame baſe BC, and b. 35. 1. 


between the ſame parallels —_ EF; and the triangle ABC 1s 


the 


34 


Book IT. 
CW. 


c. 34. 1 


d. 7. Ax. 


a, 31. T, 


b. 36. 1. 


C. 34» 1. 


d. 7. Ax. 
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the half of the parallelogram EBCA, becauſe the diameter A} 
biſefts© :t ; and the triangle DBC is the half of the parallelo- 
gram DBCF, hecauſe the diameter DC biſeCts it: But the 
halves of equal things are equal d; therefore the triangle ABC 
is equal to the triangle DBC. Wherefore triangles, &c. 


Q. E. D. 
PROP. XXXVIIL THE OR. 


RA NGLESs upon equal baſes, and between the 
lame parallels, are equal to one another. 


Let the triangles ABC, DEF be upon equal baſes BC, EF, 
and between the fame parallels BF, AD : The triangle ABC is 
equal to the triangle DLF. 

Produce AD both ways to the points G, H, and thro' B 
aw _ pang ie * to CA, and thro' F draw FH parallel to 
ED : Then each of 
the figures GBCA, G : A D H 
DEFH is a paralle- 
logram; and they 
areequal®toone an- 
other, becauſe they 
are upon equal baſes 


BC, EF and between B | C 79 ̃ F 


the ſame parallels 
BF, GH; and the triangle ABC is the half of the parallelogram 


GBCA, becauſe the diameter AB biſects it; and the triangle 
DEF is the half of the parallelogram DEFH, becauſe the di- 
ameter DF biſects it: But the halves of equal things are equal“; 
therefore the triangle ABC is equal to the triangle DEF. Where 


tore triangles, &c. Q. E. D. 


PROP. XXX. THEOR. 


> QUAL triangles upon the ſame baſe, and upon the 
| ſame fide of it, are between the ſame parallels, 


Let the equal triangles ABC, DBC be upon the ſame baſe 
BC, and upon the ſanie fide of it; they are between the ſame 
parallels. 

Join AD; AD is parallel to BC; for, if it is not, thro 


the point A draw * AE parallel to BC, and join EC: The 1 
| | | ang le 
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nele ABC is equal b to the triangle EBC, becauſe it is upon 
he Ne fame baſe BC, and between the ſame A D 
30 alles BC, AE: But the —_— 
\BC is equal to the triangle BDC; 
erefore alſo the triangle BDC. is e- 
wal to the triangle EBC, the greater 
the lefs, which is impoſſible: There- ; 
dre AE is not parallel to BC. In the 
me manner it can be demonſtrated RB C 
at no other line but AD is parallel to BC; AD is theres 


re parallel to it. Wherefore equal triangles upon, &c. 
LE. D. 


1 | PROP. XL. THEOR. 


QUAL triangles upon equal baſes, in the ſame 


ſtraight line, and towards the ſame parts, are 
etween the ſame parallels, 


Let the equal triangles ABC, DEF be upon equal baſes BC, 
F, in the fame ſtraight 


e BF, and towards the A 2 D 
me parts; they are between | 
te ſame parallels. G 


Jon AD; AD is paral- 
to BC: For, if it is not, 
iro” A draw * AG par” 

| to BF, and join GF: - TIT _ 
tetriangle ABC is equal bB C E F 
the triangle GEF, becaule they are upon equal baſes BC, 
L, and between ihe ſame parallels BF, AG: But the triangle 
BC is equal to the triangle DEF ; therefore alſo the triangle 
EF is equal to the triangle GEF, the greater to the leſs, which 
impoſſible : Therefore AG is not parallel to BF: Ani m the 
me manner it can be demonſtrated that there is no ocher paral- 
to it but AD; AD is therefore parallel to BF. Wherefore 
Jual triangles, &c. Q. E. D. | 


PROP. XLII. THE OR. 


Fa parallelogram and triangle be upon the ſame 
baſe, and between the ſame parallels; the paral - 
logram ſhall be double of the triangle, 


C2 Let 
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b. 34. 1. 
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b. 2Z, J. 
Go 16. bs 


d. 38. 3, 
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Let the parallelogram ABCD and the triangle FBC he wh'% 
on the ſame baſe BC, and between the ſame parallels BC, As 
the parallelogram ABCD is double don 
of the triangle EBC. A D FE 

Join AC; then the triangle ABC F | 
is equal * to the triangle EBC, be- | 
cauſe they are upon the ſame baſe | 
BC, and between the ſame parallels 
BC, AE: But the parallelogram 
ABCD is double ® of the triangle 


ABC, becauſe the diameter AC di- L 
vides it into two equal parts; where- B 0 AC 
fore ABCD is alſo double of the tri- elo 


angle EBC. Therefore if a parallelogram, &c. Q. E. D. thro 


BK, 

PROP. XIII. PROB. grar 

who 

a | 0 deſcribe a paralJelogram that ſhall be equal 4 
a given triangle, and have one of its angle Bx 
equal to a given rectilineal angle. aud 
B 


Let ABC be the given triangle, and D the given rectilinei lelog 
angle. It is required to deſcribe a parallelogram that ſhall & the! 
equal to the given triangle ABC, and have one of its angle 
equal to D. 

Biſet*BCin E, join AE, and at the point E in the ſtraigh 
line EC make the angle CEF equal to D; and thro' A dra 


© AG parallel to EC, and thro? AE] 
C draw CG parallel to EF: A F G AH 
Therefore FECG is a parallelo- | 7 ABC 


gram : And becauſe BE is equal ple 
to EC, the triangle ABE is like» 

wiſe equal © to the triangle AEC, 
ſince they are upon equal baſes D 
BE, EC, and between the ſame 
parallels _ AG; "1 gee; - 
triangle ABC is double of the | | 

ian AEC: And the paral- B E C 
Iclogram FECG is likewiſe double © of the triangle AEC, 


cauſe it is upon the fame baſe, and between the fame P L 
rallels: Therefore the parallelogram FECG is equal to " and 
triangle ABC, and it has one of its angles CEF equal to l oY 

avi: 


given angle DU: Wherefore there has been deſcribed 2 you 
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its angles CEF equal to the given angle D. Which was to be 
done. | 
PROP. XIII. THEFOR. 


HE complements of the parallelogtams which are 
about the diameter of any parallelogram, are 
equal to one another, 


Let ABCD be a parallelogram, of which the diameter is 
AC, and EH, FG the paral- 
lelograms about AC, that is, A H : D 
thro which AC paſſes, and * 
BK, KD the other parallelo- E 6 K * 
grams which make up the 
whole figure ABCD, which 
are therefore called the com- 
plements: The complement 
BK is equal to the comple- a 


ment KD. 1 —— : 
Becauſe ABCD is a paral- B G C 


lelogram, and AC its diameter, the triangle ABC is equal“ to 


the triangle ADC: And becauſe EKH A is a parallelogram, the 
diameter of which is AK, the triangle AEK is equal to the tri- 
angle AHK: By the ſame reaſon, the triangle KGC is equal to 
the triangle KFC: Then, becauſe che triangle AEK is equal to 
the triangle AHK, and the triangle KGC to KFC ; the triangle 
AEK together with the triangle KGC is equal to the triangle 
AHE together with the triangle KFC : But the whole triangle 
ABC is equal to the whole ADC; therefore the remaining com- 


plement BK is equal to the remaining complement KD. Where» 
tore the complements, &c. Q. E. D. 


PROP. XLIV. PROB. 


O a given ſtraight line ta apply a parallelogram, 
winch ſhail be equal to a given triangle, and 
have one of its angles equal to a given rectilineal angle. 


Let AB be the given ſtraight line, and C the given triangle, 
and D the given rectilineal angle. It is required to apply iv the 
kae ne AB a paraliclogram equal to the triangle C, and 

*\g an angle equal to D. 
C 3 Make 
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lagram FECG equal to a given triangle ABC, having one of Bock J. 
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Make the 
parallelogram F E N 


a, 42, 1. 


D. 36. . 


C. 29. I. 


d. 12. Ax. 


© 43. 1. 


f. IS. Io 


BEFG equal 
tothe triangle 
C,and hve D 
the angle EBG 9 
equal to the 
angle D, ſothat C 
— be in the a 
ame ſtraight hs wt 2 
line with AB, H A L 
and produce FG to H; and thro? A draw AH parallel to BG 
or EF, and join HB + Then becauſe the ſtraight line HF fall 
upon the parallels AH, EF, the angles AHF, HFE are toge 
ther equal © to two right angles; wherefore the angles BHI, 
HFE are leſſer than two right angles: But ſtraight lines which 
with another ſtraight line make the interior angles upon the 
ſame ſide leſs than two right angles, do meet 4 if produced fa 
enough: Therefore, HB FE ſhall meet, if produced; let then 
meet in K, and thro' K draw KL parallel to EA or FH, ant 
produce HA, GB to the points L, M: Then HLKF is a para 
lelogram, of which the diameter is HK, and AG, ME are the 
parallelograms about HK; and LB, BF are the complements; 
therefore LB is equal © to BH: But BF is equal to the triangle C 
wheretore LB is equal to the triangle C: And becauſe the angl 
GBE is equalf to the angle ABM, and likewiſe to the angle D; 
the angle ABM is equal to the angle D: Therefore the paralle 
jogram LB is applied to the ſtraight line AB, is equal to the tr: 


angle C, and has the angle ABM equal to the angle D: Which 
was to be done. 


PROP. XLV. PRO ZB. 


| O deſcribe a parallelogram equal to a given rec: 
tilineal figure, and having aa angle equal to! 
given rectilineal an gle. 


Let ABCD be the given rectilineal figure, and E the give! 
rectilineal angle. It is required to deſcribe a parallelogram e- 
qual to ARBCD, and having an angle equal to E. 

Join DB, and defcribe* the parallelogram FH equal to the tt 
angle ADB, and having the angle HKF equal to the angle E. 


and to the ſtraight line GH apply ® the parallelogram GM equi 
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to the triangle DBC, having the angle GHM equal to the angle Book I. 
E; and becauſe the angle E is equal to each of the angles 

FKH, GHM, the angle FKH is equal to GHM; add to 

each of theſe the angle KHG; therefore the angles FKH, 

KHG are equal 
WM to the angles D F 6 L 
MY nd, HM; A. — 
but FK H, KHG 

are equalꝰ to two E 
right angles; 

therefore alſo 

» BOYD KHG, GHM 

fal are equal to two 


toge- right angles; and 
Bf, — at the B O H M 
which point H in the ſtraight line GH, the two ſtraight lines KH, HM 
1 the upon the oppoſite fides of it make the adjacent angles equa! to 
d fu two right angles, KH is in the ſame ſtraight line 4 with HM; d. 14. 1. 
then and becauſe the ſtraight line HG meets the parallels KM, FG, 
ani the alternate angles MHG, HGF are equal ©: Add to each of 
para theſe, the angle HGL : Therefore the angles MHG. HG are 
e tie equal to the angles HGF, HGL : But the angles MHG, HGL 
ents; are equal © to two right angles; wherefore alſo the angles HGF, 
le C HGL are equal to two right angles, and FG is therefore in the 
ange fame ſtraight line with GL: And becauſe KF is parallel to 
e Dig HG, and HG to ML; KF is parallel ©ro ML: and KM, FL. e. zo. x. 
rall-W are parallels z wherefore KFLM is a parallelogram ; and becauſe 
e in-W the triangle ABD is equal to the parallelogram HF, and the 
Thich g the triangle DBC to the parallelogram GM; the whole rectili- 
neal figure ABC is equal to the whole parallelogram KF! M; 
therefore the parallelogram KFLM has been deſcribed equal to 
the given rectilineal figure ABCD, having the angle FKM e- 
qual to the given angle E : Which was to be done. 
Tec Cox. From this it is manifeſt how to a given ſtraight line 
o : 2 ?Pply a parallelogram, which ſhall have an angle equal to 
a given rectilineal angle, and ſhall be equal to a given rectiline- f 
al figure, viz. by applying ® to the given ſtraight line, a paral- b. 44. 12 
lelogram equal to the firſt triangle ABD, and having an angle 
equal to the given angle. 


6. 29. I; 


ith C 4 P R O . 


©. 29 1. 
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PROP. XIV. PR OB. 
JO deſcribe a ſquare upon a given ſtraight line, 
Let AB be the given ſtraight line; it is required to deſcribe 


a ſquare upon AB, 
From the point A draw * AC at right angles to AB; and 


* make A equal to AB, and through the point D draw DE pa. 


rallel © to AB, and through B draw BE parallel to AD; there. 
fore ADEB is a parallelogram; whence AB is equal to DE, and 
AD to BE: But BA is equal to AD; | 
therefore the four ſtraight lines BA, C| 
AD, DE, EB are equal to one ano- | 
ther, and the parallelogram ADEB D | 


is equilateral, likewiſe all its angles 


are right angles; becauſe the ſtraight E 


line AD meeting the parallels AB, 
DE, the angles BAD, ADE, are e- 
qual © to two right angles; but BAD | 
is a right angle, therefore alſo ADE 
is a right angle; but the oppoſite A 
angles of parallelograms are equal d; © B 
therefore each of the oppoſite angles ABE, BED is a right 
angle; wherefore the figure ADEB is rectangular, and it has 
been demonſtrated that it 1s equilateral ; it is therefore a ſquare, 
and it is deſcribed upon the given ſtraight line AB: Which 
was to be done 

Cor. Hence every parallelogram that has one right angle has 


21] its angles right angles. 


PRO FP. XLVIL THE ORA. 


1 * any right angled triangle, the ſquare which 15 
deſcribed upon the fide ſubtending the right 
angle, is equal to the ſquares deſcribed upon the 


ſlides which contain the right angle. 


FO © Be 


Let APC be a right angled triangle having the right angle 
LAC; the {quare deſcribed upon the ſide BC is equal to the 
ſquares deſcribed upon BA, AC. 

On EC deſcribe the ſquare BDEC, and on BA, AC the ſquares 


ö 


OF EUCLID. 


B, HC; and through A draw AL parallel to BD or CE, and 


e. right angle ©, the two 
K lines AC, AG up- G 
ribe Wh the oppoſite fides of AB, H 
ake with it at the point Ape 4 
and Ne adjacent angles equal to 
pa- No right angles; therefore K 
ere- NA is in the ſame ſtraight 
and Wine! with AG; for the ſame B 
aſon, AB and AH are in [C 


je fame ſtraight line; and 
cauſe the angle DBC is e- 
ual to the angle FBA, each 
them being a right angle, 
d to each the angle ABC, Dt— E 

d the whole angle DBA is 1 

ual © to the whole FBC; and becauſe the two ſides AB, BD 
2 equal to the two FB, BC, each to each, and the angle 
BA equal to the angle FBC ; therefore the baſe AD is e- 
al f to the-baſe FC, and the triangle ABD to the triangle 


B Nec: Now the parallelogram BL is double * of the triangle 
ight BD, becauſe they are upon the fame baſe BD, and between 
has e fame parallels BD, AL; and the ſquare GB is double of 
are, Ne triangle FBC, becauſe theſe alſo are upon the ſame baſe 
nich , and between the ſame parallels FB, GC: But the doubles 


equals are equal ® to one another: Therefore the parallelo- 
am BL is equal to the ſquare GB: And in the ſame manner, 
joining AE, BK, it is demonſtrated that the parallelogram 
L is equal to the ſquare HC: Therefore the whole ſquare 
DEC is equal to the two ſquares GB, HC; and the ſquare 
DEC is deſcribed upon the ſtraight line BC, and the ſquares 
B, HC upon BA, AC: Wherefore theſquare upon the ſide 
C is equal to the ſquares upon the ſides BA, AC. Therefore 
L any right angled triangle, &c. Q. E. D. 


he 

PROP. XLVIIIL THEOR. 
ge the ſquare deſcribed upon one of the ſides of a 
the 


triangle, be equal to the ſquares deſcribed upon 
e other two ſides of it; the angle contained by 


cle two ſides is a right angle. 
If 


in AD, FC; then, becauſe each of the angles BAC, BAG is 
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A triangle ABC, be equal to the ſquares upon the other ſides B. 


A. 11. 1. 


b. 47. 1. 


©, 3, 1. 
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If the ſquare deſcribed upon BC, one of the ſides of t 


AC; the angle BAC is a right angle. 
From the point A draw AD at right angles to AC, a 
make AD equal to BA, and join DC: Then, becauſe DA; 
equal to AB, the ſquare of DA is equal 
to the ſquare of : 'To each of theſe 
add the ſquare of AC; therefore the ſquares 
of DA, AC, are equal to the ſquares of. 
BA, AC : But the ſquare of DC is equal 
d to the ſquares of DA, AC, becauſe DAC 
is a right angle and the ſquare of BC, by 
hypotheſis, is equal to the ſquares of BA, 
AC; therefore the ſquare of DC is equal CESS 
to the ſquare of BC; and therefore alſo B ( 
the fide DC is equal to the fide BC. And 
becauſe the fide DA is equal to AB, and AC common to ti 
two triangles DAC, BAC, the two DA, AC are equal to t 
two BA, AC; and the baſe DC is equal to the baſe BC; ther 
fore the angle DAC is equal © to to the angle BAC: But DA 
is a right angle, therefore alſo BAC is a right angle. Therefo 
if the ſquare, &c. Q E. D. 


TH Ca 


FE. V £0 


right angles. 


ameter, together with the 
two complements, 1s called 
a Gnomon. © Thus the 
* parallelogram HG, toge- 
© ther with the comple- 
© ments AF, FC, is the gno- 
© mon, which is more brief- 
© ly expreſſed by the letters 
e AGK, or EHC which are 
© at the oppoſite angles of 


ro 


I. 
by right angled parallelogram is ſaid to be contained 
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L 


O. 


0 DEFINITIONS. 


D. 


by any two of the ſtraight lines which contain one of the 


In every parallelogram, any of the parallelograms about a dia- 


* the parallelograms which make the gnomon. 
PROP. LT:H-K OO: 


F there be two ſtraight lines, one of which is di- 
vided into any number of parts; the rectangle 
ontained by the two ſtraight lines, is equal to the 
etangles contained by the undivided line, and the 
Kveral parts of the divided line. 


II 
1 

| 
HE ; 
B & 2 


K 
C 


Let 


144 


THE ELEMENTS 


Book II. Let A and BC be two ſtraight lines; and let BC be divide a | 


into any parts in the 7 * D, E; the rectangle contained} 


a. 11. 1. 


b, 3. 1. 
C. 31. I, 


d. 34. 1- 


the ſtraight lines A, BC is equal 
to the rectangle contained by A, B FE E 0 n 
BD, together with that contain- | 
ed by A, DE, and that contained | "i 
by A, EC. 

From the point B draw * BF 
at right angles to BC, and make |_ at 


BG equal Þ to A; and through - 1 1 
G draw © GH parallel to BC; 2 3 F 
and through D, E, C draw © DK F | A 1 


EL, CH parallel to BG; then the part 
rectangle BH is equal to the rectangles BK, DL, EH; apart 
BH is contained by A, BC, for it is contained by GB, BC,a 
GB is equal to A; and BK is contained by A, BD, for it | 
contained by GB, BD, of which GB is equal to A; and DL 
contained by A, DE, becauſe DK, that is, 4 BG, is equal to 4 toget! 


and in like manner the rectangle EH is contained by A, K Ur 


Therefore the rectangle contained by A, BC is equal to the i{|MCDF 
veral rectangles contained by A, BD, and by A, DE; and Willlthroy 
A, EC. Wherefore, if there be two ſtraight lines, Mor B! 


Q. E. D. qual 


P R O P. II. THE OR. 


JF a ſtraight line be divided into'any two parts, ti 

rectangles contained by the whole and each of ti 
parts, are together equal to the ſquare of the wh 
line, | 


5 
Let the ſtraight line AB be divided into A on 
into any two parts in the point C; the rect- 
angle contained by AB, BC, together with | 
the rectangle F AB, AC, ſhall be equal to 
the ſquare of AB. 
Upon AB deſcribe * the ſquare ADEB, tain 
and through C draw CF, parallel to AD, 


or BE; then AE is equal to the rectangles | Is 
AF, CE; and AE is the ſquare ot AB; D F | ork, 
al 


+ N. B. To avoid repeating the word contained too frequently, the rectange d 


5 by two ſtraight lines AB, AC is ſometimes ſimply called the ici 
os 
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nd AF is the rectangle contained by BA, AC; for it is con- Book. II. 
nined by DA, AC, of which AD is equal to AB; and CE — 
contained by AB, BC, for BE is equal to AB; therefore the 
ectangle contained by AB, AC, together with the rectangle 

B, BC, is equal to the ſquare of AB. If therefore a ſtraight 

ine, &c. Q. E. D. | 


PROP. III. THEOR. 


| F a ſtraight line be divided into any two parts, the 
rectangle contained by the whole and one of the 

parts, is equal to the rectangle contained by the two 

parts, together with the ſquare of the foreſaid part. 


Let the ſtraight line AB be divided into any two parts in the 


point C; the rectangle AB, BC is equal to the rectangle AC, CB 
to I together with the ſquare of BC. | 
vi 
thecbEB, and produce ED to F, and 


pon BC deſcribe * the ſquare A C Ba. 46. x 


nd | through A draw AF parallel to CD 
„ Mor BE; then the rectangle AE is e. * 
qual to the rectangles AD, C; and | 
AE is the rectangle contained by AB, 
BC, for it is contained by AB, BE, 
of which BE is equal to BC ; and 
AD is contained by AC, CB, tor DEAR 
CD is equal to CB; and DB is ther?“ D E 
ſquare of BC; therefore the rectangle ; 

AB, BC is equal to the rectangle AC, CB together with the 
quare of BC. If therefore a ſtraight line, &c. Q. E D. 


= PROP. IV. THE OR. 


[* a ſtraight line be divided into any two parts, the 

ſquare of the whole line is equal to the ſquares of 
the two parts, together with twice the rectangle con- 
tained by the parts. 


Let the ſtraight line AB be divided into any two parts in C ; 

dhe ſquare of AB is equal to the ſquares of AC, CB and to 
mie the rectangle contained by AC, CB, 

; Upon 
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b. 31. 1. 

C. 29. 1. 


d. 5. 1. 


8. 43. 1. 


THE ELEMENTS 


"Upon AB deſcribe * the ſquare ADEB, and join BD, ; 
thro' C draw CGF parallel to AD or BE, and thro' G dn 
HK parallel to AB or DE: And becauſe CF is # — way to Al 


and BD falls upon them, the exterior angle BGC is equal* 

the interior and oppoſite angle ADB; but ADB is equal e Ind 
the angle ABD, becauſe BA is equal to AD, being fides of Wai 
ſquare; wherefore the angle CGB A C gz Dire 
is equal to the angle GC; and there- = 1l t 


fore the ſide BC is equal to the 
fide CG: But CB is equal f alſo to 
GK, and CG to BK; wherefore H 

the figure CGKB is cquilateral: It is 
likewiſe rectangular; for CG is pa- 5 
rallel to BK, and CB meets them, | 
the angles KBC, GCB are therefore 


12 


K 


equal to two right angles; and KBC D F E pe 
is a right angle; wherefore GCB is a right angle; and therefor! to. 
alſo the angles CGK, GK; oppoſite to theſe are right ange © to 


and CG K; is rectangular : But it is alſo equilateral, as was & 
monſtrated; wherefore it is a ſquare, hd it is upon the fd 
CB : For the ſame reaſon HF alſo is a ſquare, and it is upon th 
fide HG which is equal to AC: Therefore HF, CK are ti 
ſquares of AC, CB: And becauſe the complement AG is equi 
8 to the complement GE, and that AG is the rectangle containd 
by AC, CB, for GC is equal to CB; therefore GE is alſo equi 
to the rectangle AC, CB; wherefore AG, GE are equal t 
twice the rectangle AC, CB: And HF CK are the ſquares d 
AC, CB; wheretore the four figures HF, CK, AG, GE: 
equal to the ſquares of AC, CB and to twice the rectangt 
AC, CB: But HF, CK, AG, GE make up the whole figur 
ADEB which is the ſquare of AB : Therefore the fquare of A 
is equal to the ſquares of AC, CB and twice the rectangle AC 
CB. Wherefore if a ſtraightline, &c. Q. E. D. 

Cox. From the demonſtration it is manifeſt, that the ige 
rallelograms about the diameter of a ſquare are likewiknon ( 
ſquares. e qui 


PRO 
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a ſtraight line be divided into two equal parts, j 
Wind alſo into two unequal parts; the rectangle 1 
of Wtained by the unequal parts, together with the 
z re of the line between the points of ſection, is 
al to the ſquare of half the line. 


et the ſtraight line AB be divided into two equal parts in 

point C, and into two unequal parts at the point D; the 

ngle AD, DB together with the ſquare of CD, is equal 

e ſquare of CB. 

pon CB deſcribe * the ſquare CEFB, join BE, and thro? 2. 46. 1. 
draw Þ DHG parallel to CE or BF; and thro' H draw b. 31. 1. 
M parallel to CB or EF; and alſo thro' A draw AK pa- 

to CL or BM: And becauſe the complement CH is e- 
©to the complement HF, to each of theſe add DM; © 43: . 
fore the whole CM 


ual to the whole DF; | | 
WCM is equal d to AL, A — C D B ** 
Wuſe AC is equal to | L. H IM 


therefore alſo AL is K 
to DF. Do each of 
add CH, and the 
le AH is equal to 


i 


| 
res (and CH : But AH is mm —_ 
E anWcctangle contained by E G F 
tang, DB, for DH is equal 
hgu DB ; and DF together with CH is the gnomon CMG; „ Cor _ 


fore the gnomon CMG is equal to the rectangle AD, DB; ;. 
ach of theſe add LG, which is equal © to the ſquare of CD, 
ore the gnomon CMG together with LG is equal to the 
angle AD, DB together with the ſquare of CD: But the 
non CMG and LG make up the whole figure CEFB, which 
 {quare of CB: Therefore the rectangle AD, DB together 
the ſquare of CD is equal to the ſquare of CB. Wherefore 


[raight line, &c. Q. E. D. 
PROP. 
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PROP. VI. THEOR. 
JF a ftraight line be biſected, and produced to x 


point; the rectangle contained by the whole lj gur 
thus produced, and the part of it produced, toget ua 
with the ſquare of half of the line biſected, is eq ere 
to the ſquare of the ſtraight line which is made eie. 
of the half and the part produced. * 


Let the ſtraight line AB be biſected in C, and produced 
the point D; the rectangle AD, DB, together with the ſq 
| of CB, is equal to the ſquare of CD. 
2 46. 8: Upon CD deſcribe * the ſquare CEFD, join DE, and d 
b. 31. 1 B draw® BHG parallel to CE or DF, and thro' H draw 
parallel to AD or EF, and alſo thro' A draw AK paralle 
CLor DM: And becauſe AC is equal to CB, the rectu 


e. 36. 1. AJ is equal to CH; but A 3 + Fi 2 3 
CH is equal dato H; there- 
fore alſo AL is equal to | L H 
HF: To each of theſe add WA - mg 
CM ; therefore the whole | 

AM is equal to the gno- 
mon CMG: And AM is 
the rectangle contained by C 
AD, DB, for DM is equal E G 


to DB: Therefore the gnomon CMG is equal to the n 
angle AD, DB: Add to each of theſe LG, which is equi 
the ſquare of CB; therefore the rectangle AD, DB, toge 
with the ſquare of CB, is equal to the gnomon CMG and 
figure LG: But the gnomon CMG and LG make up 
whole figure CEFD, which is the ſquare of CD; there 
the rectangle AD, DB, together with the ſquare of CÞ, » 
qual to the ſquare of CD. Wherefore if a ſtraight line, 


Q.E;D. 
PPA Of. VII. THEOR: 


JF a ſtraight line be divided into any two parts. 

{quares of the whole line, and of one of the parts 
equal to twice the rectangle contained by the v! 
and that part, together with the ſquare of the d 
part. 


Let the ſtraight line AB be divided into any two pat 


d. 43. 1. 


OF EUCLID: 


e point C; the ſquares of AB, BC are equal to twice the 
angle AB, BC together with the ſquare of AC. 


ure as in the preceeding Propoſitions: And becauſe A is 


erefore equal to the whole CE; 

erefore AK, CE are double of A C 
K : But AK, CE are the r | 57. 
KF together with the ſquare CK; | 
Moore the 3 AKF toge- H : G K 
er with the ſquare CK is double aa 

AK: But twice the rectangle AB, 
dC is double of AK, for BK is e- 
nal © to BC: Therefore the gno- 
on AKF, together with the ſquare — — 

K, is equal bo twice the rectangle D F E 
\B, BC: To each of theſe equals : 

id HF, which is equal to the ſquare of AC; therefore the 
nomon AKF, together with the ſquares CK, HF, is equal to 
rice the rectangle AB, BC and the ſquare of AC: But the 
nomon AK F, together with the ſquares CK, HF, make up the 
hole figure ADEB and CK, which are the ſquares of AB 
nd BC: Therefore the ſquares of AB and C are equal to 
rice the rectangle AB, BC together with the ſquare of AC. 
Wherefore, if a ſtraight line, &c. O. E. D. 


PROP. VII. THEO RX. 


F a ſtraight line be divided into any two parts, 
L four times the rectangle contained by the whole 
Ine, and one of the parts, together with the ſquare of 


ne which is made up of the whole and that part. 


Let the ſtraight line AB be divided into any two parts in the 
ont C; four times the rectangle AB, BC, together with the 
juare ot AC, is equal to the ſquare of the ſtraight line made up 
AB and BC together. 

Produce AB to D, ſo that BD be equal to CB, and upon 
D deſcribe the ſquare AEFD; and conſtruct two figures 
uch as in the prececding. © Becauſe CB is cqual to BD, and 
bat CB is equal * to GK, and BD to KN; therefore GK is 

D 


de other part, is equal to the tquare of the i{triight 


equal 
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Upon AB deſcribe * the ſquare A DEB, and conſtruct the 2.46. x, 
"nal Þ to GE, add to cach of them CK, the whole AK is b. 43. 1. 


e. Cor, 4. 2. 


a. 34 1. 


e. 43. I 


AG, Mr, PL, RF are equal 


d, Cor. 4. 2. 
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equal to KN: For the ſame reaſon, PR is equal to RO ; 2 
becauſe CB is equal to BD, and GK to KN, the rectang 
CK is equal ® to BN, and GR to RN: But CK is equal“ 
RN, becauſe they are, the complements of the parallelogry 
CO; therefore alſo BN is equal to GR: And the four r& 
angles BN, CK, GR, RN, are therefore equal to one anothy 
and ſo are quadruple of one of them CK: Again, becauſe (] 
is equal to BD, and that BD 1s / 

A CB 5 


equal 4 to BK, that is, to CG ; 

and CB equal to GK, that 4 is, to 
Mi__G|K/ IN 
Xt 


GP; thereſore CG is equal to 
GP: And becauſe CG is equal to 
GP, and PR to RO, the rectangle 
AG is equal to MP, and PL to 
RF: But MP is equal © to PL, 
becauſe they are the complements | 
ol the parallelogram ML where- 1 
fore AG alſo is equal to RF: . — 

E H LI 


"3 herefore the four rectangles 


to une another, and fo are qua- 
druple of one of them AG. And it was demonſtrated, th 
the ſour CK, BN, GR, RN are quadruple of CK : Thereſe 
the eight rectangles which contain the gnomon AH, u 
quadruple of AK: And becauſe AK is the rectangle conta 
ed by AB, BC, for BK is equal to BC, four times the re 


englc AB, BEC is quadruple of AK: But the gnomon A0ʃ 


wos demonſtrated to be quadruple of AK; therefore fou 
times the rectangle AB, BC is equal to the gnomon AU 
Lo cach of theſe add XH, which is equal d to the ſquare 


AC; thereiore four times the rectangle AB, BC, togetht 
with the ſquare of AC is equal to the gnomon AOH and tt 
{quare XII: But the gnomon AOH and XH make up thet 
gure AEFD which is the ſquare of AD : Therefore four tina 


the rectangle AB, BC together with the ſquare of AC is 
qual to the ſqusre of AD, that is, of AB and BC added ti 
gether in one ſtraight line. 


Q. k. D. 


PR O 


W hercfore, if a ſtraight line, & 
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Book IT, 


PROP. K. THEO. 


Fa ſtraight line be divided into two equal, and al- 

ſo into two unequal parts; the ſquares of the two 
unequal parts are together double of the ſquare of 
half the line, and of the ſquare of the line between 
the points of ſection. 


0 Let the ſtraight line AB be divided at the point C into two 

equal, and at D into two unequal parts: The ſquares of AD, 

DB are together double of the ſquares of AC, CD. 

From the point C draw CE at right angles to AB, and a 27. 1. 

make it equal to AC or CB, and join EA, EB; through D draw 
- d DF parallel to CE, and through F draw FG parallel to AB; b. 31. 1. 
F and join AF: Then, becauſe AC is equal to CE, the angle 
EAC is equal © to the angle AEC; and becauſe the angle © s. 7. 
ACE is a right angle, the two others AEC, EAC together 
make one right angle 4; and they are equal to one another; 4 32. , 
each of them therefore is half of a right angle. For the ſame 


reaſon each of the angles CEB, 
EBC is half a right angle; and 
therefore the kale AEB is a 
night angle: And becauſe the an- 
gle GEF is half a right angle, and 
EGF a right angle, for it is e- 


qual © to the interior and oppo- A O D B 2. 29. I 


lite angle ECB, the remaining angle EFG is half a right angle; 
therefore the angle GEF is cqual to the angle EFG, and the 
lide EG equal f to the fide GF : Again, becauſe the angle at BF. 6. 1. 
is half a right angle, and FDB a right angle, for it is equal 
to the interior and oppoſite angle ECB, the remaining angle 
BFD is half a right angle; therefore the angle at B is equal 
to the angle BFD, and the lide DF to f the fide DB: And be- 
cauſe AC is equal to CE, the ſquare of AC is equal to the 
(quare of CE; therefore the ſquares of AC, CE are double of 
the ſquare of AC: But the ſquare of EA is equal s to the 8. 47. 3 
lquares of AC, CE, becauſe ACE is a right angle; therefore ** 
the ſquare of EA is double of the ſquare of AC: Again, be- 
caule LG is equal to GF, the ſquare of EG is equal to the 
care of GF; therefore the 2 of EG, GF are double = 

2 * 
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the ſquare of GF; but the ſquare of EF is equal to the ſquarg 
of EG, GF; therefore the ſquare of EF is double of the {quar 
GF: And GF is equal to CD; therefore the ſquare of EF j 
double of the ſquare of CD: But the ſquare of AE is likewik 
double cf the ſquare of AC; therefore the ſquares of AE, I 
are double of the ſquares of AC, CD: And the ſquare of AF 
equal i to the ſquares of AE, EF, becauſe AEF is a right an 
gle; therefore the ſquare of AF is double of the ſquares of AC 
CD: hut the ſquares of AD, DF are equal i to the ſquared 
AF, becauſe the angle ADF is a right angle; therefore the 
ſquares of AD, DF are double of the ſquares of AC, CD : Ani 
DF is cqual to DB ; therefore the ſquares of AD, DB, ar 
double of the ſquares of AC, CD. If therefore a ſtraight ling 
&c. Q. E. D. 


PROP. X. THE OR. 


F a ſtraight line be biſected, and produced to + 
ny point, the ſquare of the whole line thus pro 
duced, and the ſquare of the part of it produced, 
are together double of the ſquare of half the line 
bifected, and of the ſquare of the line made up d 
the halt and the part produced. 


Let the ſtraight line AB be biſected in C, and produced to 
the point D; the ſquares of AD, DB are double of the ſquare 
of AC, CD. | 

From the point C draw * CE at right angles to AB: And 
make it equal to AC cr CB, and join AE, EB; through E dns 
bFF parallel to AB, and through D draw DF parallel to CE: 
And becauſe the ſtraight line EF mcets the parallels EC, FD, the 
angles CET, FFD are equal © to two right angles; and theretor 
the angles BEF, EFD are leſs than two right angles: But ftrazgit 
lines which with another ſtraight line make the interior angle 
upon the ſame ſide leſs than two right angles, do meet 4 if pro 
duced far enough: Therefore EB, FD hall meet, if produced 
toward BD : Let them mect in G, and join AG: Then, becauk 
AC is cqual to CE, the angle CEA is equal © to the ang 
LAC; ud the angle ACE is a right angle; therefore each of the 
angles CEA, EAC is halt a right angle * . For the ſame reaſon» 

ac 


uates 
Juare 
EF is 
ewiſe 
„E 
AF 


t an- 
AC 
are 0 
e the 
And 
3, are 
ling, 
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each of the angles CEB, EBC is half a right angle; thereſore Book II. 
AEB is a right angle: And becauſe EBC 1s half a right angle, ATP 
DBG is alſo * half a right angle, for they are vertically oppo- *5* © 
ite; but BDG is a right angle, becauſe it is equal © to the al- e. 29. 1. 
ternate angle DCE; therefore the remaining angle DGB is 

half a right angle, and is therefore equal to the angle DBG; 
wherefore alſo the fide BD is equal s to the fide DG : Again, &. * * 
becauſe EGF is half a F 
right angle, and that E . A 

the angle at F 1s a right 
angle, becanſe it is e- | 
qual d ger oppolite h. 34. r. 
angle ECD, the remain- 

— angle FEG is half a A Q 5 B D 
fight angle, and equal S 

to the angle EGF; G 
wherefore alſo the ſide GF is equal s to the fide FE. And be- 

cauſe EC 1s equal to CA, the ſquare of EC is equal to the ſquare 

of CA ; therefore the ſquares of EC, CA are double of the 

ſquare of CA: But the ſquare of EA is equal i to the ſquaresi, 47. r: 
of EC, CA; therefore the ſquare of EA is double of the ſquare 

of AC: Again, becauſe GF is equal to FE, the ſquare of GF is 

equal to the ſquare of FE; and therefore the ſquares of GF, 

FE are double of the ſquare of EF: But the ſquare of EG is e- 

qual i to the ſquares of GF, FE; therefore the ſquare of EG is 

double of the ſquare of EF: And EF is equal to CD; wherefore 

the ſquare of EG is double of the ſquare of CD : But it was de- 
monſtrated, that the ſquare of EA is double of the ſquare of 

AC; therefore the ſquares of AE, EG are double of the ſquares 

of AC, CD : And the ſquare of AG is equal i to the ſquares of 

AE, EG; therefore the ſquare of AG is double of the ſquares of 

AC, CD: But the ſquares of AD, DG are equal i to the 

(quare of AG; therefore the ſquares of AD, DG are double 

of the ſquares of AC, CD: But DG is equal to DB; therefore 

the ſquares of AD, DB are double of the ſagiares of AC, CD: 
Wherefore, if a ſtraight line, &c. Q. E. D. 


D 3 PROP. 


Book IT. 
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PROP. XI. PROB. 


1 * divide a given ſtraight line into two parts, ſo 
| that the rectangle contained by the whole, and 
one of the parts, ſhall be equal to the ſquare of the 
other part, 


Let AB be the given ſtraight line; it is required to divide 
it into two parts, fo that the rectangle contained by the whole, 
and one of the parts, ſhall be equal. to the ſquare of the other 

art. 
: Upon AB deſcribe * the ſquare ABDC, biſectꝰ AC in I, 
and join BE; produce CA to F, and make © EF equal to FB; 
and upon AF deſcribe * the ſquare FGHA; AB is divided in 
H ſo, that the rectangle AB, BH is equal to the ſquare of AH, 

Produce GH to K: Becauſe the ſtraight line AC is biſectel 
in E, and produced to the point F, the rectangle CF, FA, to: 
gether with the ſquare of AE, is equal d to the ſquare of EF; 
But EF is equal to EB; therefore the rectangle CF, FA, toge 


ther with the ſquare of AE, is equal to the ſquare of EB: And the 


ſquares of BA, ALE are equal © to the F 
ſquare of EB, becauſe the angle EAB 
is a right angle; therefore the rectan- 
gle CF, FA, together with the ſquare 
of AE, is equal to the ſquares of BA, 
AE : Take away the ſquare of AE, A 
which is common to both, therefore 
the remaining rectangle CF, FA is e- 
qual to the ſquare of AB: And the fi- E 
ure FK is the rectangle contained by 
F, FA, for AF is cqual to FG; and 
AD is the ſquare of AB; therefore 
FK is cqual to AD: Take away the _ 
common part AK, and the remainder K D 
FH is equal to the remainder HD: 
And HD is the rectangle contained by AB, BH, for AB is & 
qual to BD; and FH is the ſquare of AH : Therefore the 
rectangle AB, BH is equal to the ſquare of AH : Wherefor 
the ſtraight line AB is divided in H, fo that the rectangle Ab, 
BH is equal to the ſquare of AH. Which was to be done. 
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OF EUCLID. 


PROP. XII. THE OR. 


ah N obtuſe angled triangles, if a perpendicular be 

drawn from any of the acute angles to the oppo- 
ite fide produced, the ſquare of the fide ſubtending 
he obtuſe angle, is greater than the ſquares of the 
fides containing the obtuſe angle, by twice the 
rectangle contained by the fide upon which, when 
produced, the. perpendicular falls, and the ſtraight 
line intercepted without the triangle between the 


Book II.. 


nh 

FB; perpendicular and the obtuſe angle, 

d in | : 

H. Let ABC be an obtuſe angled triangle, having the obtuſe - 


angle ACB, and from the point A let AD be drawn * perpen- 
licular to BC produced: The ſquare of AB is greater than the 
Squares of AC, CB by twice the rectangle BC, CD. 
Becauſe the ſtraight line BD is divided into two parts in the 
point C, the ſquare of BD is equal | 
to the ſquares of BC, CD, and A 
vice the rectangle BC, CD: To 
each of theſe equals add the ſquare 
of DA; and the ſquares of BD, DA 
are equal to the ſquares of BC, CD, 
DA, and twice the rectangle BC, 
CD : But the ſquare of BA 1s equal 
yk ſquares of BD, DA, be- 
caule the angle at D 1s a right 
angle; and — ſquare of CA is * B C D 
qual © to the ſquares of CD, DA: Therefore the ſquare of BA. 
is equal to the ſquares of BC, CA, and twice the rectangle BC, 
CD; that is, the ſquare of BA is greater than the ſquares of BC, 
CA, by twice the rectangle BC, CD. Therefore, in obtuſe an- 
led triangles, &c. Q. E. D. 


D 4 PROP, 


A. I2. Is 


b. 4. 2» 
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PROP. XIII. THEO. 


JN every triangle, the ſquare of the fide ſubtending 

any of the acute angles, is leſs than the ſquare 
of the ſides containing that angle, by twice the ret 
angle contained by either of theſe ſides, and the 
ſtraight line intercepted between the perpendiculy 
let fall upon it from the oppolite angle, and the x 


cute angle. 


Let ABC be any triangle, and the angle at B one of its: 


cute angles, and upon BC, one of the ſides gm rg let fil are 


the perpendicular AD from the oppoſite angle: 


he ſquare] E. I 


of AC, oppolitc to the angle B, is leſs than the fquares of CB, 


BA by twice the rectangle CB, BD. 


Firſt, Let AD fall within the triangle ABC; and becauk 


the ſtraight line CB is divided in- 


to two parts in the point D, the A 

ſquares of CB, BD are equal d to 

twice the rectangle contained b 0 
CB, BD, and the ſquare of DC: | 
To each of theſe equals add the 2 
ſquare of AD; therefore the Let 
ſquares of CB, BD, DA are equal ibe a 
to twice the rectangle CB, BD, | 1 Deſc 
and the ſquares of AD, DC: Y D Cine 
But the ſquare of AB is equal one 
© to the ſquares of BD, DA, becauſe the angle BDA is a fig. {c 


angle; and the ſquare of AC is equal to the ſquares of AD, Do at v. 


Therefore the ſquares of CB, BA, are equal to the ſquare d 
AC, und twice the rectangle CB, BD; that is, the ſquare d 
AC alone is leſs than the ſquares of CB, BA by twice the retan: 


now 
they 
zal, pi 


gle CB, BD. 0 then 
_ Secondly, Let AD fall with- Uma] 
out the triangle ABC: Then, be- 
cauſe the angle at D is a right ED, 
angle, the angle ACB is greater Ince ( 
4 than a right angle; and there- E to! 
fore the ſquare of AB is equal © to Uyid 
the ſquares of AC, CB, and twice equa, 
the wctangle BC, CD: To theſe e. EG, 
quals add the ſquare of BC, and the Sd Hz t 
2 ) lc, 


ſquares 


ares of AB, BC are equal to the ſquare of AC, and twice Bon 11? 
- ſquare of BC, and twice the rectangle BC, CO: But be? 
ſe BD is divided into two parts in C, the rectangle DB, BC 

qual f to the rectangle BC, CD and the ſquare of BC: And f. 3: 

- doubles of theſe are equal: Therefore the ſquares of AB, 

TOS are equal to the ſquare of AC, and twice the rectangle 

ect ; BC: Therefore the ſquare of AC alone is leſs than the 
theres of AB, BC by twice the rectangle DB, BC. 


ing 


lar Laſtly, Let the fide AC be perpendicular to A 
en then is BC the ſtraight line between the - 
twendicular and the acute angle at B; and it | 
manifeſt that the ſquares of AB, BC are e- 
its {hal © to the ſquare of AC, and twice the C. 47. Is 


et fall 
quare 
Ch, 
cauk B ( 


PROF. AV, THEOK: 


are of BC: Therefore, in every triangle, &c, Fi 
E. D. 


O deſcribe a ſquare that ſhall be equal to a given N. 
rectilineal figure. 


Let A be the given rectilineal figure; it is required to de- 

ibe a ſquare that ſhall be equal to A. 

Deſcribe the rectangular parallelogram BC DE equal to the a 4s. x» 
tilineal figure A. If then the ſides of it BE, ED are equal 

one another, it 
a ſquare, and 
at was required 


ire dow done: But 
are d they are not e- | 
-Ctan- al, produce one 


them BE to F, 
dmake EFequal 


* 
D 


ED, and biſect BF in G; and from the center G, at the di- 
nce GB, or GF, deſcribe the ſemicircle BH F, and produce 
L to H, and join GH + Therefore, becauſe the ſtraight line BF 
Uvided into two equal parts in the point G, and into two 
equal at E, the rectangle BE, EF, together with the ſquare 
EG, is equal b to the ſquare of GF: But GF is equal to b. 5. 2. 
1; therefore the rectangle BE, EF, together with the ſquare 
10, is equal to the ſquare of GH ; But the ſquares of 1 


A 
ö 


D 


quares 
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Book. II. EG are equal © to the ſquare of GH : Therefore the reCtang} 

FB, EF, together with the ſquare of EG, is equal to the ſquars 

e. 47+ „ of HE, EG: Take away the ſquare of EG, which is commn 
to both ; and the remaining rectangle BE, EF 1s equal to th 
ſquare of EH: But the rectangle contained by BE, EF is th 
parallelogram BD, becauſe EF 1s equal to ED; therefore BJ 
is equal to the ſquare of EH: But BD is equal to the rectilinei 
figure A; therefore the rectilineal figure A is equal to th 
ſquare of EH : Wherefore a ſquare has been made equal to th 
given rectilineal figure A, viz. the ſquare deſcribed upon EE 
Which was to be done. 


4.4 


OF EUCLID, 


T. HX 


TT 


O F 


VVV 


D. 


DEFINITIONS. 


I. | 
QUAL circles are thoſe of which the diameters are e- 
qual, or from the centers of which the ſtraight lines to 
the circumferences are equal. 
This is not a definition but a theorem, the truth of which 
evident ; for if the circles be applied to one another, ſo that 
geir centers coincide, the circles muſt likewiſe coincide, ſince 
e ſtraight lines from their centers are equal. 

II. 
ſtraight line is ſaid to touch 
circle, when it meets the 
ircle, and being produced 
L0eS not cut it. 
III. 
cles are ſaid to touch one 
mother, which meet but 
io not cut one another. 


| IV. 
upht lines are ſaid to be equally di- 
ant from the center of a circle, 


hen the perpendiculars drawn to / 


bem from the center are equal, 

N V. 
d the ſtraight line on which the 
reater perpendicular falls, is ſaid to \ 
e farther from the center. 


— 


Gm 


Go 
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VI. 

A ſegment of a circle is the figure con- 
tained by a ſtraight line and the cir- 
cumference it cuts off. | 

VII. Fn 

The angle of a ſegment is that which is contained hy 

* ſtraight line and the circumference,” 
VIII. 

An angle in a ſegment is the angle con- 
tained by two ſtraight lines drawn 
from any point in the circumference 
of the ſegment, to the extremities 
of the ſtraight line which is the baſe 
of the ſegment. 


IX. 
And an angle is ſaid to inſiſt or ſtand 1 
upon the circumference intercepted 
between the ſtraight lines that con- 
tain the angle. 


The ſector of a circle is the figure con- 
tained by two ſtraight lines drawn from > biſe 


the center, and the circumference be- ine 
tween them. — 
XI. 

Similar ſegments of a circle, 
are thoſe in which the an- * an 
gles are equal, or which / > a cl 
contain equal angles. 2 wi 


et A 


nferen 


| PROP. I. PROB. 
T* find the center of a given circle. 


Let ABC be the given circle it is required to find its cel 

Draw within it any ſtraight line AB, and bifect * it in! 
from the point D draw > DC at right angles to AB, and | 
duce it to E, and biſect CE in F: The point F is the cem 
the circte ABC. 


OF EUCLID. | Gt 


For, if it be not, let, if poſſible, G be the center, and join moon my, 
, GD, GB: Then, becauſe DA is equal to DB, and DPG 
mon to the two triangles ADG, C 
IG, the two ſides AD, DG are e- 
to the two BD, DG, each to 
h; and the baſe GA is equal to 
baſe GB, becauſe they are drawn | CG 

the center G: Therefore the F 1 G& 8. 10 
le ADG is equal © to the angle 
)B : But when a ſtraight line ſtand- 
upon another ſtraight line makes A 7 B 
adjacent angles equal to one ano» 
r, each of the angles is a right an- E 
4. Therefore the angle GDB is a d. 10. def. 1, 
t angle: But FDB is likewiſe a right angle; wherefore the 
le FDB is equal to the angle GDB, the greater to the leſs, 
ich is impoſſible : Therefore G is not the center of the circle 
C: In the fame manner it can be ſhewn, that no other 
nt but F is the center ; that is, F is the center of the circle 
C; Which was to be found. 
ok. From this it is manifeſt, that if in a circle a ſtraight 


 biſeCt another at right angles, the center of the circle is in 
line which biſects the other. 


* 


PROP. II. THE OR. 


F any two points be taken in the circumference of 
a circle, the ſtraight line which joins them ſhall 
| within the circle, 


et ABC be a circle, and A, B any two points in the cix- 
nference; the ſtraight line drawn 

A to B ſhall fall within the circle. 

or, if it do not, let it fall, if poſ- 

„ without, as AEB; find D the 2 I, 3. 
ter of the circle ABC, and join AD, 

„ and produce DF any ſtraight line 


ting the circumference AB, to E: 

en becauſe DA is equal to DB, the 

de DA; is equal b to the angle DBA 

| decaule AL, a fide of the triangle A L B b. 5. 1. 
| DAE, 


and | 
centel 


NB. Whenever the expreſſion © fraight Knes from the center or © drawn 


C tne center” ogcurs, it is to be underſtood that they ate drawn to the circum . 
' 
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DAE, is produced to B, the angle DEB is greater © thwF'< ® 
angle DAE ; but DAE is equal to the angle DBE; ther d the 
the angle DEB is greater than the angle DBE : Butto they each 
er angle the greater ſide is oppoſite d; DB is therefore gry al *; 
than DF. : But DB is equal to DF; wherefore DF is “ & 
than DE, the leſs than the greater, which is impoſſible: Th 
fore the ſtraight line drawn from A to B does not fall wit 
the circle. In the ſame manner, it may be demonſtrated 
it does not fall upon the circumference; it falls therefore wi 


it. Wherefore, if any two points, &c. Q. E. D. F; 


PROP. WM. THEOR. 


F a ſtraight line drawn thro? the center of a ci 

biſect a ſtraight line in it which does not y 

thro” the center, it ſhall cut it at right angles: / 
if it cuts it at right angles, it ſhall biſect it. 


Let ABC be a circle; and let CD, a ſtraight line d 
thro' the center biſect any ſtraight line AB, which dos 
paſs thro” the center, in the point F: It cuts it alſo at 
angles. 

Take * E the center of the circle, and join EA, EB: I 
becznie AF is <qual to FB, and FE common to the two 
-ygles AFE, BTE, there are two ſides in the one equal to 
ſides in the other, and the baſe EA is C 
equal to the baſe EB; therefore the 
angle AF is equal b to the angle BFE: 
But when a ſtraight line ſtanding upon 
another makes the adjacent angles equal nd F 
to one ancther, each of them is a right E 
© angle: Therefore each of the angles 
Al, 1 is a right angle; wherefore ., ir 
the Uraight line CD, drawn thro? the | 
center bilecking another AB chat does ANT 
not pols thro' the center, cuts the ſame D 
at right angles. 


ut let CD cut AB at right angles; CD alſo biſccts it, 
is, AF is equal to FB, 

The fame conſtruction being made, becauſe EA, Eb 
the center are equal to one another, the angle EAT is ed . 
to the angle IBF ; and the right angle AE is cqual b t 
right angle EFEL: Thereſore, in the two triangles EAT, 


ter, 


# 


OF EUCLID. 


re are two angles in one equal to two angles in the other, 
1 the ſide EF, which is oppolite to one of the equal angles 
each, is common to both; therefore the other ſides are e- 
al ©; AF therefore is equal to FB, Wherefore, if a ſtraight 
e, &c. Q. E. D. 


NRO FP. IN THEOR. 


F in a circle two ſtraight lines cut one another 
which do not both paſs thro' the center, they do 
t biſe& each the other. | 


Let ABCD be a circle, and AC, BD two ſtraight lines in 
which cut one another in the point E, and do not both paſs 
o' the center. AC, BD do not biſect one another. 
For, if it is poſſible, let AE be equal to EC, and BE to ED: 
one of the lines paſs thro? the center, it is plain that it can- 
t be biſected by the other which 
$ not paſs thro? the center: But, if 
ther of them paſs thro? the center, 
e* F the center of the circle, and 
n EF: And becauſe FE, a ſtraight D 
e thro* the center, biſects another 

which does not paſs thro' the 
ter, it ſhall cut it at right b angles; B C 
erefore FEA is a right angle: A- 
In, becauſe the ſtraight line FE bi- 

the ſtraight line BD which does not paſs thro' the center, 
all cut it at right d angles; wherefore FEB is a right angle: 


ual to the angle FEB, the leſs to the greater, which is im- 
Itble : Therefore AC, BU do not biſect one another. Where- 
& if in a circle, &c. Q. E. D. 


| 


PROP. V. THEOR. 
&ts ib) 
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C: 36. I, 


&. 1. Yo 


b. 3. 3. 


pd FEA was ſhewn to be a right angle; therefore FEA is 


two circles cut one another, they ſhall not have 


34 tie lame center. 
ul * 
C15 eq Ki 2 
ual u the two circles ABC, CDG cut one another in the points 
AF, o they have not the ſame center, 


For, 
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Book. II. For, if it be poſhible, let E be their center: Join EC, | 
WV draw any ſtraight line EFG meet- 
ing them in F and G: And becauſe 
E 1s the center of the circle ABC, 
CE is equal to EF: Again, be- 
cauſe E is the center of the circle A 
CDG, CE is equal to EG: But 
CE was ſhewn to be equal to EF; 
therefore EF is equal to EG, the 
leſs to the greater, which is impof- 
ſible : Therefore E is not the cen- 
ter, of the circles ABC, CDG. 
Wherefore, if two circles, &c. Q. E. D. 


w- 


PROP. VI THEOR. 


F two circles touch one another internally, f 
{hall not have the ſame center. 


Let the two circles ABC, CDE touch one another intem 
in the point C: They have not the ſame center. 

For, if they can, let it be F; join FC, and draw any ſta 
line FEB meeting them in E and B: „ 
And becauſe F is the center of the 
circle ABC, CF is equal to FB: Al- 
ſo, becauſe F is the center of the cir- 
cle CDE, CF is equal to FE: And 
CF was ſhewn equal to FB; there- 
fore FE is equal to FB, the leſs to A 
the greater, which is impoſſible: 
"Wherefore F is not the center of the 
circles ABC, CDE. Therefore, if 
two circles, Q. E. D. 


OF EUCLID: 


PROP. VII. THEOR. 


N. F any point be taken in the diameter of a circle, 
"|| which 1s not the center, of all the ſtraight lines 
hich can be drawn from it to the circumference, 
he greateſt is that in which the center 1s, and the o- 
her part of that diameter is the leaſt; and of any 
thers, that which is nearer to the line which paſſes 
hrough the center is always greater than one more 
emote: And from the ſame point there can be 
rawn only two ſtraight lines that are equal to one 
other, one upon each fide of the ſhorteit line. 


Let ABCD be a circle, and AD its diameter, in which let 
y point F be taken which is not the center: Let the center 
E; of all the ſtraight lines FB, FC, FG, &c. that can be 
dawn from F to the circumference, FA is the greateſt, and 
D, the other part of the diameter AD, is the leaſt ; and of the 
hers, FB is greater than FC, and FC than FG. 

Join BE, CE, GE; and becauſe two ſides of a triangle are 


equal to EB, therefore A, EF, 

at is AF, is greater than BF: A- B 
un, becauſe BE is equal to CE, 

Id FE common to the triangles C 

Er, CEF, the two ſides BE, EF 

e equal to the two CE, EF; but 

e angle BEF is greater than the 

gic CEF, therefore the baſe BF is 

eater ® than the baſe FC: For the 

erealon, CF is greater than GF: 

gain, becauje GF, FE are greater G 
tay LG, and EG is equal to 


it FE, and the remainder GF is greater than the remainder 
: Therefore FA is the greateſt, and FD the leaſt of all the 
aght lines from F to the circumference ; and BF is greater 
an CF, and CF than GF. 

ilo there can be drawn only two equal ſtraight lines from 


e point F to the circumference, one upon each ſide of the 
ſhorteſt 


PR 
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cater * than the third, BE, EF are greater than BF; but AE. 2. 


D; Gk, FE are greater than ED: Take away the common 
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ſhorteſt line FD : At the point E in the ſtraight line EF, my 


© the angle FEH equal to the angle GEF, and join FH : Mint 
becauſe GE is equal to EH, and EF common to the two tig fs th 
gles GT F, HFF; the two ſides GE, EF are equal to the pH. 
HE, EF; and the angle GEF is equal to the angle HEF, they 1, 
fore the baſe FG is equal d to the baſe FH : But befides FH IG, 
other ſtraight line can be drawn from F to the circunt r 
rence equal to FG : For, if there can, let it be FK; and becu r 
FK is equal to FG, and FG to FH, FK is equal to FH, than 
a line nearer to that which paſſes through the center, is equi tang 
one which is more remote; which is impoſſible, Therefore 
any point be taken, &c. Q. E. D. pe | 
D is; 
1 hike 
at F 
heref 
PR OP. VIII. THE OR. VL gre 
Wt 
reater 
F any point be taken without a circle, and ſtraig ual to 
lines be drawn from it to the circumteren we” 
whereof one paſſes through the center; of thut. 
which fall upon the concave circumference, Meint! 
greateſt is that which paſſes through the centerWecn N 
and of the reſt, that which is nearer to that througWQ«: Ml 
the center is always greater then the more remote» 
But of thoſe which fall upon the convex circumkhy.*: 
rence, the leaſt is that between the point withoffhy . - 
the circle, and the diameter; and of the ret, th: I 
which is nearcr to the leaſt is always leſs than f. 
more remote: And only two equal ſtraight line © 
can be drawn from the point unto the circum” 
rence, one upon each ſide of the leaſt, Vb, 
Let ABC be a circle, and D any point without it, from whit 4 th 
let the ſtraight lines DA, DE, DF, DC be drawn to the dee . 
cumference, whercof DA paſſes through the center. Of WW... e. 
which fall upon the concave part of the circumference AB; :. 
the greateſt is AD which patles through the center; and x, + 
nearer to it is always greater than the more remote, vz. I bich i 


than DF, and DF than DC: But of thoſe which fall upon t. 


convex circumſerence HLEG, the leaſt is DG between ® 
1 
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int D and the diameter AG; and the nearer to it is always Book III. 
m than the more remote, viz. DK than DL, and DL than 
n. 
rare M the center of the circle ABC, and join MF, MF, k. 3. 
UW, IC, MK, ML, MH : And becauſe AM is equal to ME, add 
D to each, therefore AD is equal to EM, MD; but EM, MD K 
re greater d than ED, therefore alſo AD is greater than ED; 20. Is 


| agen, becauſe ME is equal to MF, and MD common to the 

ele EMD, FMD; EM, MD 5 

"Wc equal to FM, MD ; but the | 

"zi: EMD is greater than the { 
gle FMD; therefore the baſe | 4 
D is greater © than the baſe FD: Ao 1 
1 like manner it may be ſhewn | | 
at FD is greater than CD; /Gg f 
herefore DA is the greateſt z and 11 I 1: N 
E greater than DF, and Dif than | {\ ; 
DC: And becauſe MK, KD are 5 
reater d than MD, and MK is e- / N | 
ul to MG, the remainder KD C [\ M 

end £<ater {than the remainder GD, | 7 d 4. Ax. 

the als, GD is leſs than KD: And \ [4 

Wecauſe MK, DK are drawn to the F 

eint K within the triangle MD 

non M, D the extremities of its E 

rouge de MD; MK, ED are lets © than A e 31. 1. 

note L., LD, whereof MK is equal 

ume L, therefore the remainder DK is leſs than the remainder 


PL: In like manner it may be ſhewn, that DL is leſs than 
H: Therefore DG is the leaſt, and DK lefs than DL, and DL 
an DH : Alfo there can be drawn only two equal ſtraight 
nes from the point D to the circumference, one upon each 
e of the leaſt : At the point M, in the ſtraight line MD, make 
e 4igic DMB equal to the angle DMK, and join DB: And 
ule MK is equal to MB, and MD common to the triangles 
ND, BMD, the two fides KM, i are equal to the two EM, 
D; and the angle KM is <quil to the angle BMD, there- 


| wh. | a 
he ci e the baſe DK is equal f to the vaſe DB: But beſides DB , ; 
[nc ere can be ſtraicht line drawn: fro: F 
if hill. no ſtraight line drawn from D to the circumfe- 
AEF ice equal to DK: For, if there can, let it be DN; and becaufe 
equal to DN, and alſo to DB, therefore DB is equal to 
118; .' that is, the nearer to the leaſt equal to the more remote, 3 0 


lich is impoſhble. If therefore, any point, &c. Q. E. D. 


E 2 ROT. 
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F a point be taken within a circle, from whit 


7. 3. 
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PROP. IX. THE OR. 


there fall more than two equal ſtraight lines: 
the circumference, that point is the center of th 


Circle, 

Let the point D be taken within the circle ABC, fy 
which to the circumference there fall more than two equ 
ſtraight lines, viz. DA, DB, DC, the point D is the center; 
the circle. F 


For, if not, let E be the center, 
join DE and produce it to the cir- 
cumference in F, G; then FG is 
2 diameter of the circle ABC: And 
becauſe in FG, the diameter of the 
circle ABC, there is taken the 
point D which is not the center, DG 
ſhall be the greateſt line from it to 
the circumference, and DC greater 


a than DB, and D than DA: But A B Fo 
they are likewiſe equal, which is poſſi 
impoſſible : Therefore E is not the center of the circle AN AG: 
In like manner it may be demonſtrated, that no other point Wſ<; t 
D is the center; D therefore is the center. Wherefore, i FA i: 
point be taken, &c. Q. E. D. the fa 
mon] 
der A 
PROP. X. THE OR. to G] 
greate 
NE circumference of a circle cannot cut anoth 
in more than two points. dc. C 
If it be poſſible, let the circumfe- A 

rence ABC cut the circumference D JF t 
DEF in more than two points, viz. B Hf {t 
in B, G, F; take the center K of K throi 

the circle ABC, and join KB, KG, E 

KF: And becauſe within the circle 

DEF there is taken the point K, G 1 Let 
from which to the circumference in the 
DEF fall more than two equal ſtraight G the 
lines KB, KG, KF, the point K is * C 58. 
or 


TWo points. Q. E. D. 


PROP. XL 


OF EUCLID. 


e center of the circle DEF: But K is alſo the center of the Book III. 
ircle ABC; therefore the ſame point is the center of two 

circles that cut one another, which is impoſſible db. Therefore b 5.3. 
one circumference of a circle cannot cut another in more than 
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THEOR. 


F two circles touch each other internally, the 


ſtraight line which joins their centers being pro- 
duced ſhall paſs through the point of contact. 


and G the center of the circle ADE : 
The ſtraight line which joins the cen- 
ters F, G, being produced, paſles 
through the point A. 

For, if not, let it fall otherwiſe, if 
poſſible, as FGDH, and join AF, 
AG: And becauſe AG, GF are great- 
er than FA, that is, than FH, for 
FA is equal to FH, both being from 
the ſame center; take away the com- 
mon part FG, therefore the remain- 


Let the two circles ABC, ADE touch each other internal- 
ly in the point A, and let F be the center of the circle ABC, 


A 
H 


C 148. 1. 


der AG is greater than the remainder GH : But AG is equal 


greater, which is impoſſible. 


&. Q. E. D. 


to GD, therefore GD is greater than GH, the leſs than the 
Therefore the ſtraight line which 
joins the points F, G cannot fall otherwiſe than upon the point 
A, that is, it muſt paſs through it. Therefore, if two circles, 


PROP. XII. THE OR. 


1 ]F two circles touch each other externally, the 
ſtraight line which joins their centers ſhall paſs 


through the point of contact. 


Let the two circles ABC, ADE touch each other externally 


in the point A; and let F be the center of the circle ABC, and 
Gthe center of ADE: The ſtraight line which joins the points 
F, G ſhall paſs through the point of contact A. 


For, if not, let it paſs otherwiſe, if poſſible, as FCDG, and 


E 3 


join 
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Book III. join FA, AG: And becauſe F is the center of the circle A} 
Ab is equal to FC: Alſo F 


4 20. I. 


See N. 


* 10. 11. points B, D; join BD, and draw * GH biſecting BD at riglt 


I, 


2. which biſccts BD at right angles; therefore GH patles through 
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ore t] 
uch t 
re, be 
ne cir 
e {tra 
all f 
nd th 
le Al 
C 1s 
auſe t 
rence 
ne A 
e, W 
ircle ( 
de in 


a8 bei 


oints 


becauſe G is the center of 
the circle ADE, AG is e- 
qual to GD : Therefore 
FA, AG are equal to FC, 
DG ; wherefore the whole 
FG 1s greater than FA, 
AG : But it is alſo Icſs * 
which is impoſſible : 
Therefore the ſtraight line which Joins the points F, G fhal 
not paſs otherwiſe than through the point of contact A. that iy 


- * paſs through it. Therefore, if two circles, &c. () 


PROP; XM..THEOR:; 


NE circle cannot touch another in more points 


than one, Whether it touches it on the infide 
or outſide. 


For, if it be poſſible, let the circle EBF touch the citck 


ABC in more points than one, and firſt on the inſide, in tht 


angles: Therefore, becauſe the points B, D are in the circumſe 


B 
0 
D* 


rence of each of the circles, the ſtraight line BD falls within 
b each of them: And their centers are © in the ſtraight line GH 


the point of contact d; but it does not paſs through it, becauſetis 
points B, D are without the {traight line GH, which 1s abſurd: 
Therefore one circle cannot touch another on the infide u 
more points than one. | 


Nor can two circles touch one ancther on the outſide n 
mol 


OF EUCLID... 


\ BC ore than one point: For, if it be poſſible, let the circle ACK 


uch the circle ABC in the points A, C, and join AC: There- 
re, becauſe the two-points A, C are in | 

ie circumference of the circle ACK, 
e ſtraight line AC which joins them 
all fall within d the circle ACK: 
nd the circle ACK is without the cir- 
je ABC, and therefore the ſtraight line 
C is without this laſt circle; but, be- 
zuſe the points A, C are in the circum- 
rence of the circle ABC, the ſtraight 
ne AC mult be within d the ſame cir- 
e, which is abſurd : Therefore one 
ircle cannot touch another on the out- 
de in more than one point: And it 


2s been ſhewn, that they cannot touch on the inſide in more 

Pents than one: Therefore, one circle, &c. Q. E D. 

oint; 

Blidk PFAUMN AV. THEAUR 

QUAL ſtraight lines in a circle are equally di- 
ſtant from the center; and thoſe which are e- 

ually diſtant from the center, are equal to one an- 


ther 0 


circk 
in the 
t right 


Umle⸗ 


Let the ſtraight lines AB, CD, in the circle AB DC, be equal 
pone another; they are equally diſtant from the center. 

Take E the center of the circle ABDC, and from it draw EF, 
G perpendiculars to AB, CD: Then, becauſe the {ſtraight line 
F paſſing through the center cuts the ſtraight line AB, which 
les not paſs through the center, at right 

neles, it alſo biſects it: Whercfore '$ 

eis equal to FB, and AB double of A 

F. For the ſame reaſon CD is dou- 

I: of CG: And AB is equal to CD, 
herefore AF is equal to CG: And 
Kcaule AE is equal to EC, the ſquare 
AE is equal to the ſquare of EC: 


within 


e GH 


rough{Wut the ſquares of AF, FE are equal 
uſe tie to the ſquare of AE, becauſe the B 
blur ngle AFE is a right angle; and 
ide er the like reaſon the ſquares of 


6, GC are equal to the ſquare of EC: Therefore the 
Wares of AF, FE are equal to the ſquares of CG, GE, of 
E 4 which 


ide in 
more 


77 


Bock III. 


33. 


72 


Book III. which the ſquare of AF is equal to the ſquare of CG, been 


WY 


© 4, Def, 
3. 


See N. 


29. I. 
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AF is equal to CG; therefore the remaining ſquare of N 
equal to the remaining ſquare of EG, and the ſtraight line! 
is therefore equal to EG : But ſtraight lines in a circle are ff 
to be equally diſtant from the center, when the perpend 
lars drawn to them from the center are equal © ; 'Therek 
AB, CD are equally diftant from the center. 

Next, if the ſtraight lines AB, CD be equally diſtant fr 
the center, that is, if FE be equal to EG; AB is equal to (I 
For, the ſame conſtruction being made, it may, as before, be d 
monſtrated, that AB is double of AF and CD double of CG, : 
that the ſquares of EF, FA are equal to the ſquares of I 
GC; of which the ſquare of FE is equal to the ſquare of I 
becauſe FE is equal to EG; therefore the remaining ſqu 
of AF is equal to the remaining ſquare of CG; and the ſtraigt 
line AF is therefore equal to CG: And AB is double of Al 
and CD double of CG; wherefore AB is equal to CD, Then 
fore equal ſtraight lines, &c. Q. E. D. 


PROP. XV. THEOR. 


1 diameter is the greateſt ſtraight line in a ci 
L cle; and of all others, that which is nearer t 
the center is always greater than one more remote 
and the greater is nearer to the center than the lel 


Let ABCD be a circle, of which the diameter is AD, a 
center E; and let BC be nearer to the center than FG; AD! 
greater than any ſtraight line BC which 
0 oy a diameter, and BC greater than 

From the center draw EH, EK per- 
E to BC, FG, and join EB, 

C, EF; and becauſe AE is equal to 
EB, and ED to EC, AD is equal to 
EB, EC : But EB, EC, are greater * 
than BC, wheretore, alſo AD is great · 
er than BC. | 


the center than I 


And becauſe BC is nearer to Nl 


ſqua 
fraip ( 
of Al 
Then 


Juares 


His leſs b than EK: But, as was demonſtrated in the 


H is leſs than EK ; therefore the ſquare of BH 1s greater than 
e ſquare of FK, and the ſtraight line BH greater than FK; 
d therefore BC is greater than FG. 

Next, Let BC be greater than FG ; BC is nearer to the cen- 
rthan FG, that is, the ſame conſtruction being made, EH is 
k than EK : Becauſe BC is greater than FG, BH likewiſe is 
eater than FK: And the ſquares of BH, HE are equal to 
e ſquares of FR, KE, of which the ſquare of BH is greater 
an the ſquare of FK, becauſe BH is greater than FK; there- 
re the ſquare of EH is leſs than the ſquare of EK, and the 
1 EH leſs than EK. Wherefore the diameter, &c. 


PROP. XVI THE OR. 


HE ftraight line drawn at right angles to the 
diameter of a circle, from the extremity of it, 

alls without the circle; and no ſtraight line can be 
rnwn between that ſtraight. line and the circumfe- 
nce from the extremity, ſo as not to cut the circle; 
r, which is the ſame thing, no ſtraight line can 
ake ſo great an acute angle with the diameter at 
$ extremity, or ſo ſmall an angle with the ſtraight 


2 which is at right angles to it, as not to cut the 
e. 


Let ABC be a circle the center of which is D, and the dia- 
er AB; the ſtraight line drawn at right angles to AB from 
extremity A, ſhall fall without the circle. 

for, if it does not, let it fall, if 
ible, within the circle as AC, 
d draw DC to the point C where 
meets the circumference : And 
cauſe DA is equal to DC, the 
de DAC is equal * to the angle 
KD; but DAC is a right angle, 
ereſore Ac is a right angle, 
Ache angles DAC, ACD are 
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pre- Book III. 
eding, BC is double of BH, and FG double of EK, and the, > Yo 

EH, HB are equal to the ſquares of EK, KF, of 5 def. 3+ 
hich the * of EH is leſs than the ſquare of EK, becauſe 


Frelore equal to two right angles; which is inpoſſible b: b 17. x, 


Therefore 


> 


e 2, 


Book NI Therefore the ſtraight line drawn from A at right angles to Bj 
does not fall within the circle: In the fame manner it may i 


2. , 


4 19. I. 
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demonſtrated that it does not fall upon the circumference ; the 
fore it muſt fall without the circle, as AE. 

And between the ſtraight line AE and the circumferem 
no ſtraight line can be drawn from the point A which de 
not cut the circle : For, if poſſible, let FA be between them, a 
from the point D draw © DG perpendicular to FA, and le 
meet the circumference, in H: And becauſe AG is a fig 
angle, and DAG leſs b than a right angle: DA is greater d th 
DG: But DA is equal to DH; 
therefore DH 1s greater than DG, F y 
the leſs than the greater, which is C 
impoſſible: Therefore no ſtraight 
linc can be drawn from the point 
A between AL and the circumfe- 
rence, which does not cut the cir- 
cle, or, which amounts to the ſame B 
thing, however great an acute angle 
a ſtraight line makes with the dia- 
meter at the point A, or however 
ſmall an angle it makes with AF, 
the circumference paſſes between that ſtraight line and the! 
pendicular AE. And this is all that is to be underſto 
* when, in the Greek text and tranſlations from it, the anglec 
© the ſemicircle is ſaid to be greater than any acute reCtiline 
© angle, and the remaining angle leſs than any reCtilineal a 
6 ole.” 

Con: From this it is manifeſt that the ſtraight line which! 
drawn at right angles to the diameter of a circle from the e 
tremity of it, touches the circle; and that it touches it only! 
one point, becaule, if it did meet the circle in two, it would i 
within it ©. © Alfo it is evident that there can be but ol 
$ {traight line which touches the circle in the ſame point. 


PROP. XVII. PROB. 


' 0 draw a ſtraight line from a given point, e 
ther without or in the circumterence, when 
ſhall touch a given circle. 


Firſt, Let A be a given point without the given cirele BCD 
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required to draw a ſtraight line from which A ſhall touch Bock III. 
ke. | ; 9 
ind * the center E of the circle, and join AE; and from = x, 3 
center E, at the diftance EA, deſcribe the circle AFG ; 

m the point D draw d DF at right angles to EA, and join ® 11. 1. 
F, AB: AB touches the circle BCD. 

Becauſe E 1s the center 
he circles BCD, AFG, 
| is equal to EF: And 
) to EB; therefore the 
o ſides AE, EB are equal 
the two FE, ED, and 
y contain the angle at 
ommon to the two tri- 
les AFB, FED ; there- 
e the baſe DF is equal to 
baſe AB, and the tri- 
le FED to the triangle 
B, and the other angles to the other angles ©: Therefore the © 4. 1. 
le EBA is equal to the angle EDF: But EDF is a right 

ple, wherefore EBA is a right angle: And EB is drawn from 

center 3 but a ſtraight line drawn from the extremity of a 

meter, at right angles to it, touches the circle 4: Therefore d Cor, 16. 
touches the circle; and it is drawn from the given point A. 3. 

hich was to be done. 

But if the given point be in the circumference of the circle, 

the point D, draw DE vo the center E, and DPF at right 

ples to DE; DF touches the circle 4. 


ther 
erſtoc 
angled 
tiline: 


neal u 


which! 
the ei 
only 1 
ould ia 
but onl 
nt. 


PROP. XVIII. THE OR. 


Fa ſtraight line touches a circle, the ſtraight line 
drawn from the center to the point of contact, 
ll be perpendicular to the line touching the circle. 


Let the ſtraight line DE touch the circle ABC in the point. 

take the center F, and draw the ſtraight line FC; FC is 

pendicular to DE. 

Lor, if it be not, from the point F draw FBG perpendicular 

DE; and becauſe FGC is a right angle, GCF is ® an acute d 17. I. 

e BCD bc; and to the greater angle the greateſt © fide is oppoſite : © 19. 1. 
'T herefore 


int, el 
hid 
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abs 18. 3 


See N. 


Therefore, if a ſtraight line, &c. Q. E. D. 
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Therefore FC is greater than FG; 
but FC is equal to FB; therefore 
FB is greater than FG, the leſs than 
the greater, which is impoſſible: 
Wherefore FG is not perpendicular F 
to DE: In the ſame manner it may 
be ſhewn, that no other 1s perpen- 
dicular to it beſides FC, that is, FC 
is perpendicular to DE. Therefore, 
if a ſtraight line, &c. Q. E. D. D "ol 


PROP. XIX. THEOR. 


F a ftraight line touches a circle, and from the poinif 

of contact a ſtraight line be drawn at right angle 

to the touching line, the center of the circle ſhall 
in that line. 


Let the ſtraight line DE touch the circle ABC in C, a 
from C let CA be drawn at right angles to DE; the center. 
the circle is in CA. 

For, if not, let F be the center, if poſſible, and join CI 
Becauſe DE touches the circle ABC, A 
and FC is drawn from the center to | 
the point of contact, FC 1s perpen- 
dicular * to DE; therefore FCE is a 
right angle: But ACE is alſo a right 
angle; therefore the angle FCE is 
equal to the angle ACE, the leſs to B 
the greater, which is impoſlible : 
Wherefore F is not the center of the 
circle ABC: In the ſame manner it D C 
may be ſhewn that no other point 
which is not in CA, is the center; that is, the center is in C 


PRO P. XX. THEOR. 


HE angle at the center of a circle is double 
the angle at the circumference, upon the fa 
baſe, that is, upon the ſame part of the circumferent 
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Let ABC be a circle, and BEC an angle at the center, and Book III. 
AC an angle at the circumference, which have the fame cir WW 
mference BC for their baſe ; the angle 

C is double of the angle BAC. TIE 


Firſt, Let E the center of the circle be 

thin the angle BAC, and join AE, and 

duce it to F: Becauſe EA is equal 

EB, the angle EAB is equal * to „ 15 
> angle EBA; therefore the angles 

AB, EBA are double of the angle EAB; 

t the angle BEF is equal b to the angles B C » 32. 1. 
B, EBA; therefore alſo the angle F 

F is double of the angle EAB: For the 

e reaſon, the angle FEC is double of the angle EAC: There- 
re the whole angle BEC is double of the whole angle BAC. 
Again, Let E the center of the 

cle be without the angle BDC, and A 

n DE and produce it to G. It 

ay be demonſtrated, as in the firſt D 
ſe, that the angle GEC is double ' 
the angle GDC, and that GEB a L 

of the firſt is double of GDB a 

it of the other; therefore the re- G 

aning angle BEC is double of the 

maining angle BDC. Therefore 

e angle at the center, &c. Q. E. D. B C 


in C 


PROP. XXI. THE OR. 


HE angles in the ſame ſegment of a circle are e- gce N. 
qual to one another. 


Let ABCD be a circle, and BAD, 
ED angles in the ſame ſegment 
AED: the angles BAD, BED are 
Jul to one another. 

lake F the center of the circle 
bCD : And, firſt, let the ſegment 
AED be greater than a ſemicircle, 
ud join BF, FD: And becauſe the B 
ple BFD is at the center, and the 

> fame BAD at the circumference, 

WW that they haye the ſame part of 


the 
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Bok TIT. the circumference, viz BCD, for their baſe ; therefore the: D, 


CY 
0. 3. 


. is equal b to the angle CDB, becauſe 


gle BFD is double * of the angle BAD: For the ſame ere 
the angle BFD is double of the angle BED: Therefore the 
gl BAD is equal to the angle BED. 

Pvt, if the ſegment BAE D be not greater than ſemicitd 
let BAD, BED be angles in it; theſe Pt 
alſo are equal to one another: Draw A E ] 


AF to the center, and produce it to 
C, and join CE : Therefore the ſeg- 


ment BAC is greater than a ſemi- B | ) Ie 

circle; and the angles in it BAC, | u 

BEC are equal, by the firſt caſe: For F B, 

the ſame reaſon, becauſe CBED is D, 1 
C 


greater than a {emicircle, the angles 
CAD, CED are equal: Therefore 
the whole angle BAD is equal to the 
whole angle BED. Wherefore the angles in the ſame ſegma 
&c. Q. E. D. 


PROP. XIII. THE OR. 


Thx oppoſite angles of any quadrilateral figu 
deſcribed in a circle, are together equal to ti 
right angles. 


Let ABCD be a quadrilateral figure in the circle ABC 
any two of its oppolite angles are together equal to two rig 
angles. 

Join AC, BD; and becauſe the three angles of every t 
angle are cqual * to two right angles, the three angles of 8 
triangle CAB, viz. the angles CAB, ABC, BCA are equal 
two right angles: But the angle CAB ld 


they are in the lame ſegment BAD C; 
and the angle ACB is equal to the 
angle ADB, becauſe they are in the 
ſame ſegment ADCB : Therefore the | 
whole angle ADC is equal to the A= 1 


angles CAB, AC B: To each of theſe 
equals add the angle ABC, therefore 
the angles ABC, CAB, BCA are e- 


qual to the angles ABC, ADC: But ABC, CAB, BCA: 
equal to two right angles; therefore alſo the angles ABC, A 
are equal to two right angles: In the fame manner the a8 
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4 D, DCB may be ſhewn to be equal to two right angles. Bock N 


erefore, the oppoſite angles, &c. Q. E D. 


| rel 
the 
PROF. AXE THEOR 


nicind 


F 


ſide of it, there cannot be two fimilar ſegments 
circles, not coinciding with one another, 


If it be poſſible, let the two ſimilar ſegments of circles, viz, 
B, ADB, be upon the ſame fide of the ſame ſtraight line 
B, not coinciding with one another: Then, becauſe the cir- 
ACB cuts the circle ADB in the 
o points A, B, they cannot cut one 
ther in any other point *: One of 
> ſegments muſt therefore fall within 
other; let ACB fall within ADB, 
| draw the ſtraight line BCD, and 
n CA, DA: And becauſe the ſeg- A B 

nt ACB is ſimilar to the ſegment 2 


s; the angle ACB is equal to the angle ADB, the exterior 


two ſimilar ſegments of a circle upon the ſame fide of the 
he line, which do not coincide. Q. E. D. 


PROP. XXIV. THE OR. 


IMILAR ſegments of circles upon equal ſtraight 
) lines, are equal to one another. 


Let AEB, CFD be ſimilar ſegments of circles upon the equal 


aght lines AB, CD; the ſegment AEB is equal to the feg- 
mnt CFD. 


V For if the ſeg- 
nt AEB be | 
Pied to the 
1 ment CFD, 
as the point A „ eee 


aa BC: D 


BCA? 


C A  {traipht line 
ben CD, the point B ſhall coincide with the point P, be- 


he a"! 


B. 


caule 


PON the fame ſtraight line, and upon the ſame gee N. 


, * $0. 


B, and that ſimilar ſegments of circles contain b equal an- b xx, def. 


the interior, which is impoſſible ©. Therefore, there cannot © x6, 1. 


See N. 


— — 
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inciding with CD, the ſegment AEB muſt * coincide with 


23. 3- ſegment CFD, and therefore is equal to it. Wherefore {ny 0! 
ſegments, &c. Q. E. D. ro? t. 
ent 
P R OP. XXV. PRO B. 260 
| the 
See N. Segment of a circle being given, to deſcriffſÞ- ics 
the circle of which it is the ſegment, * 
| ried 
Let ABC be the given ſegment of a circle it is requiret 
deſcribe the circle of which it is the ſegment. 
* 10.1, Biſct* AC in D, and from the point D draw » DB at f; 
b 11. 1. angles to AC, and join AB : Firſt, let the angles ABD, BA 
© 6.1. be cqual to one another z then the ſtraight line BD is ef 
to DA, and therefore to DC: And becauſe the three ſtray 
lines DA, DB, DC are all equal, D is the center of the Cl 
49. 3. cle 4: From the center D, at the diſtance of any of the CU. 
DA, DB, DC, deſcribe a circle; this ſhall paſs thro? the of 
points; and the circle of which ABC is a ſegment is deſcribe Let 
And becauie the center D is in AC, the ſegment ABC h 
e cir 
Join 
e (tr: 
2 I dre tl 
B 
DC £13 
; [eel 
micircle : But if the angles ABD, BAD are not equal to- 
© 243. 1. another, at the point A, in the ſtraight line AB, make the ang 
BAE equal to the angle ABD, and produce BD it neceflary iv 
and join EC: And becauſe the angle ABE is equal to the aH 4 
BAE, the ſtraight line BE is equal © to EA: And becauſe * T7 
is equa] to DC, and DE common to the triangles ADE, 0 equ: 
the two ſides AD, DE are equal to the two CD, DE, <0Wone, 
cachz and the angle ADE is equal to the angle CDE, Wu dn 
each of them is a right angle; therefore the bate AE is e 
f ro the bale EC: But AF was ſhewn to be equal to B, wi the! 


fore alſo BE is equal to EC; and the three {treight lines 
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3, EC are therefore equal to one another; wherefore 4 E is Book III. 
e center of the circle - From the center E at the diſtance of j"Y 

ol the three AE, EB, EC defcribe a circle, this ſhall paſs 9 3.7 
ro! the other points; and the circle of which ABC is a ſeg- 

ent is deſcribed : And it is evident that if the angle ABD be | 
eater than the angle BAD, the center E falls without the | 
ment ABC, which therefore is leſs than a ſemicircle :, But , 
the angle ABD be leſs than BAD, the center E falls within 

- icgment ABC, which is therefore greater than a ſemicircle ; 

ſucrefore a ſegment of a circle being given, the circle is de- 


ribed of which it is a ſegment. Which was to be done. 


AB 


th 


ſc 


11red 


ry PROP. XXVI. T HE OR. 
55 N equal circles, equal angles ſtand upon equal cir- 


cumferences, whether they be at the centers, or 


the a” . 
Ircumferences. 


he th 
he of 
{cribe 
$77 


Let ABC, DEF be equal circles, and the equal angles BGC, 
HF at their centers, and BAC, EDF at their circumferences : 
e circumference BKC is equal to the circumference ELF. 

Jon BC, EF; and becauſe the circles ABC, DEF are equal, 


e ſtraight lines drawn from their centers are equal; tnere- 


re the two ſides BG, GC, are equal to the two EH, HF; 


toe 

he ang 

ary (0 

wy Id the angle at G is equal to the angle at H ; therefore the. 

- (l le BC is equal“ to the baſe EF: And becauſe the angle at * 
al to the angle at D, the ſegment BAC is ſimilar ® tothe 

7 


ment EDF; and they are upon equal ſtraight lines BC, EF; II. det, 


= it fimilar legments of circles upon equal ſtraight lines are e- 9* 
* n to one another; therefore the ſegment BAC is equal « , 4. 3. 
* the ſegment EDF: But the whole circle ABC is equal to the 


F F: whole 


—— 
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ferences ©, when they are at the center; therefore the circum 
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Book III. whole DEF, therefore the remaining ſegment BRC is equal 


the remaining ſegment ELF, and the circumference BKC | 
the circumference ELF, Wherefore in equal circles, & 


Q. E. D. 0 N 
10 
PROP. xxvn. THE OR. 2 

N equal circles, the angles which ſtand upon equ * 


circumferences, are equal to one another, whethe AC 
they be at the centers, or circuchferences. eq 


Let the angles BGC, EHF at the centers, and BAC, EM I. 
at the circumferences of the equal circles ABC, DEF ſaf$L, : 
upon the equal circumferences BC, EF: The angle BGC 
qual to the angle EHF, and the angle BAC to the angle EDF, 

If the angle BGC be equal to the angle EHF, it is manifel 
that the angle BAC is alſo equal to EDF: But, if not, on 


B . 
— * 2 


of them 1s the greater: Let BGC be the greater, and at Humfer 
point G, in the ſtraight line BG, make b the angle BGK eq 
to the angle EHF ; but equal angles ſtand upon equal circun 


ference BK is equal to the circumference EF : But EF 1s equi 
to BC, therefore alſo BK is equal to BC, the leſs to the great 
which is impoſſible : Therefore the angle BGC is not unequalt 
the angle EHF; that is, it is equal to it: And the angle a 
is half of the angle BGC, and the angle at D half of the ang 


EHF: Therefore the angle at A is equal to the angle at D by 
Wherefore, in equal circles, &c, Q. E. D. 1 
& BG 
le BY 
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(Ch PROP. XXVIIL THEOR. 


IN equal circles, equal ſtraight lines cut off equal 
cirgumferences, the greater equal to the greater, 
nd the leſs to the leſs. 


Let ABC, DEF be equal circles, and BC, EF equal ſtraight 
ines in them, which cut off the two greater circumferences 
BAC, EDF, and the two lets BGC, EHF: [he greater BAC 
s equal to the greater EDF, and the Jeſs BGC to the leſs 
HF. 

EDI Take! K, L the centers of the circles, and join BK, KC, 
ſtanſi L, LF: And becauſe the circles are equal, the ſtraight lines 
> Be 
CDF. 
aniſel A 
t; ON 


equi 
ether 


L 
B | 
— F 
G H 


om their centers are equal, therefore BK, KC, are equal to 
L, LF; and the baſe BC is equal to the baſe EF; therefore 
de angle BKC is equal d to the angle ELF: But equal angles 
and upon <qual © circumferences, when they are at the cen- 
ers; therefore the circumference BGC is equal to the cir- 
umference EHF But the whole circle ABC is equal to the 
ole LDF; the remaining part therefore of the circunue— 
ence, viz. BAC is equal to the remaining part EDF. There- 
re, in equal circles, &c. Q. E. D. 


PROP. XXIX. THEOR. 


at tit 
eq 
1rcum 
ircum 
; qui 
Treate! 
5 

qual ( 


th 3 | 
6 A * equal circles equal circumferences are ſubtended 


by equal ftraight lines. 


Let ABC, DEF be equal circles, and let the circumferen- 
& BGC, EBF alto be equal; and join BC, EF: The ſtraight 
ic BC is equal to the ſtraight line EF. 


R 0; F 2 Take 


* 8:2 


W 8. 1. 
© 20, 3. 
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Book III. Take K, L the centers of the circles, and join BK, N 
E, Ly: And becauſe the circumference BGC is equal tot 


2 1, Jo 

A D Na 
| bu 
e 1S 
K L zent 
; Let 
OW. ENG er nter 

G H 


b 27. 3. circumference EHF, the angle BKC is equal b to the an 
ELF: And becauſe the circles ABC, DEF are equal, the tray 
lines from their centers are equal: therefore BK, KC ate 
qual to EL, LF, and they contain equal angles: Therefore! 

e 4. 1. baſe BC is equal © to the baſe EF. Therefore, in equal circk 
&c. Q. E. D. 


PROP. XXX. PROB. 


"TO biſect a given circumference, that is, to dri 
it into two equal parts, 


, . ADB be the given circumference; it is required to 

ect it. 

2 10. 1, Join AB, and biſect it in C; from the point C draw 
at right angles to AB, and join AD, DB: The circumtere 
ADB is biſected in the point D. 
Becauſe AC is equal to CB, and CD common to the! 
angles ACD, BCD, the two ſides AC, 0 
CD are equal to the two BC, CD; 1 
and the angle ACD is equal to the 5 
angle BCD, becauſe each of them is a 6 6 th: 
right angle; therefore the baſe AD 5 + | hy 

b 4. 1 is equal b to the baſe BD: But equal A 

© 29. 3. ſtraight lines cut off equal © circumferences, the greater ef 
to the greater, and the leſs to the leſs, and AD, DB are © WC 1 
of them leſs than a ſemicircle z becauſe DC paſſes through enter 

1 Cor, 1. center 4: Wherefore the circumference AD is equal to the“ 

3. cumference DB: Therefore the given circumference is biſed 
in D. Which was to be done, | PRO 


OF EUCLID, 
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| to th 
f PROP. XXXI. THE OR. 


Na circle, the angle in a ſemicircle is a right angle; 

but the angle in a ſegment greater than a ſemicir- 
e is leſs than a right angle; and the angle in a ſeg- 
ent leſs than a ſemicircle is greater than a right angle. 


Let ABCD be a circle, of which the diameter is BC, and 
nter E; and draw CA dividing the cirele into the ſegments 
BC, ADC, and join BA, AD, DC; the angle in the ſemi - 
cle BAC is a right angle; and the angle in the ſegment 
BC, which is greater than a ſemicircle, is leſs than a right 
gle; and the angle in the ſegment ADC, which is leſs than 
ſemicircle, is greater than a right angle. 

Jon AE, and produce BA to F; and becauſe BE is equal 
EA, the angle EAB is equal“ to EBA; alfo, becauſe AE 
equal to EC, the angle EAC is 
qual to ECA; wherefore the 
hole angle BAC is equal to the 
o angles ABC, ACB: But FC, 
je exterior angie of the triangle 
BC, is equal b to the two angles 
BC, ACB; therefore the angle 
AC is equal to the angle FAC, 
d each of them is therefore a 
zht © angle: Wherefore the angle 


AC in a ſemicircle is a right an- 
e 


And becauſe the two angles ABC, BAC of the triangle 
BC are together leſs 4 than two right angles, and that BAC 


> ant 
{tray 


arc 0 


re the angle in a ſegment ABC greater than a ſemicircle, is 
than a right angle 

And becauſe ABCD is a quadrilateral figure in a circle, any 
vo of its oppoſite angles are equal © to two right angles; there- 
re the angles ABC, ADC are equal to two right angles; and 
IDC is leſs than a right angle, wherefore the other ADC is 
eater than a right angle. 

Belides, it is manifeſt, that the circumference of the great- 
 fegment ABC falls without the right angie CAB, but the 
ROD CAF, And this is all that is meant, when in the 
F 3 Gr eck 


a right angle, ABC muſt be leſs than a right angle; and there- 


ccumference of the leſs ſegment ADC falls within the right 
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Book III e Greek text, and the tranſlations from it, the angle of th 
WY « rreater ſegment is ſaid to be greater, and the angle of the le 
* legm-nt is ſaid to be leſs, than a right angle.” 
Cox From this it is manifeſt, that if one angle of a tj, 
angle be equal to the other two, it is a right angle, becauſe th 
angle adjacent to it is equal to the ſame two; and when the 20 
jacent angles are equal, they are right angles. 


PROP. XXXII. THE OR. 


z 


F a ſtraight line touches a circle, and from the point 
ot contact a ſtraight line be drawn cutting the cir 
cle, the angles made by this line with the line touch 
ing the circle, ſhall be equal to the angles which ar 
in the alternate ſegments of the circle, 


Let the ſtraight line EF touch the circle ABCD in B, au 
from: the point B let the ſtraight line BD be drawn cutting th 
circle: The angles which BD makes with the touching line I 
ſ}211 be equal to the angles in the alternate ſegments of t 
circle; that is, the angle FBD is equal to the angle which is 
the ſegment DAB, and the angle DBE to the angle in the le: 
ment BCD. | 
2 11. 1, From the point B draw * BA at right angles to EF, ul 
take any point C in the circumference BD, and join Al 
PC, CB; and becauſe the ſtraight line EF touches the cir 
ABCD in the point B, and BA js 
d-.wn at right angles to the touch- 
ing line from the point of contact 
b 19. 3. B, the center of the circle is d in BA; 
therefore the angle ADB in a ſe- 
e 31. 3. mieircle is a right © angle, and con- 
ſequently the other two angles BAD, 
4 32. 1. ABD are equal d to a right angle: 
But ABF is likewiſe a right angle; 
therefore the angle ABF 1s equal to 
the angles BAD, ABD : Lake from E. | B F 
theſe equals the common angle * 
ABD, therefore the remaining an- 
gle DBF is equal to the angle BAD which is in the alternat 
ſegment of the circle; ind becavie ABCD is a quadrilaten 


* 22+ 3* figure in a circle, the oppoſite angles BAD, BCD are equal u 


til 
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"0 nieht angles; therefore the angles DBF, DBE, being hke- Book. III. 

le od f 5 two right angles, are equal to the angles BAD, —_— 
CD; and DBF has been proved equal to BAD: therefore the 3.1. 
maining angle DBE is equal to the angle BCD in the alter- 

ate ſegment of the circle. Wherefore, if a ſtraight line, &c. 


VE. D. 


of th 
he lek 


A tri 
ute the 
he ad- 


PROP. XXXIII. PROB. 


PON a given ſtraight line to deſcribe a ſegment gee N. 
of a circle, containing an angle equal to a given 
ectilineal angle. 


Let AB be the given ſtraight line, and the angle at C the 
ſiren rectilineal angle; it is required to deſcribe upon the given 
traight line AB a ſegment of a cir- 

le, containing an angle equal to H 


he angle C. © es 


D, * Firſt, Let the angle at C * 
ms icht angle, and biſect * AB in F, . ® 20; Is 
ine — — the center F, at the di- A F B 
of t ance FB, deſcribe the ſemicircle 
bur HB; therefore the angle AHB in a ſemicircle is b equal to » 31. 3. 
be kde right angle at C. ; 

But if the angle C be not a right angle, at the point A in 
F, 4 he ſtraight line AB, make © the angle BAD equal to the angle * 23+ f. 
1 | 


and from the point A H 
iaw 4 AE at right angles to 

W; biſecta AB in F, and 

rom F draw d FG at right 

angles to AB, and join GB: G 

and becauſe AF is equal to 

FD, and FG common to the 


angles AFG, BFG, the 8 

two ſides AF, FG are equal C A F 5 
0 the two BF, FG; and the 

angle AFG is equal to the | 


angle BFG; therefore the D\ 

bale AG is equal © to the baſe GB; and the circle deſcribed * 4+ 1. 
tom the center G, at the diſtance GA, ſhall paſs through the 

point B; let this be the circle AHB: And becauſe from the 

point A the extremity of the diameter Ak, AD is drawn at 

F 4 right 


4111, 1. 


E 


on 
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Book rl. right angles to AE, therefore AD, f touches the circle z and 


Wy ww 


Cor. 16+ of contact A cuts the circle, 


3. 
32. 3. 


17. 3. 


43. 1. 


cle C containing an angle cqual to the given angle D. 


cauſe AB drawn from the point 


the angle DAB is equal to 
the angle in the alternate ſeg- 
ment AB 5: But the angle 
DAB is equal to the angle C, 
therefore alſo the angle C is 
equal to the angle in the ſeg. 
ment AHB: Wherefore, upon 
the given ſtraight line AB the one 7 
ſegment AHB of a circle is deſcribed which contains an any 
equal to the given angle at C. Which was to be done, 


PROP. XXXIV. PROB, 


18 cut off a ſegment from a given circle whid 
ſhall contain an angle equal to a given nei 
ncal angle, l 


Let ABC be the given circle, and D the given rectilinę ihr 
angle; it is required to cut off a ſegment from the circle A aſs 
that ſhall contain an angle equal to the angle D. c in 


Draw * the ſtraight line EF touching the circle ABC in it 
point B, and at the point 
B, in the ſtraight line BF, A 
make b the angle FBC e- 
qual to the angle D: ( 
Therefore, becauſe the 
ſtraight line EF touches the 
circle ABC, and BC is D 
drawn from the point of 
contact B, the angle FBC 
is equal © to the angle in E B F 
the alternate ſegment BAC 
of the circle: But the angle FBC is equal to the angle Þ; 
therciore the angle in the ſegment BAC is equal to the ange 
D': Wheretote the ſegment BAC is cut off from the given ci 


Which was to be done, 


PROT 
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PROP. XXXV. THE OR. 9 


\ two ſtraight lines within a circle cut one another, See N. 
be rectangle contained by the ſegments ot one 

hem, is equal to the rectangle contained by the 

ents of the other. 


t the two ſtraight lines AC, BD within the circle ABCD, 
me another in the point E; the rectangle contained by AE, 
n ans equal to the rectangle contained by 
ED. A D 
AC, BD paſs each of them through 
enter, ſo that E. is the center; it is 
nt, that AE, EC, BE, ED being all | 
„ the rectangle AE, EC is likewiſc B C 
to the rectangle BE, ED. 
it let one of them BD pals through the center, and cut the 
AC, which does not pals through the center, at right angles, 
je point E: Then, it BD be biſected in F, F is the center 
e circle ABCD; and join AF: And becauſe BD which 
through the center cuts the ſtraight line AC, which does 
e As through the centre, at right a 
in E, AL, EC are equal * to D 3. 3+ 

mother: And becauſe the ſtraight 
BD is cut into two equal parts in 
point T, and into two unequal in 
point E, the rectangle BE, ED 
ther with the ſquare of EF, 1s e- F b 
to the ſquare of FB ; that is, A _ C * 
e ſquare of FA ; but the ſquares c 
E, EF are equal © to the ſquare | * 3s 
1; therefore the rectangle BE, B 
= W'ozctber with the ſquare of EF 
F Wl to the ſquares of AE, EF: Take away the common 

* of EF, and the remaining rectangle BE, ED is equal 
gle De femaining ſquare of AE; that is, to the rectangle 
e auge EC. 
ven cet, Let BD which paſſes through the center, cut the other 
gle Vi which does not pals through the center, in E, but not at 

angles: Then, as before, it BD be biſected in F, F is the 

Rol the circle, Join AF, and from F draw 4 FG perpen- 412. I. 
ROT dicular 
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Book III. dicular to AC; therefore AG is equal 2 to GC; when 
WV the reftargle AE, EC together with the ſquare of EG 


3.3. 
5. 2. 


© 47. I 
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qual Þ to the ſquare of AG: To each of theſe equals ad 
ſquare of GF, therefore the rectangle AE, EC, togethe 
the ſquares of EG, GF is equal to 
the ſquares of AG, GF: But the D 
{quares of EG, GP are equal*to the 
ſquare of EF; and the ſquares of 
AG, GF are equal to the ſquare of 
AF: Therefore the reQtangle AE, A 


E 
EC together with the ſquare of EF is 7 (3 
equal to the ſquare of AF; that is, 
to the ſquare of FB: But the ſquare . 
g 


of FB is cqual b to the rectangle BE, ED together wit 
ſquare of EF; therefore the rectangle AE, EC together 
the ſquare of EF, is equal to the rectangle BE, ED tog 
with the ſquare of EF: Take away the common ſquare d 
and the remaining rectangle AE, EC is therefore equal u 
remaining rectangle BE, ED. 

Laſtly, Let neither of the ſtraight lines AC, BD paſs thn 


the center: 'Take the center F, and 

through E the interſection of the 

ſtraight lines AC, DB draw the 

diameter GEFH : And becauſe the 

rectangle AE, EC is equal, as has 

been ſhewn, to the rectangle GE, A Wl 
Ne Mb 

B 


| 


EH ; and for the ſame reaſon, the 
rectangle BE, ED is equal to the 
ſame rectangle GE, EH; therefore 
the rectangle AE, EC is equal to 
the rectangle BE, ED. Wherefore, if two ſtraight lines 


PROP. XXXVI. THEOR. 


F from any point without a circle two ſtraight! 
be drawn one of which cuts the circle, and tit 
ther touches it; the rectangle contained b) 
whole line which cuts the circle, and the part 
without the circle, ſhall be equal to the ſquare 0! 
line which touches it. 


Let D be any point without the circle ABC, and 
DB two ſtraight lines drawn from it, of which DCA di 
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wie and DB touches the fame : The rectangle AD, DC is Book [IT 
to the ſquare of DB : — 
ö der DCA paſſes through the center, or it does not; firſt, 

ther Wc; through the center E, and join EB; therefore the angle 

is a right a angle: And becauſe D 18. 3. 
raght line AC 15 biſected in E, 
roduced to the you D, OS 
AD, DC together with the , 

e of EC is on d to the ſquare C 6. 2. 
and CE is equal to EB: 'There- _ 
he rectangle AD, DC together B 
the ſquare of EB is equal to the 

>of ED : But the ſquare of ED 


vine to the ſquares of EB, BD, be- 47+ 1. 
ther I EBU is a right angle : Therefore 
D toehectangle AD, DC together with 


quare of EB is equal to the 
val tos of EB, BD : Take away the 
non ſquare of FB, therefore the remaining rectangle AD, 
s equal to the ſquare of the tangent DB. | 
tif DCA does nor paſs through the center of the circle 
„take 4 the center E, and draw EF perpendicular © to © I. 3. 
and join EB, EC, ED: And becauſe the ſtraight line EF © 12. 1. 
paſles through the center, cuts the ſtraight line AC, which 
not paſs through the center, at right | 
's, it ſhall likewiſe biſect f it; there 
Fis equal to FC: And becauſe 
traight line AC is biſected in F, 
produced to D, the rectangle AD, 
together with the ſquare of FC is 
ibtothe ſquare oft FD: To each of 
equals add the ſquare of FE, there- 
the rectangle AD, DC, together 
the ſquares of CF, FE, is equal to 
quares of DF, FE : But the ſquare 
is equal © to the ſquares of DF, 
becauſe EFD is a right angle; and 
quare of EC is equal to the 
ies of CF, FE; therefore the 
gle AD, DC, together with the ſquare of EC is e- 
© the {quare of ED; And CE is equal to FB; therefore 
tangle AD, DC together with the ſquare of EB, is equal 
to 


f 3.3˙ 
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to the ſquare of ED: But the ſquares of EB, BD are eq 
the ſquare © of ED, becauſe EBD is a right angle; ther 
the rectangle AD, DC together with the ſquare of I 
qual to the ſquares of EB, BD: Take away the common { 
of EB, therefore the remaining rectangle AD, DC is eg 
the ſquare of DB Wherefore, if from any point, &c. C. 
Cos. If from any point with- 
out a circle, there be drawn two A 
ſtraight lines cutting it, as AB, AC, 
the rectangles contained by the whole 
lines and the parts of them without 
the circle, are equal to one another, 
Viz. the rectangle BA, AE to the rect - D 
angle CA, AF : For each of them is 
equal to ihe ſquare of the ſtraight line 
AD which touches the circle, 


B 


PROP. XXXVII. THEOR, 


JF from a point without a circle there bed 

two ſtraight lines, one of which cuts the 
and the other meets it; if the rectangle conti 
by the whole line which cuts the circle, and the 
of it without the circle be equal to the {quart 
the line which meets it, the line which meets | 
touch the circle. 


Let any point D be taken without the circle ABC, and 
it let two ſtraight lines DCA and DB be drawn, of which 
cuts the circic, and DB meets it ; if the rectangle AD, 0 
equal to the {quarc of LB; D touches the circle. 

Draw the ſtraight line DE touching the circle ABC 
its center F, and join FE, FB, FD; then FED is a right! 
gle: And becauſe DE touches the circle ABC, and DCa 
it, the rectangle AD, DC is equal © to the ſquare oi DL: 
the rectangle AD, DC is, by hypotheſis, equal to the it 
of DB; therefore the ſquare of DE is equal to the {qu 
DB, and the ſtraight line DE equal to the ſtraight line! 


and the baſe FD is common to 
o triangles DEF, DBF; there- 
he angle DEF is equal d to the 
DBF, but DEF is a right angle, 
fore alſo DBF is a right angle : 
B, if produced, is a diameter, 
he ſtraight line which is drawn 
pht angles to a diameter, from the 


fore DB touches the circle ABC. 
refore, if from a point, &c. 
„D. 
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mity of it touches © the circle : 
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FE is equal to FB, wherefore DE, EF are equal to DB, Book III. 
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DEFINITIONS. 
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ities 
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I. 

A ReQilineal figure is faid to be inſcribed in another 
\ lineal figurc, when all the angles of the inſcribed figut 
upon the ſides of the figure in which it is in- 


{cribed, each upon each. \ t / 
II. grea 
In like manner a figure is ſaid to be deſeribed Draw 
about another figure, when all the ſides of / jal tc 
the circumſcribed figure paſs through the an- traig] 
gular points of the figure about which it is de- al to. 
ſcribed, each through cach. Freat 
jal *1 
III. | Fa C. 
A rectilineal figure is ſaid to be inſcribed et 
in a circle, when all the angles of the in- op: | 
{cribed figure are upon the circumference een 
of the circle. Lis « 
ual tc 
IV. —— e 
A rectilineal figure is ſaid to be deſcribed about a circle, WW |), 
each fide of the circumſcribed figure ——J ich 
touches the circumference of the circle. 
V. 

In like manner a circle is ſaid to be inſcri- 
bed in a rectilineal figure, when the cir- 3 
cumſetence of the circle touches each 0 : 


ſide of the figure, — 5 


— ee eee re ˙-5ẃ˖ꝭ⸗ ——..—. — 
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VI. — 
ircle is ſaid to de deſcribed about a rec- 
lineal figure, when the circumference | | 
me circle paſſes through all the angular | 
ints of the figure about which it is de- 


nibed. 


\ IT, 
raight line is ſaid to be placed in a circle, when the extre- 
ties of it are in the circumference of the circle. 


PROP. I. PROB. 


[a given circle to place a ſtraight line, equal to a 
given ſtraight line not greater than the diameter 
the circle, 


other 
d figu 


\ 
/ 


t ABC be the given circle, and D the given ſtraight line, 
greater than the diameter of the circle, 
Draw BC the diameter of the circle ABC; then, if BC is 
al to D, the thing required is done; for in the circle ABC 
traight line BC is placed e- 
al to D: But if it is not, BC 
greater than D; make CE 
aal“ to D, and from the cen- 
WC, at the diſtance CE, de- 
e the circle AEF, and join 
Therefore becauſe C is 
center of the circle AF, 
is equal to CE; but D is 
alto CE, therefore D is equal to CA: Wherefore in the 
e ABC a ſtraight line is placed equal to the given ſtraight 
ircle, e, which is not greater than the diameter of the circle. 
< ich was to be done. 


PROP. II. PROB. 


/ a given circle to inſcribe a triangle equiangular 
to a given triangle, 
1 Let 


? 
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Let APC he the given circle, and DEF the given trim 
it is required to inſcribe in the circle ABC a triangle equia 
lar to the triangle DEF. 

Draw * the ſtraight line GAH touching the circle h 
point A, and at the point A, in the ſtraight line AH, 
d the angle HAC equal to the angle DEF; and at the point 
in the ſtraight line 
AG, make the angle 
GAB equal to the 
angle DFE, and join 
BC: Therefore be- 
cauſe HAG touches 
the circle APC, and 
AC is drawn from 
the point of contact, 
the angle HAC is e- 
qual © to the angle | 
ABC in the alternate ſegment of the circle : but HAC is 
to the angle DEF, therefore alſo the angle ABC is equ 
DEF: For the fame reaſon, the angle ACB is -qual to the 1 
DFE ; therefore the remaining angle BAC is equal © 0 
remaining angle EDF; Wheretore the triangle ABC is ey 
gular to the triangle DEF, and it is inſcribed in the circle 
W hich was to be done. 


PROP. I. PRO B. 


A SOLE a given circle to deſcribe a triangle 
angular to a given triangle. 


Let ABC be the given circle, and DEF the given trim 
it is required to deſcribe a triangle about the circle ABC. 
angular to the triangle DEF. | 

Produce EF both ways to the points G, H, and find 
center K of the circle ABC, and from it draw any . 
line KB; at the point K in the ſtraight line KB, make 
angle BK equal to the angle DEG, and the angle N 
qual to the angle DFH ; and through the points A, 3,050 
„ the ſtraight lines LAM, MBN, NCL touching > the cl 
ABC : Therefore, becauſe LMM, MN, NL touch the circle 
in the points A, B, C, to which from the center ate d 
KA, KB, KC, che angles at the poirts A, B, C, are Ih 
angles: And becauſe the four angles of the quadrilate® 
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Tian 
qum 
e in 
II. 1 


re AM RK are equal to four right angles, for it can be divided in- Book IV. 
wo triangles; and that two of them KAM, KB Mare right an- 
es, the other two 
KB, AMB are L 
ual to two right 
gles: But the 
gles DEG, 
EF are likewiſe 
ul 4 to two A | 4 13+ Is 
cht angles; — — 
erefore the an- G E F H 
es AKB, AMB 3 
e equal to the 
12 DEG M B N 
EF, of which AKB is equal to DEG; whereſore the remain- 
g angle AMB is equal to the remaining angle DEF: In like 
0: anner, the angle LNM may be demonſtrated to be equal to 
Cit FE; and therefore the remaining angle MLN 1s equal © tothe © 32, Is 
| * maining angle EDF: Wherefore the triangle LMN is equian- 
* ar to the triangle DEV : And it is deſeribed about the cirele 
| © VIC. Which was to be done. 
is egi 
rcle 


PROP. IV. PROB. 
| O inſcribe a circle in a given triangle, See N. 


gle & 
Let the given triangle be ABC; it i i inſcri 

Ke in ABC. 8 z it is required to inſcribe a 

Biſect * the angles ABC, BCA by the ſtraight lines BD, CD 9. 1. 


n tri eet: ; en | , 
nt ang one another in the point D, from which draw ® D, DF, b 12. 1, 
G perpendiculars to AB; BC, A 


ind find A And becauſe the angle EBD 
equal to the angle FBD, for the 


ſt A* 
N gle ABC is biſeCted by BD, and 
ole BY atthe right angle Br DV is equal 
S de right ang! OY 
. , O50 gat angle BFD, the two C2 
d the c angles EBD, FBD have two \ 


, which is oppoſite to one of 
equal angles in each, is com 
VIBE . 0 1 
» q both; therefore their other B F O 

all be equal e; whcre- © 26. L. 
2 5: 
G fore 


* of the one equal to two L. D 
des of the other, and the ſide bY 
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See N. 


1 
1 


right angles to it, touches 4 the circle: Therefore the ſtraig 
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fore DE is equal to DF : For the ſame reaſon, DG is equal! 
DF; therefore the three ſtraight lines DE, DF, DG are equal 
one another, and the circle deſcribed from the center D, at 
diſtance of any of them, ſhall paſs through the extremities of 
other two, and touch the ſtraight lines AB, BC, CA, beay 
the angles at the points E, F, & are right angles, and i 
ſtraight line which is drawn from the extremity of a diamete 


lines AB, BC, CA do each of them touch the circle, andt | 
circle EFG is inſcribed in the triangle ABC. Which wat * 
be done. ; 72 
f na ſ 
give 
hin i 
pP 
ngle, 
oſite 


RN OF. V. PRO B. 


© ag deſcribe a circle about a given triangle. 


Let the given triangle be ABC; it is required to deſcribe 
cirele about ABC. 

Biſect 1 AB, AC in the points D, E, and from theſe poi 
draw DF, EF :t right angles b to AB, AC; DF, EF product 


meet one another: For, if they do not meet, they are paralk 


whereſfore AB, AC, which are at right angles to them, ae b 

rallel; which is abſurd : Let them meet in F, and join FA; | of | 
to, if the point F be not in BC, join BF, CF: Then, _ the | 
AT is equal to DB, and DF common, and at right ang lhey 


AR, the baſe AF is equal © to the baſe FB: In like wenne 
bc fiewn that CF is equal to FA; and therelor | 
„ cqual to FC; and FA, FB, FC are equal to * 


ot 


nanne! 
refore 
one * 

othe 
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er; wherefore the circle deſcribed from the center F, at the 
ance of one of them, ſhall paſs through the exiremities of the 
er two; and be deſcribed about the triangle ABC, which 
sto be done. | 
or. And it is manifeſt, that when the center of the circle 
s within . the triangle, each of its angles is Jlefs than a right 
le, each of them being in a ſegment greater than a ſemicir- 
but, when the center is in one of the ſides of the triangle, 
angle oppoſite to this ſide, being in a ſemicircle, is a right 
le; and, if the center falls without the triangle, the angle 
ofite to the fide beyond which it is, being in a ſegment leſs 
na ſemicircle, is greater than a right angte: Wherefore, if 
given triangle be acute angled, the center of the circle falls 
hin it; if it be a right angled triangle, the center is in the 
oppoſite to the right angle; and, if it he an obtuſe 1ngled 
ngle, the center falls without the triangle, beyond the fide 
ofite to the obtuſe angle. | 


PROP. VI PROB. 
O inſcribe a ſquare in a give circle. 


t ABCD be the given circle; it is required to inſcribe a 
ae in ABCD. | 
Day the diameters AC, BD at right angles to one an- 
rr; and join AB, BC, CD, DA; becauſe BE is equal to 
for E is the center, and that EA 
ommon, and at right angles to A 
; the baſe BA is equal“ to the 
D; and for the fame reaſon, 
CD are each of them equal to 
r AD; therefore the quadri- 
al igure ABCD is equilateral 
allo rectangular; for the ſtraight 
BD, being the diameter of the 
e ABCD, BAD is a ſ:micircle; C 


more the angle BAD is a right b angle; for the ſame reaſon i 


of the angles ABC. BCD, CDA is 2 right angle; there- 
mne quacriiateral figure ABCD is r:Qtangular, and it has 
thewn to ve equilateral, therefore it 1» a gu re; and it is 
ded in the circle ABCD. Which was to be done. 

G2 : PROP. 
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ö PROP. VI. PRO B. 


O deſcribe a ſquare about a given circle. 


d AF 
Let. ABCD be the given circle; it is required to deſem chef. 
ſquare about it. | | e far 
Draw two diameters AC, BD of the circle ABCD, at i: :tcd 
* 17. 3. angles to one another, and through the points A, B, C, Dual 
FG, GH, HK, KF touching the circle; and becauſe FG toulWur {t: 
the circle ABCD, and EA is drawn from the center E to! e equ 
b 18 point of contact A, the angles at A are right Þ angles; for e deſc 
* 3* fame reaſon, the angles at the points B, C, D are right angaMiltanc: 
and becauſe the angle AEB is a right G A rc ext! 
angle, as likewiſe is EBG, GH is pa- of ack of 
© 28. 1. rallel e to AC; for the ſame reaſon, "0 the 
AC is parallel to FK, and in like 4 
manner GF, HK may each of them E ies t 
be demonſtrated to be parallel to BED; B A 
therefore the ſigures GK, GC, AK, © | ſeribe, 
FB, BK are parallelograms; and GF | 
d 34. 1. is therefore equal d to HK, and GH — 
to FK; and becauſe AC is equal to H C 
BD, and that AC is equal to each of the two GH, FK; and] 
to each of the two GF, HK; GH, FK are each of them « 
to GF or HK ; therefore the quadrilateral figure FGHK isg oe 
lateral. It is alſo rectangular; for GBEA being a paralk 
gram, and AEDB a right angle, AGB © is likewiſe a right any L 
In the fame manner it may be ſhewn that the angles at H, * A 
are right angles; therefore the quadrilateral figure FOH Wend. 
rectangular, and it was demonſtrated to be equilateral ; them Join / 
it is a ſquare; and it is deicribed about the circle ABC qual to 
Which was to be done, | +6 
vo BA, 
d the be 
VAC is 
PROP. VIII. PROB. be angle 
. | . - . d | ne A r 
JO inſcribe a circle in a given ſquare. emonſtr. 
e bile; 
Let ABCD be the given ſquare; it is required to ina ca by! 
circle in ABCD. | ecauſe t! 
2 10. 1. Biſecta each of the fides AB, AD, in the points F, LP: angle 
d 21, 1. through E draw b EH parallel to AB or DC, and through 16 eangle 


A is equ 
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K parallel to AD or BC; therefore each of the figures AK, Book IV. 
B, AH, HD, AG, GC, BG, GD is a parallelogram, and their 
polite ſides are equal © z and becauſe AN is equal to AB, and 9 
at AE is the half of AD, and AF the half of AB, AE is equal 


AF; wherefore the fides oppoſite A E D 


theſe are equal, viz. FG to GE; in — — 
e ſame manner it may be demon- | 
rated that GH, GK are cach of them a | 


qual to FG or GE; therefore 2 


bur ſtraight lines GE, GF, GH, GK 8 — 
e equal to one another; and the cir- 

le deſcribed from the center G, at the | 
ſtance of one of them, ſhall paſs thro' — SG 


e extremities of the other three, and B H C 


duch the ſtraight lines AB, BC, CD, DA; becauſe the angles 

the points E, F, H, K are right d angles, and that the ſtraight 4 29. f. 
ne which is drawn from the extremity of a diameter, at right 

gles to it, touches the circle © ; therefore each of the ſtraight e 16. 3. 
nes AB, BC, CD, DA touches the circle, which therefore is 

ſcribed in the ſquare ABC D: Which was to be done. 


Fl PRO b. IX. PR OB. 


0 deſcribe a circle about a given ſquare, 


Let ABCD be the given ſquare; it is required to deſcribe a 

ircle about it. 

Join AC, BD cutting one another in E; and becauſe DA is 

qual to AB, and AC common to the triangles DAC, BAC, 

be two fides DA, AC are equal to the 

vo BA, AC; and the baſe DC is equal 

d the baſe BC; wherefore the angle 

VAC is equal a to the angle BAC, and E 

be angle DAB is bi ſected by the ſtraight 

ne AC: In the ſame manner it may be 

emonſtrated that the angles ABC, CDA B 

re biſected by the ſtraight line BD, and C 

CA by the {traight line AC; therefore, 

Kaule the angle DAB is equal to the angle ABC, and that 

e angle EAB is the half of DAB, and EBA the halt of ABC; 

tangle EAB is equal to the angle EBA; wherefore the fide 

Ab equal to the fide EB: In the fame manner it may be g, 1. 
— 2 demon- 
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Book IV. demonſtrated that the ſtraight lines EC, ED are each of Hut BI 
equal to EA or FB; therefore the four ſtraight lines EA, equa 
EC, ED are equal to one another; and the circle deſcribed H CD; 
the center E, at the diſtance of one of them, ſhall paſs throuqua! * 
the extremities of the other three, and be deſcribed about Hie ang 
{quare ABCD: Which was to be done, as ma 
he ang 
DA, 
s equal 
PRUFT X. ROD le of 
BA; 
O deſcribe an iſoſceles triangle, having each Waoglc 1 
the angles at the baſe double of the third angt a 
Vhic 
a T1. 22 Take any %raight line AB, and divide“ it in the point C. 
that the rectangle AB, BC be equal to the ſquare of CA; a 
from the center A at the diſtance AB, deſcribe the circle BD} 
b x. 4. in which place® the ſtraight line BD equal to AC, which isn 
reater than the diameter of the circle BDE; join DA, DC, a | 
* 5. 44 about the triangle ADC deſcribe © the circle ACD; then 0: 
angle A is ſuch as is required, that is, each of the angl : 
ABD, ADB is double of the angle BAD. 

Becauſe the rectangle AB, BC is equal to the ſquare of ACM Let 
and that AC is equal to PD, the rectangle AB, BC is equalifWn equ 
the ſquare of BD, and becauſe Deſc 
from the point B without the E angles 
circle ACD two ſtraight lines \BCD 
BCA, BD are drawn to the cir angle F 
cumference, one of which cuts, CAD 
ard the other meets the circle, at F, a 
and that the rectangle AB, BC ACD, 
ccntzined by the whele of the A angle a 
cutting line, and the part of it each © 
without the circle, is equal to the CDA 
ſquare 0) BD which meets it; . CAD, 

© 37. 3. the ſtraight line BD touches 4 C ACD, 
the circle ACD; and becauſe /JW . lines 

BI touches tnz circle, and DC H— BC, 1 

i en dm the. pam . of P D s the 

33 contact D, the angle BDC is equal © to the angle DAC in 0 Bee; 
32. 3*. aiternate ſegment of tye circle; to cach of theſe add the ap} and ar 
CDA ; thereicre the whole angle BDA is equal to the iu DAC, 

angics CLA, PAC; but the exterior angle BCD 1s equi, 't qual 

f 32, . the angles CDA, DAC; therefore alſo BDA is equal to Ce ci 


1 
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ut BDA is equal“ to the angle CBD, becauſe the fide AD Book IV. 
equal to the fide AB; therefore CBD, or DBA is equal to WY 
CD; and conſequently the three angles BD A, DBA, BCD, are s 5. 1. 
aal to one ancther ; and becauſe the angle DBC is equal to 

it (hc angle BCD, the fide BD is equal s to the fide DC; but BD 6. 1. 
as made equal to CA; therefore alſo CA is equal to CD, and 

he angle CDA equal © to the angle DAC; therefore the angles 

DA, DAC together, are double of the angle DAC: But BCD 

equal to the angles CDA, DAC; therefore alſo BCD is dou- 

le of DAC, and BCD is equal to cach of the angles BDA, 

BA; each therefore of the angles BDA, DBA is double of the 

ngle DAB; wherefore an iſoſceles triangle ABD is deſcribed, 

aving each of the angles at the baſe double of the third angle: 

FThich was to be done, 


PROP. XI. PROB. 


O inſcribe an equilateral and equiangular penta- 
gon in a given circle. 


Let ABC DE be the given circle; it is required to inſcribe 

n equilateral and equiangular pentagon in the circle ABC DE. 
Deſcribe * an iſoſceles triangle FGH, having each of the = 59, 4. 

angles at G, II double of the angle at F; and in the circle 

\BCDE inſcribe b the triangle ACD equiangular to the tri- ® 2. 4. 

angle FGH, fo that the angle 

CAD be equal to the angle 

at F, and each of the angles 

ACD, CDA equal to the 

angle at G or H; wherefore 

eich of the angles ACD, 
CDA is double of the angle 
CAD. Bifect © the angles | 
ACD, CDA by the ſtraight / | 

lines CE, DB; and join AB, — 

IC, DE, EA. ABCDE AG H 

5 the pentagon required. 

Becauſe each of the angles ACD, CDA is double of CAD, 
and are biſected by the ſtraight lines CE, DB, the five angles 
DAC, ACE, ECD, CDB, BDA are equal to one another; but 
qual angles ſtand upon equal circumferences ; therefore the 4 26. 3. 
we eircumferences AB, BC, CD, DE, EA are equal to one 
4 another, 


- 
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Book IV. another: And equal circumferences are ſubtended by equ 
>” ſtraight lines; therefore the five ſtraight lines AB, BC, (x 


29. Zo DE, EA are equal to one another. Wherefore the pentiy I "1 | 

AzhCbDE is equilateral. It is alſo equiangular ; becauſe they * 

cumference AB is equal to the circumference DE : If to exc A BF] 

added BCD, the whole ABCD is equal to the whole EDG e: W 

And the angle AED ſtands on the circumference ABCD, Re 

the angle BAE on the circumference EDCB ; therefore the x able « 

27. 3. gie BAE is equal f to the angle AED: For the ſme rem e the 
each of the angles ABC, BCD, CDE is equal to the ang 

BAE, or AED: Therefore the pentagon ABCDE is equiang —4 

lar; and it has been ſhewn that it is equilateral. Wherefy oY 

in the given circle, an equilateral and equiangular pentagon| - - 

heen inſcribed. Which was to be done, KF 

CFL; 

Fl K 18 ec 

L: ITI 

PROP. XII. PRO B. mt 

angle: 

les of 

| and 

T0 deſcribe an equilateral and equiangular pentyicent 

gon about a given circle, the ot 

letoth 

and t 

Let ABCDE be given circle; it is required to deferit = 

an cquilateral and equiangular pentagon about the cid , wa 

ABCDE. dle of 

Let the angles of a pentagon inſcribed in the circle, by bewn! 

laſt propoſition, be in the points A, B, C, D, E, fo that : The 

® 11. 4. circumferenccs AB, BC, CD, DE, EA are equal * ; and thn gal. 

the points A, B, C, D, E draw GH, HK, KL, LM, M that th 

b 17. 3. touching ® the circle; take the center F, and join FB, FR, Me or 

FL, FD: And becauſe the ſtraight line KL touches the dk 

APCDE in the point C, to which FC is drawn from Mee ang 

center F, FC is perpendicular © to KL; therefore each of : «3 

angles at C is a right angle: For the ſame reaſon, the angles Wy bei 

the points B, D are right angles: And becauſe FCK 5 ngular 

right angle, the ſquare 4 FK is cqual 4 to the ſquares of F deribe, 


CK : For the ſame reaſon, the ſquare of FK is equal to the 1quan 
of FB, BK: I herefore the ſquares of FC, CK are equal to th 
ſq ares of FB, BK, of which the ſquare of FC is equal to the 
ſquare of FB; the remaining ſquare of CK is theretore on 


OF EVUCLED. 


remaining ſquare of BK, and the ſtraight line CK equal to 
And becauſe FB is equal to FC, and FK common to the 
ngles BFK, CFK, the two BF, FK are equal to the two CF, 
and the baſe BK is equal to the baſe KC; therefore the 
le BFK is equal © to the angle KFC, and the angle BKF to 
C: Wherefore the angle BFC is double of the angle KFC, 
BKC double of FKC : For the ſame reaſon, the angle CFD 
puble of the angle CFL, and CLD double of CLF : And be- 
ethe circumference BC is equal to the circumference CD, the 


le BFC is equal f to the an- 
CFD; And BFC is double 
be- angle KFC, and CFD 
ble of CFL ; therefore the 
le KFC is equal to the an- 
CFL; and the right angle 
K is equal to the right angle 
L: Therefore, in the two 
ngles FKC, FLC, there are 
angles of one equal to two 
les of the other, each to 
, and the fide FC, which 


Jacent to the equal angles in each, is common to both; there- 
the other ſides ſhall be equal s to the other ſides, and the third 
e to the third angle: Therefore the ſtraight line KC is equal to 
and theangle FKC to the angle FLC: And becauſe KC is 
to CL, KL is double of KC: In the ſame manner, it may 
hewn that HK is double of BK: And becauſe BK is equal to 
a was demonſtrated, and that KL is double of KC, and HK 
de of BK, HK ſhall be equal to KL: In like manner it may 
ern that GH, GM, ML are each of them equal to HK or 
: Therefore the pentagon GHKLM is equilateral. It is alſo 
angular; for, ſince the angle FRC is equal to the angle FLC, 
that the angle HKL is double of the angle FKC, and KLM 
ble of FLC, as was before demonſtrated ; the angle HKI. is 
t KLM: And in like manner it may be ſhewn, that each 
te angles KHG, HG, GML is equal to the angle HKL or 
M: Therefore the five angles GHR, HKI, KLM, 1. MG, 
H being equal to one another, the pentagon GHKLM is e- 
ngular: And it is equilateral, as was demonſtrated; and it 


icrived about the circle ABCDE. Which was to be done. 
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h tl 
PROP. XIII. PR OB. #4 
2igh 
O inſcribe a circle in a given equilateral ani : ſt 
quiangular pentagon. rofor 
| to b 
Let ABCDE be the given equilateral and equiangular pe 
gon; it is required to inſcribe a circle in the pentagon ABC] 
Biſect a the angles BCD, CDE by the ſtraight lines CF, 
and from the point F in which they meet draw the ſtraigit O 
FB, FA, FE : Therefore, ſince BC is equal to CD, and CFa et 
mon to the triangles BCF, DCF, the two ſides BC, CF are 
to the two DC, CF; and the angle BCF is equal to then 
Der; therefore the baſe BF is equal b to the baſe FD, I Al 
other angles to the other angles, to which the equal ſides a" > 1 
poſite; therefore the angle CBF is equal to the angle CDF: lect 
becauſe the angle CDE is double of CDF, and that CDE i from 
to CBA, and CDF to CBF; CBA _— 
is alſo double of the angle CBF; A E i 
therefore the angle ABF is equal 8 7x 
to the angle CBF; wherefore the G 0 ry 
angle ABC is biſected by the 80 . 
ftraight line BF: In the ſame man B . - 2 | 
ner it may be demonſtrated, that \ N i 5 
the angles BAE, AED are bi- IN 15 
ſected by the ſtraight lines AF, H * 5 
FE : From the point F draw © Ws o 
FG, Fil, FK, FI., FM perpen- D X 1 n 
diculars to the ſtraight lifes AB, — | b 74 
BC, CD, DF, EA: And be- C K D 
cauſe the angle HCF is equal to | "Pk 
KCF, and the right angle FHC equal to the right angle! 1 arg 
in the triangles FIC, FKC there are two angles of cue ie, - 8 
to two angles of the other, and the ſide FC, which is of Wü 


v 26. 1. 


to one of the equal angles in each, is common to both; thei 
the other ſides ſhall be equal d, each to each; where!dr 
perpendicular FH is equal to the perpendicular FK : In the 
manner it may be demonſtrated that FL, FM, FG are © 
them equal to FH or FK; therefore the five ſtraight lines 
FH, FK, FL, FM are equal to one another: Wheretorc the 
cle deſcribed from the center F, at the diſtance of one ot 
ive, ſhall paſs through the extremities of the other oy 
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h the ſtraight lines AB, BC, CD, DE, EA, becauſe the Book IV. 
les at the points G, H, K, L, M are right angles; and that WD 
night line drawn from the extremity of the diameter of a 

e at right angles to it, touches © the circle: Theretore each © 16. 3» 

e ſtraight lines AB, BC, CD, DE, EA touches the circle 

ceſore it is inſcribed in the pentagon ABCDE. Which 

to be done. 


PROP. XIV. PROB. 


O deſcribe a circle about a given equilateral and 
equiangular pentagon. 


et ABCDE be the given equilateral and equiangular pen- 

on; it is required to deſcribe a circle about it. : 

zilect a the angles BCD, CDE by the ſtraight lines CF, FD, * g. 1. 
| from the point F in which they meet draw the ſtraight 

s FB, FA. FE to the points B, | 

E. It may be demonitrated, in A 
ume rnanner as in the preceeding 
polition, that the angles CBA, 
b, AED are biſected by the B F E 
pit J ines FB, FA, FE: And 
wle the angle BCD is equal to 
angi(: CDE, and that FED is 
halt c f the angle BCD, and CDF 
half f CDE; the angle FCD is C D 

al to FDC ; wherefore the ſide 

ls equal b to the fide FD : In like manner it may be demon- v6. 1 
tel th; it FB, FA, FE are each of them equal to FC or FD: © 
Werctore the five ſtraight lines FA, FB, FC, FD, FE are e- 

Ito on e another; and the circle deſcribed from the center 

t the diſtance of one of them, ſhall paſs through the extre- 

Ks of t he other four, and be 'c{cribed about the equilateral 

quan gular pentagon ABCDE. Which was to be done. 


PROP. 


See N. 
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PROP. XV. PROB. 


T inſcribe an equilateral and equiangular 10 
gon in a given circle. 


Let ABC DEF be the given circle; it is required to int 
an equilateral and equiangular hexagon in it. 

Find the center G of the circle ABC DEF, and draw the 
ameter AGD; and from D as a center, at the diſtance! 
deſcribe the circle EGCH, join EG, CG, and produce tha 


the points B, F; and join AB, BC, CD, DE, EF, Fa; bers 
hexagon ABCDEF is equilateral and equiangular, ted fr 
Becauſe G is the center of the circle ABCDEF, GE is« de m⸗ 

to GD: And becauſe D is the center of the circle EG Cl, Aon; 
is equal to DG; wherefore GE is equal to ED, and the 11 
angle EGD is equilateral; and therefore its three angles I 
GDE, DEG are equal to one another, becauſe the angl: 

the baſe of an ifoſceles triangle are equal * : And the threeu 

of a triangle are equal b to two right angles; therefore 

angle EGD is the third part of two right angles: In the in 
manner it may be demonſtrated that cag 
the angle DG C is alſo the third part 

of two right angles: And becauſe the Let A 
ſtraight line GC makes with EB the ulater: 
adjacent angles EGC, CGB equal © Let A 
to two right angles; the remaining circle 
angle CGB is the third part of two Ntagon 
right angles; therefore the angles the wl 
EGD, DGC, CGB are equal to one mfcren 
another: And to theſe are equal d the n of 1 


vertical oppoſite angles BGA, AGF, 
FGE : Therefore the fix angles EGD 
DGC, CGB, BGA, AGF, FGE, 


are equal to one another: But equal 


rences; therefore the {x circumfe- H 
rences AB, BC, CD, DE, EF, FA are equal to o ne and ench Pa 
And cqual circumferences are ſubtended by equs! f |t 0 
lines; therefore the fix ſtraight lines are equal to «ne a0 
and the hexagon A2CDEFPF is equilateral. It is a] ſo equi 
lar; for, ſince the circumference AF is equal to EI), to © 
theſe add the circumference ABCD; therefore tt :e who# 
cumference FABCD ſhall be equal to the whe.le EDO 


Fapht lj 
Placed 


ular qui 
One. 
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| the angle AFE upon EDCBA ; therefore the angle AFE is 
al to FED : In the ſame manner it may be demonſtrated that 
other angles of the hexagon ABCDEEF are each of them 
aal to the angle AFE or FED: Therefore the hexagon is e- 
angular: And it is equilateral, as was ſhewn ; and it is in- 
bed in the given circle ABCDEF. Which was to be done. 
Cor. From this it is manifeſt, that the fide of the hexagon 
qual to the ſtraight line from the center, that is, to the ſe- 
iameter of the circle. | 

nd if thro' the points A, B, C, D, E, F there be drawn 
ight lines touching the circle, an equilateral and equiangu- 
hexagon ſhall be deſcribed about it, which may be demon- 
ted from what has been ſaid of the pentagon; and likewiſe a 
de may be inſcribed in a given equilateral and equiangular 
gon, and circumſcribed about it, by a method like to that 
d for the pentagon. 


PROP. XVI. PROB. 


0 inſcribe an equilateral and equiangular quinde- 
cagon 1n a given circle. 


Let ABCD be the given circle; it is required to inſcribe an 
\ ulateral and equiangular quindecagon in the circle ABCD. 

„ler AC be the fide of an equilateral triangle inſcribed * in 
circle, and AB the fide of an equilateral and equiangular 


the whole circumference ABCDF contains fifteen, the cir- 
mference ABC, being the third 
t of the whole, contains five; 
d the circumference AB, which 
the hfth part of the whole, con- 
ns three ; therefore BC their dif- B 
ence contains two of the ſame 
ns: Biſect e BC in E; therefore E 
L EC are, each of them, the fit 
nth part of the whole circumic 
ce ABCD: Therefore, if the — 


ul 


hole 


PC 


Faight lines BE, EC be drawn an ſtraiht lines qual to them 


Placed a around in the whole cir. le aa equilateral and equian- a 1. 4. 
quindecagon ſhall be inſcribed in it. Which was to be 


And 
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27. 


ntagon inſcribed d in the ſame; therefore, of ſuch equal parts Þ 11. 4. 
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8 in the pentagor 
. in the ſame manner as was done in 01 
U 8 4 * -N okiits of diviſion were by ee * 1 
ight lines be drawn touching the circle, uilzq 
ry — quindecagon ſhall be deſcribed _ * 
likewiſe as in the pentagon, a circle may be inſcribed | 
ra equilateral and equiangular quindecagon, and circy 
cribed about it. 
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DOOR V. 


DEFINITIONS. 


I. 


LESS magnitude is ſaid to be a part of a greater magni- 
tude, when the leſs meaſures the greater, that is, when 
leſs is contained a certain number of times exaCtly in the 
eater,” 


II. 
reater magnitude is ſaid to be a multiple of a leſs, when the 
eater is meaſured by the leſs, that is, when the greater 
contains the leſs a certain number of times exactly. 

III. 
atio is a mutual relation of two magnitudes of the ſame 
kind to one another, in reſpect of quantity.” 
mnitudes are ſaid to have a ratio to one another, when the 
1s can be multiplied ſo as to exceed the other. 

V. 

firſt of four magnitudes is ſaid to have the ſame ratio to 
e ſecond, which the third has to the fourth, when any e- 
umultiples whatſoever of the firſt and third being taken, 
id any equimultiples whatſoever of the ſecond and fourth; 
the multiple of the firſt be leſs than that of the ſecond, 
e multiple of the third is alſo leſs than that of the fourth; 
u if the multiple of the firſt be equal to that of the ſecond, 


be multiple of the third is alſo equal to that of the fourth 
or, 
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or, if the multiple of the firſt be greater than that of 9 
cond, the multiple of the third is alſo greater than that 
fourth, 

VI. 


Magnitudes which have the fame ratio are called proporti 
B. When four magnitudes are proportionals, it is 


d if 
to C, 
that K 
to D 1 


the r- 


© ally expreſſed by ſaying, the firſt is to the ſecond, x SE 

© third to the fourth.” aying 
VII. fo F, 

When of the equimultiples of four magnitudes (taken as i 7s 
5th definition) the multiple of the firſt is greater that Mis 


of the ſecond, but the multiple of the third is not gr 
than the multiple of the fourth; then the firſt is ſaid to 
to the ſecond a greater ratio than the third magnitude} 
the fourth; and, on the contrary, the third is ſaid to h 
the fourth a leſs ratio than the firſt has to the ſecond, 


E to 


prope 


one al 


VIII. 5 
p 
“ Analogy, or proportion, is the ſimilitude of ratios.” oy 
IX. | 
Proportion conſiſts in three terms at leaſt. Prop 
X. 

When three magnitudes are proportionals, the firſt is fat * 
have to the third the duplicate ratio of that which it hu Df 
the ſecond. the fo 

2 EY XI. : as the 

When four magnitudes are continual proportionals, the for th 


ſaid to have to the fourth the triplicate ratio of that whit 
has to the ſecond, and ſo on, quadruplicate, &c, inem 
the denomination {till by unity, in any number of pr 
tionals. 
Definition A, to wit, of compound ratio. 
When there are any number of magnitudes of the ſame | 
the firſt is faid to have to the laſt of them the ratio d 
pounded of the ratio which the firſt has to the ſecond, 1 
the ratio which the ſecond has to the third, and of ihe 
which the third has to the fourth, and ſo on unto the 
magnitude, | | 
For example, If A, B, C, D be four magnitudes of the 
kind, the faſt A is ſaid to have to the laſt D-the ratio 
pounded of the ratio A to B, and of the ratio of B to C. 
of the ratio of C to D; or, the ratio of A to 1s ln 
be cempuunded of the ratios of A to B, B to C, and C 


ſerten 
and it 
to the 


) por 
onals, 
cond, 


Is to t 
viden 
t is ir 
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to C, the ſame ratio that G has to H; and C to D, the ſme 
that K has to IL; then, by this definition, A is faid to have 
to D the ratio compounded of ratios which are the fame with 
the ratios of E to F, G to H, and K to L: And the ſame 
thing is to be underſtood when it is more briefly expreſſed, by 
faying A has to D, the ratio compounded of the ratios of E 
toF, G to H, and K to L. 
like manner, the ſame things being ſuppoſed, if M has to 
N the ſame ratio which A has to D; then, for ſhortneſs ſake, 
M is faid to have to N, the ratio compounded of the ratios of 
E to F, G to H, and K to L. 

| XII. | 
proportionals, the antecedent terms are called homologous to 
one another, as alſo the conſequents to one another. 
eometers make uſe of the following technical words to ſig- 
( nify certain ways of changing either the order or magni- 
tude of proportionals, ſo as that they continue {till to be 
proportionals. 


XIII. 


this word is uſed when there are four proportionals, and it 
is inferred, that the firſt has the ſame ratio to the third, which 
the ſecond has to the fourth; or that the firſt is to the third, 
as the ſecond to the fourth: As is ſhewn in the 16th prop. 
of this 5th book. 

XIV. 


rertendo, by inverſion: when there are four proportionals, 
and it is inferred, that the ſecond is to the firſt, as the fourth 
to the third, Prop. B. book 5. 

XV. 


4 mmponendo, by compoſition; when there are four proporti- 
1. an onals, and it 1s inferred, that the firſt, together with the ſe- 
'”e cond, is to the ſecond, as the third, together with the fourth, 


s to the fourth. 18th prop. book 5. 
| XVI. 
ndendo, by diviſion z when there are four proportionals, and 
tis inferred, that the exceſs of the firſt above the ſecond, is 
to the ſecond, as the exceſs of the third above the fourth, is 
o the fourth. 17th prop. book 5 

XVII. 


mertendo, by converſion; when there are ſour proportion- 
als, 
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mutando, or alternando, by permutation, or alternately ; See N. 
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als, and it is inferred, that the firſt is to its exceſs above the 
ſecond, as the third to its exceſs above the fourth. Prop. E. 


book 5. 
XVIII. 

Ex aequali (ſc. diſtantia), or, ex aequo, from equality of d. 
ſtance z when there is any number of magnitudes more than 
two, and as many others, ſo that they are proportionals when 
taken two and two of each rank, and it is inferred, that the 
firſt is to the laſt of the firſt rank of magnitudes as the ffir 
is to the laſt of the others: Of this there are the tw 
© following kinds, which ariſe from the different order in 
© which the magnitudes are taken two and two.? 

XIX. 

Fx aequali, from equality; this term is uſed ſimply by itſelf, 
when the firſt magnitude is to the ſecond of the firſt rank, 
as the firſt to the ſecond of the other rank; and as the ſe- 
cond is to the third of the firſt rank, ſo is the ſecond to the 
third of the other; and ſo on in order, and the inference 5 
as mentioned in the preceeding definition; whence this is 
called ordinate proportion. It is demonſtrated in 22d prop 
book 5. 

XX. 


Ex aequali, in proportione perturbata, ſeu inordinata; from e. 
quality, in perturbate or diſorderly proportion Þ ; this term is 
uſed when the firſt magnitude is to the ſecond of the fin 
rank, as the laſt but one is to the Jaſt of the ſecond rank; and 
as the ſecond is to the third of the firſt rank, ſo is the laſt but 
two to the laſt but one of the ſecond rank; and as the thin 
is to the fourth of the firit rank, ſo is the third from the [all 
to the laſt but two of the ſecond rank; and fo on in a crols 
order: And the inference is as in the 18th definition. It 
demonſtrated in 23d prop. of book 5. | 


4A” 3 0 
I. 


| } Qu1zULTIPLES of the ſame, or of equal magit 


tudes, are equal to one another, 
II. Thok 
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II. 
- ofe magnitudes of which the ſame, or equal magnitudes, are 
| equimultiples, are equal to one another. 
III. 
4 multiple of a greater magnitude is greater than the ſame 
ultiple of a leſs. 15 


he hat magnitude of which a multiple is greater than the ſame 
irt ultiple of another, is greater than that other magnitude. 


in PROP, L THEO. 


any number of magnitudes be equimultiples of 

Jas many, each of each; what multiple ſoever any 
b. De of them is of its part, the ſame multiple ſhall 
the firſt magnitudes be of all the other. 


Let any number of magnitudes AB, CD be equimultiples 
as many others E, F, each of each; whatloever multiple AB 
E, the ſame multiple ſhall AB and CD together be of E 
| F together, 


= Becauſe AB is the ſame multiple of E that CD is of F, as 
wr ny magnitudes as are in AB equal to E, ſo many are there 


CD equal to F. Divide AB into magni- 
es equal to E, viz. AG, GB; and CD in- 


1 H, ti D equal each of them to F: The num- 
11 therefore of the magnitudes CH, HD ſhall K 
F = equal to the number of the others AG, | 


| 
G 
And becauſe AG is equal to E, and CH 
F, therefore AG and CH together are B | 
H 


al to*E and F together: For the ſame rea- 
; becauſe GB is equal to E, and HD to F; 
and HD together are equal to E and F 
ether. Wherefore, as many magnitudes as 
in AB equal to E, ſo many are there in 
CD together equal to E and F together. 
retore, whatſoever multiple AB is of E, 
me multiple is AB and CD together of D 
ion" F together. 

Uberefore, if any magnitudes, how many ſoever, be equi- 
tiples of as many, each of each, whatſoever multiple an 
of them is of its part, the ſame multiple ſhall all the firſt 
puitudes be of all the other: For the ſame demonſtration 
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P RO P. II. THE OR. 


| F 
Je the firſt magnitude be the ſame multiple of i v 
ſecond that the third is of the fourth, and Mr a 
fifth the ſame multiple of the ſecond that the fall 
is of the fourth; then ſhall the firſt together wilſhther 
the fifth be the ſame multiple of the ſecond, that 
third together with the ſixth is of the fourth, Let 
the 
Let AB the firſt be the ſame multiple of C the ſecond; M les E. 
DE the third is of F the fourth; and BG the fifth the Hhat G 
multiple of C the ſecond, that EH the ſixth is of F the fo Bec 
Then is AG the firſt together with | here 
the fifth the ſame tips of C the A D * 
ſecond, that DH the third together | _ p 
with the ſixth is of F the fourth. 5 E wy 
Becauſe AB is the ſame multiple | 0 
of C, that DE is of F; there are as By 3 
many magnitudes in AB equal to C, © 
as there are in DE —_ toF: In —_ | = =P 
manner, as many as there are in | 
equal to C, fo many are therein G CI H Fl" 
EH equal to F: As many then as are in the whole AG eq ple of 
to C, ſo many are there in the whole DH equal to F: Id th 
fore AG is the ſame multiple of C, that DH is of F; tha ſnd G 
AG the firſt and fifth together, is the ſame multiple of the NE is 
cond C, that DH the third and fixth toge- the 


ther is of the fourth F. If, therefore, the D de fa 
firſt be the ſame multiple, &c. Q. E D. 3 5 
| . 


Cor. From this it is plain, that if any 
number of magnitudes AB, BG, GH, B- 
© be multiples of another C; and as ma- $ 
* ny DE, EK, KL be the ſame multiples K 
of F, each of each; the whole of the G4, 
© firſt, viz. © AH, is the ſame multiple of 
C, that the whole of the laſt, viz. DL, 
$ is of F. | | 
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F the firſt be the ſame multiple of the ſecond, 
which the third is of the fourth; and if of the 
rſt and third there be taken equimultiples, theſe 
hall be equimultiples the one of the ſecond, and the 
ther of the fourth, | 


—— — 4” 
—— — — — —ͤ—ͤ—oi n SA, 
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| 
| 
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= ' 
| 
© 
| 
4 
| ö 
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4 
4 
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Let A the firſt be the ſame multiple of B the ſecond, that 
the third is of D the fourth; and of A, C let the equimulti- 
les EF, GH be taken: Then EF is the. ſame multiple of B, 
hat GH is of D. | 

Becauſe EF is the ſame multiple of A, that GH is of C, 
here are as many magnitudes in EF equal to A, as are in 
Hequal to C : Let EF be | 

livided into the magnitudes F H 

EK, KF, each equal to A, 

and GH into GL, LH, | 
ach equal to C: The num 
ber therefore oi the magni- | 
tudes EK, KF, ſhall be e- | | 

qual to the number of the KT L+ [ 
others GL, LH: And be- | 

cauſe A is the ſame multi- 


— — 


5 ple of B, that C is of D, 
Lend that EK is equal to A, | | Ml | 
that Wand GL to C; theretore 


EK is the ſame multiple of K B G C D 


B, that GL is of D: For 
; the fame reaſon, KF is the ſame multiple of B, that LH 1s of 
D; and fo, if there be more parts in EF, GH equal to A, C: 
a Becauſe, therefore, the ſirſt EK is the fame multiple of the ſe- 
cond B, which the third GL is of the foutth D, and that the ſiſtch 
AF is the fame multiple of the ſecond B, which the fixth LH 
b of the fourth D; EF the firſt together with the fifth is the 
lme multiple“ of the ſecond B, which GH the third together 
with the ſixth is of the fourth D. If, therefore, the {irit, &c. 


Hz PROP, 


— 1 
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THE ELEMENTS 


PROP. IV. THEOR. 


tio to the ſecond which the third has tog 
fourth; then any equimultiples whatever of the 
and third ſhall have the ſame ratio to any equimuli 
ples of the ſec on) and fourth, viz, * the equimultip 
* of the firſt ſhall have the ſame ratio to that of 
* ſecond, which the equimultiple of the third has 
* that of the fourth, 


Let A the firſt have to B the ſecond, the fame ratio vii 
the third C has to the fourth D; and of A and C let there! 
taken any equimultiples whatever | 
E, F; and of B and D any equi- 
multiples whatever G, H: Then | 
E has the ſame ratio to G, which 
F has to H, 

Take of E and F any equimul- | 
tiples whatever K, L, and of G, | * 


II, any equjmultiples whatever M, N 
N: Then, becauſe E is the ſame ma 
multiple of A, that F is of C; 5 
and of E and F have been taken | de 
equimultiples K, L; therefore K | me 18 0 

is the ſame multiple of A, that L | 
© 3. 5} is of C“: For che ſame reaſon, M K E A B GN I 
is the ſame multiple of B, that X I F C D HN of ( 
is of D: And becauſe as A 1s to [ | take 
4 Hypoth. B, ſo is C to D®, and of A and | | be t 
C have been taken certain equi- | the 
multiples K, L; and of B and D x 
have been taken certain equimul- | AE 
tiples M, N; if therefore K be tipl 
greater than M, L is greater than the 
N; and if equal, equal; if leſs, AP 
leſs. And K, L are ary cqui— | tip] 
multiples whatever cf E, ; and Is e 
M, N any whatcver of G, H: ma 
Ls therefore E is to G, fois F | the 
to H. Therefore, if the firſt, &c. QE. D. the 
CuR. Likewile, if the firſt has the ſame ratio to the ſecond and 
which the third has to the fourth, then alſo any equimu i © 


ples 


= 


>cond and fourth: And, in like manner, the firſt and the third 
ave the ſame ratio to any equimultiples whatever of the ſecond 
and fourth. 

Let A the firſt have to B the ſecond, the ſame ratio which 
he third C has to the fourth D, and of A and C let E and F 
any equimultiples whatever; then E is to B, as F to D. 

Take of E, F any equimultiples whatever K, L, and of B, 
D any equimultiples whatever G, H; then it may be demon- 
ſtrated, as before, that K is the ſame multiple of A, that L is 
of C; And becauſe A is to B, as C is to D, and of A and C 
certain equimultiples have been taken, viz. K and L; and of 
B and D certain equimultiples G, H; therefore, if K be greater 


than G, L is greater than H; and if equal, equal; if leſs, leſs ©: 5. def. 


And K, L are any equimultiples of E, F, and G, H any what- 5. 
ever of B, D; as therefore E is to B, fois F to D: And in the 
ſame way the other caſe is demonſtrated. 


Ro. v. ro. 


bo one magnitude be the ſame multiple of another, See N. 


which a magnitude taken from the firſt is of a 
magnitude taken from the other; the remainder ſhall 
be the ſame multiple of the remainder, that the whole 
is of the whole. 


n.. 


Let the magnitude AB be the ſame multiple 

of CD, that AE taken from the firſt, is of CF GT 

taken from the other ; the remainder EB {hall 

be the ſame multiple of the remainder FD, that 

the whole AB 1s of the whole CD. A+ 
Take AG the ſame multiple of FD, that 


AL is of CF: Therefore AE is“ the ſame mul - | 1. 5. 


tiple of CF, that EG is of CD: But Ak, by | OC 

the hypotheſis, is the ſame multiple of CF, that | 

AB is of CD: Therefore EG is the fame mul- E 1 

tipie of CD that AB is of CD; wherefere EG F 

is equal to ABD: Take from them the common 

magnitude AE; the remainder AG is equal to | 

the remainder EB. Wherefore, ſince AE is B D 

the ſame multiple of CF, th.+ AG is of FD, 

and that AG 1s equal to EB ; thercfore AE is the ſame multiple 

of CF, that EB is of PD: But AE is the ſame multiple of CF, 
H 4 that 


es whatever of the firſt and third have the ſame ratio to the Book v. 
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Book V. that AB is of CD; therefore EB is the ſame multiple of FJ, 


See N. FF two magnitudes be equimultiples of two others 


that AB is of CD. Therefore, if one magnitude, &c. Q.E.D, 


PROP. vI. THEOR. F the 


and if equimultiples of theſe be taken from the 
firſt two, the remainders are either equal to theſe 0. 
thers, or cquimultiples of them, 


Let the two magnitudes AB, CD be equimultiples of the tw ter th; 
E, F. and AG, CH taken from the firſt two be equimultipls ter th 
of the fame E, F; the remainders GB, HD are either equal oh the { 


E, F, or equiwultiples of them. e ſect 

Firſt, Let GB be equal to E; HD is e- the « 
qual to F: Make CK equal to F; and be- A K fourth 
cauſe AG is the ſame multiple of E, that | ls ths 
CH is of F, and that GB is equal to E, C. s tha 


and CK to F; therefore AB is the ſame 
multiple of E, that KH is of F. But AB, 
by the hypotheſis, 1s the ſame multiple of G 
E that CD is of F; therefore * H is the 

fame multiple of F, that CD is of F; 


; 


H. 


| fou 


2 1. Ax. wherefore KH is equal to CD *: Take a F port, 
5. way the common magnitude CH, then the B D E 

remainder KC is equal to the remainder the m 

HD: But KC is equal to F; HD therefore is equal to F. to A, 

But let GB be a multiple of E; then ke of 

HD is the ſame multiple of F: Make Ki; ever ] 

CK the ſame multiple of F, that GB is A ultip 

of E: And becauſe AG is the ſame mul- great 
tipleof E, that CH is of F, and GB the ſane C“. ca 
multiple of E, that CK is of F; therefore AB | and 

is the ſame multiple of E, that KH is fg dum 

d2. 5. Fb: But AB is the fame multiple of E, G. H. and f 
that CD is of F; therefore KH is the 4 and 

{. me multile of F, that CD is of it; than 
wherefore KH is equal to CD *: Take | | | feior 

away CH from both; therefore the re- | | in 1 
mainder KC is equal to the remainder B D K L Fm. 


H: And becauſe GB is the ſame mul- 


tiple of E, that KC is of F, and that KC is equal to HD; 
therefore HD is the ſame multiple of F, that GB is of E: b 


thereſore, two magnitudes, &c. O. E. D. 
I 2 0 885 C Q. p R 0 . 
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PROP. A. THEOR, 


p the firſt of four magnitudes has to the ſecond, the gee N. 
ume ratio which the third has to the fourth; 
n, if the firſt be greater than the ſecond, the third 
Iſo greater than the fourth; and, if equal, equal ; 


eſs, leſs. 


4a 


— 
4 


ike any equimultiples of each of them, as the doubles of 
; then, by def. 5th of this book, if the double of the firlt be 
ter than the double of the ſecond, the double of the third is 
ter than the double of the fourth; but, if the firſt be greater 
| the ſecond, the double of the firſt is greater than the double 
e ſecond z wherefore alſo the double of the third is greater 
the double of the fourth; therefore the third is greater than 
fourth x; In like manner, if the firſt be equal to the ſecond, 
than it, the third can be proved to be equal to the tourth, 
6 than it. Therefore, if the firſt, &c. Q. E. D. 


two 
ples 
1 to 


PR OP. B. T HE OR. 


four magnitudes are proportionals, they are pro- gee N. 
portiouals allo when taken inveriely. 


| 


'S 


the magnitude A be to B, as C is to D, then alſo inverſely 
o A, as D to C. | | 

ke of B and D any equimultiples - 

erer E and F; and of A and C any e- | 
luitples whatever G and H. Firſt, Let 

greater than G, then G is leſs than E; 
decauſe A is to B, as C is to D, and | 
and C the firſt and third, G and H \ 
quimultiples; and of B and D, the le- | 
ad fourth, E and F are equimulti- 


| 
and that G is lefs than E, H is alto 'G A 
| | 


than F; that is, F is greater than H; 

ore L be greater than G, F is great- *: 
n H: In like manner, if E be equal | 
x may be ſhewn to be equal to H 
i lels, leſs 3 and E, F are any cqui- 
les whatever of B and D, and G, HH | | 
ſatever of A and C therefore as 3 | 


18 


: 
” 
4 
4 
: 
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PR OP. C. THE OR. 


Ir the firſt be the ſame multiple of the ſecond, o 
{ame part of it, that the third is of the tou 
the firii is to the ſecond, as the third is to the fon 


Let the firſt A be the ſame multiple of B the ſecond, 


C the third is of the fourth D: A is to B, as 
C is to D. 5 

Take of A and C any equimultiples what - 
ever E and F; and of B and D any equi- 
multiples whatever G and H: Then, Conſe 
A is the ſame multiple of B that CisofD; 
and that E is the ſame multiple of A, that 
Fis of C; E is the ſame multiple of B, that 
F is of D; therefore E and F are the ſame 
multiples of B and D : But G and H are equi- 
multiples of B and D; therefore, if E be a 
greater multiple of B, than G is, F is a great- 
er multiple of D, than H is of D; that is, 
if E be greater than G, F is greater than H: 
In like manner, if E be equal to G, or leſs; 
F is equal to H, or leſs than it. But E, F 
are equimultiples, any whatever, of A, C, 
and G, H any equimultiples whatever of B, 
D. Therefore A is to B, as C is to Db. 


Next, Let the firſt A be the ſame part 
of the ſecond B, that the third C is of 
the fourth DD: A is to B, as C is to D: 
For B is the ſame multiple of A, that D 
is of C; whereſore, by the preceecing 
caſe, B is to A, as D is to C; and in- 
veriely "Ais to B, as C is to D. There- 
fore, if the firſt be the ſame multiple, &c. A 
Q. E. D. 


to C. If then four magnitudes, &, 
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PROP. D. THE OR. 


F the firſt be to the ſecond as the third to the gee N. 
fourth, and if the firſt be a multiple, or part of 

e ſecond ; the third is the ſame multiple, or the 

ne part of the fourth, | 


et A be to B, as C is to D; and firſt let A be a multiple 
3; C is the ſame multiple of D. | 
Take E equal to A, and whatever mul- 


e Aor E is of B, make F the ſame mul- | 
e of D: Then, becauſe A is to B, as C is | 


D; and of B the ſecond and D the fourth _ | 

imultiples have been taken E and F; | C 

\ ( is to = as Ar. Naa Fr _ | : or. 4+ 
E, therefore is equal to : An | . 

7 rc ſame multiple of D, that A is of B. A B C D A. 5 
terefore C is the ſame multiple of D, E F 
A is of B. | 
ext, Let the firſt A be a part of the ſe- | See the 
1B; C the third is the ſame part of the 1 
th D. 5 4 preceeding 
ecauſe A is to B, as C is to D; then, | page 
rely Bis © to A, as D to C: But A is a n 

| of B, therefore B is a multiple of A; 


by the preceeding caſe, D is the ſame | 
tiple of C; that is, C is the ſame part of D, that A is of B: 
refore, if the firſt, &c. Q. E. D. 


PROP. VII. THE OR. 


QUAL magnitudes have the ſame ratio to the 
lame magnitude; and the ſame has the ſame ra- 
to equal magnitudes, 


C 


t A and B be equal magnitudes, and C any other. A and 
we each of them the ſame ratio to C, and C has the ſame 
o each of the magnitudes A and B. 

ike of A and B any equimultiples whatever D and E, * 
0 
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Beck v. of C any multiple whatever F: Then, becauſe D is thef 


* I. Ax. equal to B; D is * equal to E: Therefore, if 
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5. Def. 


See N. 
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multiple of A, that E is of B, and that A is | 


D be greater than F, E is greater than F; and 
if equal, equal; if leſs, leſs: And D, E are 
any equimultiples of A, B, and F is any mul- 
51 of C. Therefore d as A is to C, ſo is B 
to C. 

Likewiſe C has the ſame ratio to A that it | 
has to B: For, having made the ſame con- D 
ſtruction, D may in like manner be ſhewn e- E 
qual to E: Therefore, if F be greater than U, 
it is likewiſe greater than E; and if equal, 
equal; if leſs, leſs: And F is any multiple 
whatever of C, and D, E are any equimul- 
tiples whatever of A, B. Therefore C is to 
A, as C is to Bb. Therefore equal magni- | 


tudes, &c. Q. L. D. | 


PROP. VIII. THEOR. 
F unequal magnitudes, the greater has a gr. 


. | EG 

ratio to the ſame than the leſs has: Aud pie 
ſame magnitude has a greater ratio to the lels L is 
it has to the greater. ; ther 


Let AB, BC be unequal magnitudes, of which AÞ 
greater, and let D be any magnitude Fig. 1. 
whatever: AP has a greater ratio to D 
than BC to D: And D has a greater ra- E 
tio to BC than unto AB, 

If the magnitude which 1s not the 
greater vi the two AC, CB, be not leſs F- 
than D, take EF, VG the doubles cf 
AC, CB, as in Fig. 1. But, if that which | 
15 not the greater of the two AC, CB | 
be leſs than D (as in Fig. 2. and 3.) this 
magnitude can be multiplied to as ro ve- G 
come greater than D, whether it be [, 
AC or CB. Let it be multiplied until it 
become yreater than D, and let the o- 
ther be multiplied as often; and let EF 
be the multiple thus taken of AC, and 
FG the {:me multiple oi CB: Therefore — 
EF and FG are each of them greater than 


OF EUCLID. 125 


And in every one of the caſes take H the double of D, K Book v. 
riple, and fo on, till the multiple of D be that which firſt 

omes greater than FG : Let L be that multiple of D which is 

greater than FG, and K the multiple of D which is next leſs 

L 


he { 


Then, becauſe L is the multiple of D which is the firſt that 
omes greater than FG, the next preceeding multiple K is 
greater than FG; that is, FG is not leſs than K: And fince 
is the ſame multiple of AC, that FG is of CB; FG is the 
e multiple of CB, that EG is of AB * ; wherefore EG and. 
are equimultiples of AB and CB: and it was ſhewn, that 
was not leſs _ K, Fig, 2. Fig. 3. 

, by the conſtruc- R 

x is greater than E E | 
therefore the whole F 
is greater than K and 
together: But K to- 1 
her with D is equal to 
therefore EG is 
ater than L; but FG 
not greater than L; 
| EG, FG are equi- 
Itiples of AB, BC, 
Lis a multiple of 
therefore d AB has 
Da greater ratio than 
＋ D. D 
Alſo D has to BC a | 
ater ratio than it has | . 

AB: For, having | 

de the ſame con- | | | 
chon, it may be 
wn, in like manner, 
tL is greater than 
but that it is not greater than EG: And L is a multiple of 
and FG, EG are equimultiples of CB, AB; therefore D 
to CB a greater ratio b than it has to AB. Wherefore, 
unequal magnitudes, &c. Q. E. D. 
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PROP. IX, THEOR. 


SeeN. AGNITUDEs Which have the ſame ratio to WYA 
42 ſame magnitude are equal to one anoth an 
and thoſe to which the ſame magnitude has (Wp**" * 
ſame ratio are equal to one another. lame 
| nitu 
Let A, B have each of them the ſame ratio to C; A i 
qual to B: For, if they are not equal, one of them is gt A 
than the other; let A be the greater; then, by what was (hc! tha 
in the preceeding Propoſition, there are ſome equi mul tip to 
A and B, and ſome multiple of C ſuch, that the multiple d mult 
is greater than the multiple of C, but the multiple of B is: ultip 
greater than that of C. Let ſuch multiples be taken, and! hem | 
V, I, be the equimultiples of A, B, and F the multiple of ples c 
ſo that D may be greater than F, and E not greater tha that 
But, becauſe A is to C, as B is to C, and rcater 
of A, B are taken equimultiples D, E, | E. 
and of C 1s taken a multiple F; and that ples « 
* c. Def D is greater than F; E ſhall alſo be greater D L; th 
; * than F *; but E is not greater than F, A ext, J 
8. which is impoſſible; A therefore and B | It has 
are not unequal; that is, they are equal. | 7 +1 lol 
Next, Let C have the ſame ratio to each ultip] 
of the magnitudes A and Bz A is equal C| Fis gr 
to B: For, it they are not, one of them is D 1 
greater than the other; let A be the B e E 
greater; therefore, as was ſhewn in Prop. E o the 
8th, there is ſome multiple F of C, and | tude 
ſome equimultiples E and D of B and A 
ſuch, that F is greater than E, and not greater than D; but! 
cauſe C isto B, as C is to A, and that F the multiple of the i 
is greater than E the multiple of the ſecond ; F the multiple ot 41 
third is greater than D the multiple of the fourth * : Put Fis de 
greater than D, which is impoſſible. Therefore A is equal v | 
Wheretoze magnitudes which, &c. Q. K. P. t Ab 
is tc 
ake of 
„D, 1 
1. 
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| | | | Book v. 
P R O P. X. T HE UR. W 


HAT magnitude which has a greater ratio than See N. 
another has unto the ſame magnitude is the 

ter of the two: And that magnitude to which 

ame has a greater ratio than it has unto another 
mnitude is the lefler of the two, 


get A have to C a greater ratio than B has to C; A is 

beer than B: For, becauſe A has a greater ratio to C, than 

ide to C. there are * ſome equimultiples of A and B, and“ 7. Det 
- of multiple of C ſuch, that the multiple of A is greater than 5 · 
Multiple of C, but the multiple of B is not greater than it: 

ana bem be taken, and let D, E be equi- 
ea ves of A, B, and F a multiple of C 5 
ba that D is greater than F, but E is 

greater than F: Therefore D is greater D 
| E: And, becauſe D and E are equi- A 

ples of A and B, and D 1s greater 


L; therefore A is d greater than B. 

ext, Let C have a greater ratio to B C | 
it has to A; B is leſs than A: For * 

| W's ſome multiple F of C, and ſome e- B 


F d 4. Ax. 


TWultiples E and D of B and A ſuch, E 
Fis greater than E, but is not greater | 
D: E therefore is leſs than D; and | 
le E and D are equimultiples of B 

therefore B is Þ leſs than A. That 

pitude, therefore, &c. Q. E. D. 


PROP. XI. THE OR. 


ATIOS that are the ſame to the ſame ratio, are 
the ſame to one another. | 


A be to B, as C is to D; and as C to D, ſo let E be to 
is to B, as E to F. 

ke of A, C, E, any equimultiples whatever G, H, K; and 
D, F any cquimultiples whatever i, M, N. Therefore, 
A is to B, as C to D, and G, H are taken equimultiples of 
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A, C, and L, M of B, D; if G be greater than L, H is gn 
than M; and if equal, equal; and if leſs, leſs . Again 
cauſe C is to D, as E is to F, and H, K are taken equimulz 
of C, E; and M, N of D, F; if H be greater than M.! 


greater than N; and if equal, equal; and if leſs, leſs: But,i 1G 
„C, 
des « 
le on 
{ the 
quim 
C, 
umbe 
be greater than L, it has been ſhewn, that H is greater thar 
and if equal, equal; and if leſs, leſs ; therefore, if G be gr F tl 
thin L, K is greater than N; and if equal, equal; and if h 
leſs: And G, K, are any equimultiples whatever of A, E; t 
L, N any whatever of B, F: Therefore, as A is to B, ſo is Our! 
F:. Wherefore ratios that, &c. Q. E. D. he fi 


PROP. XII. THEOR. 


1 

1 
„ 
1 

1 


I any number of magnitudes be proportional 
one of the antecedents is to its conſequent 
| ſhall all the antecedents taken together be to al 
coniequents, 


Let any number ef magnitudes A, B, C, D, E, E, be p 
tionals; that is, as A is to B, ſo C to D, and E to F: 45: 
to B, 1oſhail A, C, E together be to B, D, F together. 

Take of A, C, E any equimultiples whatever G, I, A — 


G— - = - K- B - 


fs ho * 0 M N 
—ä— "OP 


and of B, D, F any equimultiples whatever L, M, Mi 
becauſe A is to B, as C is to D, and as E to F; and that 1 
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are equimultiples of A, C, E, and L, M, N equimultiples of Book v. 
„D, F; if G be greater than L, H is greater than M, and K — 
eater than N; and if equal, equal; and if leſs, leſs * Where- 5. def. 5. 
re, if G be greater than L, then G, H, K together are greater 
an L, M, N together; and if equal, equal; and if leſs, leſs. 

nd G, and G, H, K together are any equimultiples of A, and | 
„C, E together; becauſe, if there be any number of magni- | 
des equimultiples of as many, each of each, whatever multi- 


8 
'y 
| 
v1 
1 


—— — 
1 — - 


le one of them is of its part, the ſame multiple is the whole 
{ the whole d: For the ſame reaſon L, and L, M, N are any b x, 5. 
quimultiples of B, and B, D, F: As chereſore A is to B, fo are 
\, C, E together to B, D, F together. Wherefore, if any 
zumber, &c. Q. E. D. 


PROP. XIII. THE OR. 


than 
N F the firſt has to the ſecond the ſame ratio which 
. the third has to the fourth, but the third to the 


ourth a greater ratio than the fifth has to the ſixth; 
he firſt ſhall alſo have to the ſecond a greater ratio 
han the fifth has to the ſixth, 


Let A the firſt have the ſame ratio to B the ſecond which C 
he third has to D the fourth, but C the third to D, the fourth, 
greater ratio than E the ſifth to F the fixth : Alfo the firſt A 
- 8 to the ſecond B a greater ratio than the fitth E to the 
xth F. 

Becauſe C has a greater ratio to D, than E to F, there are 
ome equimultiples of C ant E, and ſome of D and F ſuch, 
at the multiple of C is greater than the multiple of D, but 


e pro 
As! M— — 6 —13ů——— 
,H A—— C——— — 

3 —— TY — —— 


de multiple of E is not gre ter than the multiple of F *: Let 
ſach be taken, and of C, E let G. H be equimultiples, and K, L 
quimultip!es of D, F, ſo that G be greater than K, but H not 
[ater tha: Ls and whatever mut ble G is of C take M the 


* ame mult! ple of A; and what multiple K is of D, take N the 
hat 1 "ane multiple of B: Then, becauſe A is to B, as C to D, and 
1 of 
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Bouky. of A and C, M and G are equimultiples: And of B and] 
. and K are equimultiples; if M be greater than N, G is gie 
55 dek. 5 than K; and if equal, equal; and if leſs, leſs d; but ( 


. greater than K, therefore M is greater than N: But H. 
greater than L; and M, H are equimultiples of A, Ez; 
ix ; N, L equimultiples of B, F: Therefore A has a greater 1 
+ 7. def. 5. to B, than E has to F.. Wherefore, if the firſt, &c. O. El 
4 Cox. And if the firſt has a greater ratio to the ſecond, i A 
5 the third has to the fourth, but the third the ſame ratio tot ' 
| fourth, which the fifth has to the ſixth it may be demonſtry 


i! in like manner that the firſt has a iter ratio to the en q 
| chan the fifth has to the ſixth. | 1 
1 
1 Becau 
| PROP. XIV. THEOR. 881 
it there 
i Sce N. IF the firſt has to the ſecond the ſame ratio, wi dded 
8 the third has to the fourth; then, if the firſt. AC 
greater than the third, the ſecond ſhall be greg © 
| than the fourth; and if equal, equal; and if leis, 3 
i Let the firſt A have to the fecond B the fame ratio, which — 
| third C has to the fourth D; if A be greater than C,! 4 wy 
greater than D, 13 
Becauſe A is greater than C, and B is any other magnitol ; a 
8. 5. A bas to B̃ a greater ratio than C to B*: But as A is b nt; 
| | the 
$-- 1 3 | AB 
| 3 e 280 
| N L. I 


. 
EST Er 


ABCD ABCD ABCD 


is C to D; therefore alſo C has to D a greater ratio than C fo 
b 13. 5. tO BD: But of two magnitudes, that to which the ſame hast als, 
© 10. 5+ greater ratio is the lefter ©: Wherefore D is leſs thanÞ; hon, 
is, B is greater than D. | 
Secondly, It A be equal to C, B is equal to D: For As L 
dg. 5. B, as C, that is A, to D; B therefore is equal to D 4. . t 
Thirdly, If A be leſs than C, B ſhall be leſs than D: eb 
C is greater than A, and becauſe C is to D, as A is to B. la 
greater than B by the ſirſt caſe; wherefore B 1s lets than Can | 


"Ih X . irſt &c. Z. D. 
Therefore, if che firſt, &c. Q. PRO 
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1s1 PROP. XV. T-H-E ON, 


1 AcxiTuUDts have the ſame ratio to one another 
to which their cquimultiples have, 


ſer = AB be the ſame multiple of C, that DF is of F: C is to 
as AB to DE. 
Becauſe AB is the ſame multiple of C that DE is of F; there 
as many magnitudes in AB equal to C, 
there are in DE equal to F: Let AB be A. 
which ed into magnitudes, each equal to C, D 
ir 8. AG, GH, HB; and DE into magni- | 
reaps, each equal to F, viz. DK, KL, LE: CG 
„en tbe number of the firſt AG, GH, HB 4 | 
ll be equal to the number of the laſt DK, K 


LE: And becauſe AG, GH, HB are xx} | 
_ equal, and that DK, KL, LE are alſo H Lt 
ual to one another ; therefore AG is to | 
K, as GH to KL, and as HB to LE *: | *. 


gun as one of the antecedents to its conſe— B C E F 
ent; ſo are all the antecedents together to 


the conſequents together b; wherefore, as AG is to DK, ſo d 12. 5. 


AB to DE + But AG is equal to C, and DK to F: There- 
e oY is to P, ſo is AB to DE. Therefore magnitudes, &c. 
D. | 


ENO. VI. THE-O-R; 


four magnitudes of the ſame kind be proportion- 


als, they ſhall alio be proportionals when taken 
ternately. 


r A I P ; 

| Let the four magnitudes A, B, C, D be proportionals, viz. 
D: oB, Cw D: They ſhail alio be propcruonals when ta- 
B, DIP" ecrnately; that is, A is (0 C, as B ro D 


e of A and B any equimuitiples whatever E and F; and 


12 becauſe 


bas T7 _ an 8 - 
* ak... Do. ao AE Ce ans Lennon do — ———_— 
2 = - 


OE — — 


Cand D take any equimultiples whatever G and H: And 


S= 
= 1 s. Av « - 
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Book V. 


| 


® 15+ 5. 


b 11. 5. 


14. 5 


45. def. 5. 


See N. 


” fo £s 


that LM is of CF; wherefere GK is the ſame multiple df | 


THE ELEMENTS 
becauſe E is the ſame multiple of A, that F is of B, ate 1. 


magnitudes have the ſame ratio to one another which ther WF th 
quimultiples have“; therefore A is to B, as E is to F: , t! 
A is to B, ſe is C to ltip 
D: Wherefore, as C K — 18 [tip 
is to D, fo d is E to tip 
F: Again, becauſe A. C EB, 
G, ¶ are equimulti- hg _____ D—— o thi 
ples of C, D, as C B FD 
0D), 0 i © 0 Laan — of El 
Arr Bahn Souls H 3 is 


D, ſo is E to F. Wherefore, as E is to F, ſo is G to H ©, WB an 
when four magnitudes are proportionals, if the firſt be les,; 
than the third, the ſecond ſhall be greater than the fourth; Wuimi 
if equal, equal; if leſs, leſs <. Wherefore, if E be greater | 
G, F likewiſe is greater than H; and if equal, equal; if le 

and E, F are any equimultiples whatever of A, B; and 6 

any whatever of C, D. Therefore A is to C, as B to D\, 
then four magnitudes, &c. Q. E. D. heref 


PROP. XVII, THE OR. ＋ 


F magnitudes taken jointly be proportionals, C 
{hall alſo be proportionals when taken ſeparata 
that is, if two magnitudes together have to one" Q 
them, the ſame ratio which two others have tot 
of theſe, the remaining one of the firſt two ſhall h 
to the other, the ſame ratio which the remaining 

of the laſt two has to the other of theſe. 


Let AB, BE, CD, DF be the magnitudes taken jointly wi 
are proportionals ; that is, as AB to BE, ſo is CD to DF; 
ſhall allo be proportionals taken ſeparately, viz- as AE to! 
ſo CF to FD. 

Take of AE, EB, CF, FD any cquimultiples whatever 
HK, LM, MN; and again, of EB, FD, take any equimul 
whatever KR, NP: And becauſe GH is the jame multift 
AE that HK is of EB, theretore GH is the ſame multipt 
AE, that GK is of AB: But GH is the ſame multiple 0 


tLM is of CF. Again, becauſe LM is the ſame multiple of 
that MN is of FD; therefore LM is the ſame multiple * of 
„that LN is of CD: But LM was ſhewn to be the ſame 
Itiple of CF, that GK is of AB; GK therefore is the ſame 
Itiple of AB, that LN is of CD; that is, GK, LN are equi- 
tiples of AB, CD. Next, becauſe HK is the ſame multiple 
EB, that MN is of FD ; and that KX 1s 

o the ſame multiple of EB, that NP is X 
FD; therefore HX is the ſame multiple 
H EB, that MP is of FD. And becauſe | 
Bisto BE, as CD is to DF, and that of 

3 and CD, GK and LN are equimul- 
les, and of EB and FD, HX and MP are K 4 
uimultiples ; if GK be greater than HX, 
en LN is greater than MP; and if equal, 
wal; and if leſs, leſs ©: But if GH be FF + 
eater than KX, by adding the common B 
rt HK to both, G is greater than HX;z ; 
herefore alſo LN is greater than MP; E. F 
ad by taking away MN from both, LM 
greater than NP: Therefore, if _ 3 
eater than KX, LM is greater than . R 

| like manner it may be demonſtrated, G AC L. 
at if GH be equal to KX, LM likewiſe is equal to NP; and 
leſs, leſs: And GH, LM are any equimultiples whatever of 
E, CF, and KX, NP are any whatever of EB, FD. There- 
re, as AE is to EB, fo is CF to FD. If then magnitudes, 
c. Q. E. D. 


One 

fol 

all 

inge PROP. XVII. THE OR. 
magnitudes taken ſeparately be proportionals, they 

dy via all alſo be proportionals when taken jointly, that 

1 = if the firſt be ro the ſecond, as the third to the 


urth, the firſt and ſecond together ſhall be to the 
cond, as the third and fourth together to the fourth. 


altipk Let AE, EB, CF, FD be proportionals ; that is, as AE to 
ripe WW © is CF to FD; they ſhall alſo be proportionals when taken 
, of ntly ; that is, as AB to BE, ſo CD to DF. 

ect Lake of AB, BE, CD, DF any equimultiples whatever GH, 


VLM. MN; and again, of BE, DF, take any whatever e- 


13 


Pumultiples KO, NP: And becauſe KO, NP are equimultiples 
of 
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of BE, DF; and that KH, NM are equimultiples likewit 
BE, DF, if KO the multiple of BE be greater than KH wh 
is a multiple of the ſame BE, NP likewiſe the multiple «| 
ſhall be greater than NM the multiple 0 


GK 
, 2s | 
xrefor 
ter ti 


of the ſame DF; and if KO be equal H | | if le 
to KH, NP ſhall be equal to NM; 01 zut le 
and if leſs, leſs. | | is to 
| MAWmulti 
Firſt, Let KO not be greater than | "IF; if 
KH, therefore NP is not greater than kL eate. 
NM: And becauſe GH, HK are equi- | al; 2 
multiples ot AB, BE, and that AB is M.! 
greater thin BE, therefore GH is heref, 
greater * than HK; but KO is not B ing K 
greater than KH, wherefore GH 1s D H( 
greater than KO. In like manner it EL ater t. 
may be ſhewn, that LM is greater than F ing d 
NF. Therefore, if KO be not great n NF 
er than KH, then GH the multiple of | A | C Ie. 
AB is always greater than KO the b. In] 
multiple of BE; and likewiſe LM the multiple of CD great if C 
than NP the multiple of DF. | al to 
Next, Let KO be greater than KH; therefore, as has ballithe ca 
ſhewn, NP is greater than NM: And becauſe the whole GHH ban 
the ſame multipie of the whole AB, that HK is of BE, the is a 
mainder GK is the fame multiple of t GH 
the remainder AE that GH is of AB®, 0 are 
which 1s the ſame that LM is of CD. s CD 
In hke manner, becauſe LM is the H+ 
ſ:me multiple ot CD, that MN is of | | 
Di, the remainuer LN is the ſame M. 
multiple of the remainder CF, that | 
the whole LM is of the whole CD: K + 
But it was ſhewn that LM 1s the ſame B D NA = » 
multiple of CD that GK is of AE; | tak 
therefore GK is the ſame multiple of E in F e Ot] 
AE that LN is of CF; that is, hs | the 
LN are equi:..ultiples of AE, CF: 
And Wa KO, NP are equimul- G. A C If 3 
tiples of BE, DF, if from KO, NP Ke 
there be taken KH, NM, which are likewiſe equimulty in 1 
o BE, DF, the remainders HO, MP are either equal to V0 * 
DF, o. equimultiples of them . Firſt, Let HO, MP bee - 


qual to BE, DF; and becauſe AE is to EB, as CF to FD, , 


OF EUCTID. 


exit 
T why 


as LN to FD 4: But HO is equal to EB, and MP to FD; 
e of! 


xrefore GK is to HO, as LN to MP. If therefore GK be 
ter than HO, LN is greater than MP; and if equal, equal; 
| if leſs * leſs. 
But let HO, MP be equimultiples of EB, FD; and becauſe 
is to EB, as CF to FD, and that of AE, CF are taken e- 
multiples GK, LN; and of EB, FD, the equimultiples HO, 
; if GK be greater than HO, LN O 
greater than MP; and if equal, e- | 
al; and if leſs, leſs f; which was | 
wiſe ſhewn in the preceeding caſe. 
herefore GH be greater than KO, FF P 
ing KH from both, GK 1s greater 

HO; wherefore alſo LN is ; 
ater than MP; and conſequently, 
ling NM to both, LM is greater K 
n NP: Therefore, if GH be 
ater than KO, LM is greater than 
. In like manner it may be ſhewn, E 
tif GH be equal to KO, LM is 
al to NP; and if leſs, leſs. And G , 
1as debe caſe in which KO is not great- 
than KH, it has been ſhewn that | A C I. 
is always greater than KO, and likewiſe LM than NP: 
t EH, LM are any equimultiples of AB, CD, and KO, 
are any whatever of BE, DF; therefore f as AB is to BE, 
CD to DF. If then magnitudes, &c. Q. E. D. 


ö 


* 


* 
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a whole magnitude be to a whole, as a magnitude 
taken from the firſt is to a magnitude taken from 
e other; the remainder ſhall be to the remainder 
the whole to the whole. | 


Let the whole AB be to the whole CD, as AE a magnitude 

en from AB to CF a magnitude taken from CD; the re- 

under EB ſhall be to the remainder FD, as the whole AB, to 

whole CD. 

becauſe AB is to CD, as ak to CF; likewiſe, alternately *, 
4 BA 
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* Ax. 5. 
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See N. 
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Book V BA is to AE, as DC to CF: And becauſe, if mag - 
nitudes taken jointly be proportionals, they are A 

Þ 17. 5. alſo proportionals d when taken ſeparately ; there= {| 
fore as BE is to EA, ſo is DF to FC; and alter- ( 
nately, as BE is to DF, ſo is EA to FC: But as E“ 
AE to CF, ſo, by the hypotheſis, is AB to CD; 
therefore alſo BE the remainder ſhall be to the re- F 
mainder DF, as the whole AB to the whole CD: 
Wherefore, if the whole, &c. Q. E. D. 

Cox. If the whole be to the whole, as a mag- 

vitude taken from the firſt is to a magnitude taken 15 
from the other; the remainder likewiſe is to the 9 
remainder, as the magnitude taken from the firſt to that ti 
ſrom the other: The demonſtration is contained in the prec 
ing. 


PR OP. E. THEOR. 


F four magnitudes be proportionals, they are al 

proportionals by converſion, that is, the firſt is! 
its exceſs above the ſecond, as the third to its exc: 
above the fourth. 


A 


Let AB be to BE, as CD to DF; then BA is to 


AE, as DC to CF. | E. 
Becauſe AB is to BE, as CD to DF, by divi- =} 
*17. F. ſion ', AE is to EB, as CF to FD; and by in- 
bB F. verſion ®, BE is to EA, as DF to FC. Wherefore, 
© 18. 5. 57 compoſition ©: BA is to AE, as DC is to CF: 
lt, therefore, four, &c. Q. E. D. 


PROP. XX. THE ORA. 


See N. If there be three magnitudes, and other thr 

which taken two and two have the ſame raw 

ll if the urſt be greater than the third, the fourth Þ 
| - be greater than the fixth ; and if equal, equal; & 
it lels, leis. | 
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Let A, B, C be three magnitudes, and D, E, F other Book V. 
ee; which taken two and two have the ſame ratio, viz. as 
is to B, fois D to E; and as B to C, fois 

(o Ff. If A be greater than C, D ſhall be | 


ter than F; and if equal, equal; and if lels, | 


— 


Becauſe A is greater than C, and B is any 

er magnitude, and that the greater has to 1 
ſame magnitude a greater ratio than the leſs | 

to it * ; therefore A has to B a greater ra- 
1 than C has to B: But as D is to E, ſo is A A 5 

B; therefore d D has to E a greater ratio 13. 5 

n C to B: And becauſe Bis to C, as E to F, D 

inverſion, C is to B, as F is to E; and D | | | 


s ſhewn to have to E a greater ratio than C 

B; therefore D has to E a greater ratio than F 

Ee: But the magnitude which has a greater © Cor. 13. 

tio than another to the ſame magnitude, is the greater of the 5. 

o : Dis therefore greater than F. | d 10.5. 
re a Secondly, Let A be equal to C; D ſhall be equal to F: Be- 
| is (uſe A and C are equal to one an- 

her, A is to B, as C is to Be; 


| 
tAistoB, as DtoE; and Cis 
B, as F to E; wherefore D is to 
a8 F to Ef; and therefore D is k 
DE 


ual to F 8. 
( Next, Let A be leſs than C; D 
all be leſs than F: For C is great- 
than A, and, as was ſhewn in 
F. e firſt caſe, C is to B, as F to E, 
(in like manner B is to A, as E 
D; therefore F is greater than 
by the firſt caſe; and therefore 
is leſs than F. Therefore, if there be three, &c. Q. E. D. 


PROP. XXI. THEO R. 


F there be three magnitudes, and other three, 
which have the ſame ratio taken two and two, 
ut in a croſs order; if the fir't magnitude be greats 
than the third, the fourth ha de greater than 
e Uxth; and it equal, equal; and it leſs, leſs, 4 
et 
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Let A, B, C be three magnitudes, and D, E, F, oh 


three, which have the ſame ratio taken two and two, but i 
croſs order, viz. as A is to B, ſo is E to F, 
and as B is to C, ſo is D to E. If A be greater 
than C, D ſhall be greater than F; and if equal, 
equal; and if leſs, leſs 

Becauſe A is greater than C, and B is any o- 
ther magnitude, A has to B a greater ratio * 
than C has to B: But as E to F, ſo is A to B; 
therefore b E has to F a greater ratio than C to 
B: And becauſe B is to C, as D to E, by inver- A 
ſion, C is to B, as E to D: And E was ſhewn to D 
have to F a greater ratio than C to B; there- 


| 


fore E has to Fa greater ratio than E to De; 
but the magnitude to which the ſame has a 
greater ratio than it has to another, is the leſſer 
of the two 4; F therefore is leſs than D; that is, | 
D is greater than F. 
Second ly, Let A be equal to C; D ſhall be equal to F.! 
cauſe A and C are equal, A is to B, as C is to B: But Ai! 
B, as E to F; and C is to B, as E 
to D; wherefore k is to F as E | 
to Df; and therefore D is equal 
to F s. 
Next, Let A be leſs than C; 
D {ſhall be leſs than F: For C is 
8 than A, and, as was 


A B 
ewn, Cis to B, as E to D, D E 
| 
| 


F 


and in like manner B is to A, 
as F to E; therefore F is great- 
er than D, by caſe firſt; and 
therefore D is leſs than F. 
Therefore, if there be three, &c. 


Q. E. D. 


| 


| 


PROP. XXII. THEOR. 


1 there be any number of magnitudes, and as 


ny others, which taken two and two in ordet 


have the ſame ratio; the firſt ſhall have to the late 
the firſt magnitudes the ſame ratio which the firlt0 


the others has to the laſt. N. B. This 1s uſually ll 


by the words * ex aequali,” or, * ex aequo,” 5 
Il 


rſt 
othe 
io, t 
ſo is 
Take 
' of 
datcve 


late ve 
Next, 
Ic E, 
ne ra 
l as Þ 
Gto 
Decay 
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egoir 
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| ' (ite 


ut u 


| of Band E any equimultiples 
atever K and L; and of C and 
any whatever M and N: Then 
zuſe A is to B, as D to E, and 
t G, H are equi multiples of A, 


6 is to K, fois * H to L: For 
> fame reaſon K 1s to M, as L to 
And becauſe there are three 
zenitudes G, K, M, and other 
ee H, L, N, which two and 
o have the ſam-: ratio; if G be 
ater than M, H is greater than 
and if equal, equal; and if 
„ leſs b: And G, H are any e- 
multiples whatever of A, D, 
M, N are any equimultiples 


ww OO 


my C2 


23 0 
 ordel 
laſt o 
firſt 0 
ly (itt 


Fil 
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irſt, Let there be three magnitudes A, B, C, and as ma- Beek V. 
others D, E, F, which taken two and two have the ſame 

io, that is, ſuch that A is to B, as D to E; and as B is to 

ſo is K to F; A ſhall be to C, as D to F. 

Fake of A and D any equimultiples whatever G and H; 


and K, L equimultiples of B, E; ABC 


TH 


E F 
* 


| d 20. 5. 


latever of C, F: Therefore“ as A is to C, ſo is D to F. 
Next, Let there be four magnitudes A, B, C, D, and other 5. 
* E, F, G, H, which two and two have the i 

ne ratio, viz. as A is to B, ſo is E to F; 
8 B to C, ſo F to G; and as Cto D, 
6 to H: A ſhall be to D, as E to H. 3 5 
becauſe A, B, C are three magnitudes, and E, F, G other 
ee, which taken two and two have the ſame ratio; by the 
egoing caſe, A is to C, as Eco G: But C is to D, as G is to 
wherefore again, by the firſt caſe, A is to D, as E to H; 
| {ſv on, whatever be the number of magnitudes. 


here be any number, &c. Q. E. D. 


| 
© 6, Def. 


* 
y 


— 


E. F. G. H. 


= BG TY 


Therefore, 


PROP. 


See N. 


C 21.5. 


ſually cited by the words © ex aequali in proportion j 


* toNÞ: And becauſeas B is to C, 
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PROP. XXIII. THEO R. 


F there be any number of magnitudes, and as n 
ny others, which, taken two and two, in a 0 
order, have the ſame ratio; the firſt ſhall have tot 
laſt of the firſt magnitudes the ſame ratio which 
firſt of the others has to the laſt. N. B. Thu 


turbata ;” or © ex acquo perturbate.” 
8 F th 
Firſt, Let there be three magnitudes A, B, C, and d the 
three D, E, F, which taken two and two in a croſs order cond 


the ſame ratio, that is, ſuch that A is to B, as E to F; ands 
is to C, ſo is D to E: A is to C, as D to F. 

Take of A, B, D any equimultiples whatever G, H, K. 
of C, E, F any equimultiples whatever L, M, N. Aud 
cauſe G, H are equimultiples of 
A, B, and that magnitudes have | 
the ſame ratio which their equi- 
multiples have a; as A is to B, 
ſo is G to H: And for the ſame 
reaſon, as E is to F, fois M to 
N: But as A is to B, ſo is E to 
F; as therefore G is to N, fo is M 


| | | | | cond 

ABC DE 

G HL KN 
ſo is D to E, and that H, K are 


N 
equimultiples of B, D, and L, , 
M of C, E; as H is to L, fo is | | 
©K to M: And it has been ſhewn | 
that G is to H, as M to N: Then, | 
becauſe there are three magni- | 
tudes G, H, L, and other three | 
K, M, N which have the ſame | 
ratio taken two and two in a croſs | 
order; if G be greater than L, : F 
K is greater than N; and if equal, equal; and if leßs, 
and G, K are any equimultiples whatever of A, D and 
any whatever of C, F; as therefore A is to C, ſo is D to by 


| 
| 
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Next, Let there be four magnitudes, A, B, C, P, and o- 
r four E, F, G, H, which, taken two and — 

o in a croſs order, have the ſame ratio, viz. A. B. C. D 
to B, as G to H; B to C, as F to G; and C E. F. G. H. 
D, as E to F: A is to D, as E to H. 
Becauſe A, B, C are three magnitudes, and F, G, H other 
rec, which, taken two and two in a croſs order, have the ſame 
tio by the firſt caſe, A is to C, as F to H: But C is to D, as E 
L Cl to F ; wherefore again, by the firſt caſe, A is to D as E 
H: And ſo on, whatever be the number of magnitudes. 
herefore, if there be any number, &c. Q. E. D. 


PROP. XXIV. THEOR. 


the third has to the fourth ; and the fifth to the 

cond the ſame ratio which the fixth has to the 
urth ; the firſt and fifth together ſhall have to the 
cond, the ſame ratio which the third and fixth to- 
ether have to the fourth. 


Let AB the firſt have to C- the ſecond the ſame ratio, which 
E the third has to F the fourth; and let BG the fifth have 
C the ſecond the ſame ratio, which EH 

e ſixth has to F the fourth: AG, the G 
ft and fifth together, ſhall have to C the H 
cond the ſame ratio, which DH, the 


E ii and fixth together, has to F th 
M urth, A : q B+ 
BG is to C, as EHI to F; by in- Lb 

TY 


non, Cis to BG, as F to EH: And becauſe | 
Ah is to C, fois DE to F; and as C 
56, ſo F to EH; ex acquali a, AB is to t 
G, as DE to EH: And becauſe theſe | | | 
agnitudes are proportionals, they ſhall | Bir nc 
keviſe be proportionals when taken joint= A E: D F 
as therefore AG is to GB, fo is DH | 
HE; but as GB to C, ſo is HE to F. Therefore, ex aequa- 
8 1s to C, ſo is DH to F. Wherefore, if the firit, &c. 


„ 1B Cor. 1. If the fame hypotheſis be made as in the propoſi- 


0 T. 


Ni the 


14 


Book V. 
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F the firſt has to the ſecond the ſame ratio which g.. N. 


22. 5. 


d 18. 5. 


2 „ the exceſs of the firſt and fifth ſhall be to the ſecond, as 
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Book v. the excefs of the third and ſixth to the fourth: The demo f 
WV tion of this is the ſame with that of the Propoſiticn, if M7¹)) hi 
be ufed inftead of compohtion. | to B. 
Co. 2. The propofition holds true of two ranks of emp 
tudes, whatever be their number, of which each of the ame 
rank has to a ſecond magnitude the ſame ratio that the ſam 
1 of the fecond rank has to a fourth magnitude; of L 
18 maniteit. DECAL 
rs D 
0; e 
22 | Next, 
PROP. XXV. THE OR. refort 
FP 
JF four magnitudes of the ſame kind are proc. » 
tionals, the greateſt and leaſt of them together 
greater than the other two together, Ho 
| ar 
Let the four magnitudes AB, CD, E, F be proportion _ 
viz. AB to CD, as E to F; and let AB be the greateſt of the 
a A. & and conſequently F the leaſt *. AB together with F are ges 
14. 15. than CD together with E. 
Take AG equal to E, and CH equal to F: Then, becauſ 
AB is to CD, fois E to F, and that AG is equal to E, and( 
equal to F; AB is to CD, as AG to CH. F {| 
And becaufe AB the whole is to the whole B | eac| 
CD, as AG is to CH; likewiſe the re- G + D A 
mainder GB ſhall be to the remainder | * 
d 19. 5. HD, as the whole AB is to the whole d HL l 15 
CD : But AB js greitdr than CE, there 7 ich 
* A. 5. fore © GB is greater than HD: And be- | 
cauſe AG is equal to E, and CH toF; | A 
AG and F together are equal to CH and * to 
E together. If therefore to the unequal 1 i 
magnitudes GB, HD, of which GB is A C L ape 
the greater, there be added equal magnitudes, viz. to GÞt of thi 
two AG and F, and CH and E to HD; AB and F together 0M, 
greater than CD and E. Therefore, if four magnitudes, &c. \ _ 
E. D. a8 
then 
and 
RO P. r. THE OR. \ 
ea 
See N. ATION] which are compounded of the ſame 50 


tios, are the ſame with one another. 


OF EUCLID. 
A be to B, as D to E; and B to C, EF: The ra- 


which is compounded of the ratios cf 
to B, and B to C, which, by the definition AB 
5 ompound ratio, is the ratio of A to C, is D E 
he ame with the ratio of D to F, which, by r 
* ſame definition, is compounded of the 0 
mY of D to E, and E to F. 
ceauſe there are three magnitudes A, B, C, and three o- 
ts D, E, F which taken two and two in order, have the ſame 
jo; ex acquali, A is to C, as D to F“. 
ext, Let A be to B, 48 1 to F, and B to C, as D to E; 
refore, ex aequali in proportione perturbata 
is to C, as D to F; that is, the ratio of A A. B. C 
„which is compounded of the ratios of Ato D. E. F. 
and B to C,i is the fame with the ratio of D et 
, which is compounded of the ratios of D 
E,and E toF : And in like manner the propoſition may be 
nonſlrated, whatever be the number of ratios in either caſe. 


PROP. G. THEOR, 


«cauſe 
and C 


F ſeveral ratios be the ſame with ſeveral ratios, 
each to each ; the ratio which is compounded of 
10s which are the fame with the firit ratios, each to 
h, is the ſame with the ratio compounded of ratios 
uch are the ſame with the other ratios, each to each, 


et Abe to B, as E to F; and C to D, as G to H: And let 
Pan 0 Ko L and C to D, as L to M: Then the ra- 
of K to M, by the definition 


3 ratio, Ae ma . X. I. L. M. 
the ratios of K to L, and n NOT 


0 M, which are the ſame with, 

ratios of A to B, and C to D : —— 
ad as E to F, fo let N be to O; and as G to I, ſo let O be to 
then the ratio of N to P is compounded ü ratios of N to 
and O to P, which are the fame wi:h the ratios of E to F, 
Gto H: And it is to be thewn that the ratio ot K to M, 
be fame with the ratio of N to l', or that K is to M, as N to P. 
ue K is to L, as (A to B, nat is, as E to F, that is, as) 
o O; and as L to M, fo is (C to D, and ſo is G to H, 
Ke. 


L 
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22. 5. 


b 23. 5 


See N. 
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and fo is) O to P: Ex aequali*, K is to M, as N to P. Ty 
fore, if ſeveral ratios, &c. Q. E. D. 


PROP. H. THE OR. 


FF a ratio compounded of ſeveral ratios be the ſi 
with a ratio compounded of any other ratios, 

if one of the firſt ratios, or a ratio compoundel 
any of the firſt, be the ſame with one of the laſt 
tios, or with the ratio compounded of any oft 
laſt ; then the ratio compounded of the remain 
ratios of the firſt, or the remaining ratio of the! 
if but one remain, is the ſame with the ratio « 
pounded of thoſe remaining ot the laſt, or with 
remaining ratio of the laſt. 


Let the firſt ratios be thoſe of A to B, B to C, C v 

D to E, and E to F; and let the other ratios be thoſe ot 6 

H, H to K, K to L, and L to M: Alſo let the ratio of 4 

a Definition F, which is compounded of * the. 
of com, firſt ratios be the tame with the ratio A.B. C 
pounded of G to M, which is compounded of G. H. K. 
* the other ratios: And beſides, let the 1 


LI 
M. 


D. 


2 


ratio of A to D, which is compounded of the ratios of A U 
B to C, C to D, be the ſame with the ratio of G to K, whi 
compounded of the ratios of G to H, and H to K: Tha 
ratio compounded of the remaining firſt ratios, to wit, of tix 
tios of D to E, and E to F, which compounded ratio is the 
tio of D to F, is the ſame with the ratio of K to M, which id 
pounded of the remaining ratios of K to L, and L to Md 
other ratios. 

Becauſe, by the hypotheſis, A is to D, as G to K, by 
verſion b, D is to A, as K to G; and as A is to F, fo is G 
therefore ©, ex aequali, D is to F, as K to M. If therelor 
ratio which is, &c. Q. E. D. 
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| | Book y. 
PR OP. K. THEOR, © * 


F there be any number of ratios, and any number See N. 
of other ratios ſuch, that the ratio compounded 

ratios which are the ſame with the firſt ratios, 
ch to each, is the ſame with the ratio compounded 

ratios which are the ſame, each to each, with the 
| ratios ; and if one of the firſt ratios, or the ratio 
hich is compounded of ratios which are the ſame 
ith ſeveral of the firſt ratios, each to each, be the 
me with one of the laſt ratios, or with the ratio 
ympounded of ratios which are the ſame, each to 
ch, with ſeveral of the laſt ratios : Then the ratio 
mpounded of ratios which are the ſame with the 
maining ratios of the firſt, each to each, or the 
maining ratio of the firſt, if but one remain; is 
ie ſame with the ratio compounded of ratios which 
e the ſame with thoſe remaining of the laſt, each 
d each, or with the remaining ratio of the laſt. 


Let the ratios of A to B, C to D, E to F be the firſt ratios ; 
ad the ratios of G to H, K to L, M to N, O to P, Q to R, 
the other ratios: And let A be to B, as Sto T; and C to 
„ as IT to V; and E to F, as V to X: Therefore, by the de- 
nition of compound ratio, the ratio of 5 to X is compounded 


-—_ 


is the 80 
h 150 W 
Vd A, B; C, D; E, F. 8, T, V, X. 


G, H; K, L; M, N; O, P; QR. Y, Z, a, b, c, d. 
e, f, g. m, n, o, p- 


6 


the ratios of 8 to T, T to V, and V to X, which are the 
ame with the ratios of A to B, C to D, E to F, each to each: 
Alo as G to H, ſo let Y be to Z; and K to L, as Z to a; M 
N. as a to b, O to P, as b to c; andQ to R, as c to d: 
herefore, by the ſame definition, the ratio of Y to d is com- 
wunded of the ratios of Y * Z, J to a, a to b, b to c, and 


RO 


OL AI „* 
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Book V. c to d, which are the ſame, each to each, with the rate. 
G to , K to L, M to N, O to P, and Q to R: 'Therey 
by the hypotheſis, 8 is to X, as Y tod: Alſo let the rat 
A to B, that is, the ratio of 8 to T, which is one of the f 
ratios, be the ſame with the ratio of e to g, which is ch 
ener of the ratios of e to f, and f to g, which, by 
ypotheſis, are the fame with the ratios of G to H, and 
L, two of the other ratios; and let the ratio of h to! be 
which is compounded of the ratios of h to k, and k to l, whi 
are the ſame with the remaining firſt ratios, viz. of C to D, 
E to F; alſo let the ratio of m to p be that which is compound 
of the ratios of m to n, n to o, and o to p, which are the fa 
each to each, with the remaining other ratios, viz. of M to N. 
to P, and Q toR : Then the ratio of h to 1 is the famemwitht 
ratio of m to p, or h is to l, as m to p. 


_ 4 


— — 


App rf | 
A, B; C, D; E F. 8, T7, V, X. 
0, H; K, L, NM, N; O, P; Q,R. J, Z, a, b, ol 
hy 4 ge m, n, o, p- * 


Becauſe e is to f, as (G to H, that is, as) I to Z; and! 
to g, as (K to L, that is, as) Z to a; therefore, ex aequah 
is to g, as Y to a: And, by the hypotheſis, A is to B, that! 
S to T, as e to g; wherefore 8 is to T, as Y to a; and, byi 
verſion, T is to 8, as a to IJ; and 8 is to X, as Y tot 
therefore, ex aequali, T is to X, as a to d: Alſo, becauſeh 
to k, as (C to D, that is, as) T to V; and k is to l, 28 (L 
F, that is, as) V to X; therefore, ex aequali, h is to l, 281 
X: In like manner, it may be demonſtrated, that m is to p, & 
to d: And it was ſhewn, —— T is to X, as a to d: Theres 


11. f. h is to l, as m to p. Q. E. D. | 

The propoſitions G and K are uſually, for the ſake of brei ber 

expreſſed in the ſame terms with propoſitions F and H: Men 
therefore it was proper to ſhew the true meaning of them Fit 

they are ſo expreſſed 7 eſpecially ſince they are very frequen te alt 

made uſe of by geometers. = 
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DEFINITIONS. 


I. 
IMILAR rectilineal figures 


are thoſe which have their 
ſeveral angles equal, each to 
each, and the ſides about the 2 : | 


equal angles proportionals. 


Reciprocal figures, viz. triangles and parallelograms, are See N. 
* ſuch as have their ſides about two of their angles pro- 
« portionals in ſuch manner, that a fide of the firſt figure 
is to a fide of the other, as the remaining ide of this other 
" 8 to the remaining ſide of the firſt.” 
| III. 

ſtraight line is ſaid to be cut in extreme and mean ratio, 
vhen the whole is to the greater ſegment, as the greater ſeg » 
ment is to the leſs, 

IV. 


e altitude of any figure is the ſtraight line 
— its vertex perpendicular to the | 


. 


K 2 PROP. 
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PROP. I. THEOR, 


See N. 'RIANGLES and parallelograms of the ſame al 


b 


5 


38. 1. 


qual to the triangle 


5. Del. 


tude are one to another as their baſes. 


Let the triangles ABC, ACD, and the parallelograms! 
CF have the ſame altitude, viz. the perpendicular drawn 
the point A to BD: Then, as the baſe BC is to the baſe CT), 
is the triangle ABC to the triangle ACD, and the par; 
gram EC to the parallelogram CF. | 

Produce BD both ways to the points H, L, and take 
numbei of ſtraight lines BG, GH, each equal to the 
BC; and DK, KL, any number of them, each equal to 
baſe CD; and join AG, AH, AK, AL: Then, becauſe 0 
BG, GH are all equal, the triangles AHG, AGB, A 
are all equal“: Therefore, whatever multiple the baſe ! 
is of the baſe BC, the ſame multiple is the triangle Al 
of the triangle APC: For the ſame reaſon, whatever mult 
the baſe LC is of the y 
baſe CD, the ſame mul- 
tiple is the triangle ALC 
of the triangle ADC: 
And if the baſe HC be e- 
qual to the baſe CL, the 
triangle AHC is alſo e- 


ALC“; and if the baſe i === 
HC be greater than the G B C 
baſe CL, likewiſe the triangle AH C is greater than the ti 
ALC; and if leſs, leſs: Therefore, ſince there are four mag 
tudes, viz. the two baſes BC, CD, and the two triangles 4 
ACD; and of the baſe BC and the triangle ABC, the firlt 
third, any equimultiples whatever have been taken, viz. 
baſe HC and triangle AHC ; and of the baſe CD and tru 
ACD, the ſecond and fourth, have been taken any equimult 
whatever, viz. the baſe CL and triangle ALC; and that i 
been ſhewn, that if the baſe HC be greater than the baſe CL, 
triangle AH C is greater than the triangle ALC; and it <q 
equal; and if left, leſs: Therefore b as the baſe BC is to 
baſe CD, ſo is the triangle ABC to the triangle ACD. 
And becauſe the parallelogram CE is double of the 111 


re triangles, &c. 
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Ce, and the parallelogram CF double of the triangle ACD, Book VI. 


d that magnitudes have the ſame ratio which their equimul- 11 
les have 4; as the triangle ABC is to the triangle ACD, fo 4 4 
the parallelogram EC to the parallelogram CF: And becauſe 5 5˙ 
has been ſhewn, that as the baſe BC is to the baſe CD, ſo is 

e triangle ABC to the triangle ACD; and as the triangle 

BC to the triangle ACD, ſo is the parallelogram EC to the 
rallelogram CF; therefore as the baſe BC is to the baſe CD, 

is © the parallelogram EC to the parallelogram CF. Where- 11. 5. 
Q. E. D. 

Cor. From this it is plain, that triangles and parallelograms 

at have equal altitudes, are one to another as their baſes. 

Let the figures be placed ſo as to have their baſes in the ſame 

aight line; and having drawn perpendiculars from the vertices 

the triangles to the baſes, the ſtraight line which joins the 

tices is parallel to that in which their baſes are f, becauſe the f 33. 1. 
rpendiculars are both equal and parallel to one another: Then, 

the ſame conſtruction be made as in the propoſition, the de- 
onitration will be the ſame. 


PROP. II. THEOR. 

F a ſtraight line be drawn parallel to one of the See N. 
ſides of a triangle, it ſhall cut the other 6465 or 

eſe produced, proportionally : And if the ſides, or 

he fides produced, be cut proportionally, the 

right line which joins the points of ſection 

all be parallel to the remaining fide of the triangle. 


Let DE be drawn parallel to BC one of the ſides of the tri- 
le ABC: BD is to DA, as CE to EA. 
Foi BE, CD; then the triangle BDE is equal to the tri- 
ple CDE *, becauſe they are on the ſame baſe DE, and be- 37. 1. 
een the ſame parallels DE, BC: ADE is another triangle, 
d equal magnitudes have to the ſame, the ſame ratio b; there- „ 57. 5. 
te as the triangle BDE to the triangle ADE, fo is the tri - 
gle CDE to the triangle ADE; but as the triangle BDE to 
*trangle ADE, ſo is* BD to DA, becauſe having the fame e 1. 6. 
tude, viz. the perpendicular drawn from the point E to 
they are to one another as their baſes; and for the ſame 
" Vi ve reaſon, 
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Book VI. reaſon, as the triangle CDE to the triangle ADE, fo is & The. 


4 Ii. 5. 


* ba 2 


f 9. 5. 


# 39. 1. 


EA. Therefore as BD to DA; ſo is CE to EA 4. 
Next, Let the ſides AB, AC of the triangle ABC, or 


A E D 
| | A 
"TSS. * 
B C D E B 


produced, be cut proportionally in the paints D, E, that is, 
that BD be to DA, as CE to EA, and join DE; DE is pa 
lel to BC. | 
The ſame conſtruction being made, becauſe as BD to] 

ſo is CE to EA; and as BD to DA, ſo is the triangle BDI 
the triangle ADE ©; and as CE to EA, fo is the triangle CU 
to the triangle ADE ; therefore the triangle BDE is tot 
triangle ADE, as the triangle CDE to the triangle ADE 
that is, the triangles BDE, CDE have the ſame ratio to 
triangle ADE ; and therefore f the triangle BDE is equal 
the triangle CDE: And they are on the ſame baſe DE ; but 

ual triangles on the ſame baſe are between the ſame parallels 
therefore DE is parallel to BC, Wherefore, if a ſtraight | 
&c. Q. E. D. 


PR OP. III. THEO. 


F the angle of a triangle be divided into two eq! 

angles, by a ſtraight line which alſo cuts the bat 
the ſegments of the baſe ſhall have the ſame rat 
which the other ſides of the triangle have to one! 
other: And it the ſegments of the baſe ba 
the ſame ratio which the other ſides of the triang 
have to one another, the ſtraight line drawn ff 
the vertex to the point of ſection, divides the \ 
tical angle into two equal angles. 

Let the angle BAC of any triangle ABC be divided into 
equal angles by the ſtraight line AD; BD is to DC, as BA 4 i 
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"7 WW Thro! the point C draw CE parallel to DA, and let BA VI. 

roduced meet CE in E. Becauſe the ſtraight line AC meets 7 1 
e parallels AD, EC, the angle ACE is equal to the alternate ENG of 
ngle CAD ® : But CAD, by the hypotheſis, is equal to the ® 29. I, | 
ngle BAD ; wherefore BAD is equal to the angle ACE. A- 

un, becauſe the ſtraight line 

AF meets the parallels AD, E 

C, the outward angle BAD 

equal to the inward and op- A 

ofite angle AEC: But the 

ngle ACE has been proved e- 

val to the angle BAD; there- 

e alſo ACE is equal to the 

agle AEC, and conſequent] 1 

öde AE is equal to he B D C 

dee AC: And becauſe AD is drawn parallel to one of the ſides © 6. 1. 

{the triangle BCE, viz. to EC, BD is to DC, as BA to AE d; d 2. 6. 

ut AE is equal to AC; therefore as BD to DC, ſo is BA to 

C. © Jo 5. 

Let now BD be to DC, as BA to AC, and join AD; the 

ngle BAC is divided into two equal angles by the ſtraight line 

D. 

The ſame conſtruction being made; becauſe as BD to DC, 

is BA to AC; and as BD to DC, ſo is BA to AE d, becauſe N 

ID is parallel to EC; therefore BA is to AC, as BA to AEF: II. 5. 


in 


qual 

but Wnſequently AC is equal to AE, and the angle AEC is there- 9. 5. 
alles equal to the angle ACE " : But the angle AEC is equal to n . , 

ht lade outward and oppoſite angle BAD; and the angle ACE is RI 


qual to the alternate angle CAD o: Wherefore alſo the angle 
AD is equal to the angle CAD : Therefore the angle BAC is 
ut into two equal angles by the ſtraight line AD. Therefore, 
| the angle, &c. Q. E. D. 


en | K 4 PROP; 


5 9. 5. 
* 5.1, 


line AC meets the parallels AD, FC, the angle AC is equ 
to the alternate angle CAD Þ : But CAD is equal to the ange 


THE ELEMENTS 


PROP. A. THEOR. 


FF the outward angle of a triangle made by pr, 
ducing one of its ſides, be divided into two equi 
angles, by a ſtraight line which alſo cuts the ha 
produced; the ſegments between the dividing line 
and the extremities of the baſe have the ſame rati 
which the other ſides of the triangle have to one: 
other: And if the ſegments of the baſe produced 
have the ſame ratio which the other ſides of the tnMat is, 
angle have, the ſtraight line drawn from the verterſios, 
to the point of ſection divides the outward angled 
the triangle into two equal angles, 


Let the outward angle CAE of any triangle ABC be divide 
into two equal angles by the ſtraight line AD which meets ths 
baſe produced in D: BD is to DC, as BA to AC. | 

Through C draw CF parallel to AD * ; and becauſe the ſtraight 


E are 
ich are 
et the 
tiguou 
auſe tl 
ples d 3 
al to 


DAE < ; therefore alſo DAE is equal to the angle ACF. Aga 
becauſe the flraight line FAE meets the parallels AD, FC, the 
outward angle DAE is e- | 


qual to the inward and op- = 
polite angle CFA : But the produc 
angle ACF has been proved And 
equal to the angle DAE ; al to tl 
therefore alſo the angle el 4 to 
ACF is equal to the angle le AC 
CFA, and conſequently the B C D 14 
ſide AF is equal to the ſide 7 | refore 


AC 4: And becauſe AD is parallel to FC a fide of the triangl 
BCF, BD is to DC, as BA to AF e; but AF is equal to AL 
as therefore. BD is to DC, ſo is BA to AC. 

Let now BD be to DC, as BA to AC, and join AD; it 
angle CAD is equal to the angle DAE. | 

The ſame conitruction being made, becauſe BD is to Dc 
as BA to AC; and that BD is alſo to DC, as BA to AF 
therefore BA is to AC, as BA to AF f wherefore AC is equ 
to AF, and the angle AFC equal h to the angle ACF: r as BC 


ll to ( 
one 0 


Ef: 
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angle AFC is equal to the outward angle EAD, and the 
je Ac to the alternate angle CAD; therefore alſo EAD is 
al to the angle CAD. Wherefore, if the outward, &c. Q. 


D, 


FROP. W. EH EO 


HE ſides about the equal angles of equiangular 

triangles are proportionals; and thoſe which 
oppolite to the equal angles are homologous ſides, 
at is, are the antecedents or conſequents of the 


108. 


Let ABC, DCE be equiangular triangles, having the angle 
C equal to the angle DCE, and the angle ACB to the angle 
C, and conſequently * the angle BAC equal to the angle 
JE The ſides about the equal angles of the triangles ABC, 
E are proportionals; and thoſe are the homologous ſides 
ich are oppoſite to the equal angles. 

et the triangle DCE be placed fo that its fide CE may be 
tiguous to BC, and in the ſame ſtraight line with it: And 
auſe the angles ABC, ACB are together leſs than two right 
es“; ABC and DEC, which is 

al to ACB, are alſo leſs than F 
d right angles, wherefore BA, 
produced thall meet © ; let them 
produced and meet in the point A 
And becauſe the angle ABC is 
to the angle DCE, BF is pa- 
eto CD. Again, becauſe the 
le ACB is equal to the angle B J 
C, AC is parallel to FE *: C E 
refore FACD is a parallelogram; and conſequently AP is 
a to CD, and AC to FD ©: And becauſe AC is parallel to 
one of the ſides of the triangle FBE, BA is to AF, as BC 
Ef: But AF is equal to CD; therefore 5 as BA. to CD, fo 


an, becauſe CD is parallel to BF, as BC to CE, ſo is FD to 
z but FD is equal to AC; therefore as BC to CE, ſo is AC 
VL: And alternately, as BC to CA, fo CE to ED: Therefore, 
uſe it has been proved that AB is to BC, as DC to CE; 
BC to CA, fo CE to ED, ex acquali ®, BA is to AC, as 
o DE. Therefore the ſides, Sc. Q. E. D. 

| PROB. 


0 to CE; and alternately, as AB to BC, ſo is DC toCE® : s 
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a 32. Is 


h 22. 5. 
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23. 1. 


v 32. Is 


ABC is therefore equiangu- 
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P R OP. V. THE OR. 


F the ſides of two triangles, about each of th 


angles, be proportionals, the triangles ſhall be F tt 


quiangular, and have their equal angles oppoſite = 
the humologous ſides, Hp 

Let the triangles ABC, DEF have their ſides proportion ** 
fo that AB is to BC, as DE to EF; and BC to CA, 28 E bh 
FD; and conſequently, ex aequali, BA to AC, as ED tol « 
the triangle ABC is eouiangular to the triangle DEF, and you 


equal angles are oppoſite to the homologous ſides, viz. the 
le ABC <cqual to the angle DEF, and BCA to EFD, and 
AC to EDF. 

At the points E, F in the ſtraight line EF make * the z 
FEC cqual to the angle ABC, and the angle EFG equl 
ECA; wherefore the re- 
maining angle BAC is equal A 
to the remaining angle D 
EGF », and the triangle | 


e tria 


At thi 
ple FI 
ple D] 


lar to the triangle GEF ; and E 
conſequently they have their B C 
ſides oppoſe to the equal an- 

gles proportionals © ; Where- 

fore, as AB toBC, fois GE 

to EF; but as AB to BC, ſo is DE to EF; therefore as Di 
EF, ſo 4 GE to EF: Therefore DE and GE have the ſame 
to EF, and conſequently are equal ©: For the fame reaſon Þ 
equal to FG : And becauſe, in the triangles DEF, GEF, VI 
equal to E G, and EF common, the two ſides DE, EF are e 
to the two GE, EF, and the baſe DF is equal to the baſe\ 
therefore the angle DEF 1s equal f to the angle GEF, and 
other angles to the other angles which are ſubtended by fi 
qua] ſides s. Wherefore the angle DFE is equal to the ll 
GFE, and ELF to GF: And becauſe the angle DEF 16 
to the angle GE, and GT F to the angle ABC; thereſot 
angle ABC is cqual to the angle DEF: For the fame © 
the angle ACE is equal io the angle DFE, and the angle: 
to the angle at D. Therefore the triangle ABC is equial 
to the triaugic DEF, W herefore, it the ſides, &c. CE! 


nples | 
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angle 
the tr 
les to 
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PROP. VI. THE OR. 


F two triangles have one angle of the one equal 
| to one angle of the other, and the fides about 
ite de equal angles proportionals, the triangles ſhall be 

uiangular, and ſhall have thoſe angles equal which 

e oppoſite to the homologous ſides, 


Let the triangles ABC, DEF have the angle BAC in the 
e equal to the angle EDF in the other, and the ſides about 
le angles proportionals ; that is, BA to AC, as ED to DF: 
e triangles ABC, DEF are equiangular, and have the angle 
mae equal to the angle DEF, and ACB to DFE. 
At the points D, F, in the ſtraight line DF, make * the 
. ge FDG equal to either of the angles BAC, EDF; and the 
1: DFG equal to the 

le ACB : Wherefore A. 
D MWremaining angle at B 
qual to the remainin 
> at G b, and 3 D 8 
ntly the triangle ABC 
quiangular to the tri- 
me DGF; and there- 
as BA to AC, ſois© |_ . 
) to DF: But, by the B 6 F 
theſis, as BA to AC, 


erefore ED is equal © to DG; and DF is common to the two 
ngles EDF, GDF : Therefore the two ſides ED, DF are e- 
to the two fides GD, DF; and the angle EDF is equal to 
angle GDF; wherefore the baſe EF is equal to the baſe FG f, 
| the triangle EDF to the triangle GDF, and the remaining 
les to the remaining angles, each to each, which are ſub- 
fed by the equal fides : Therefore the angle DFG is equal to 


77 angle DFE, and the angle at G to the angle at E: But the 
reſort 0 DFG is equal to the angle ACB; therefore the angle 
ne l. Bis equal to the angle DFE : And the angle BAC is equal 


e angle EDF®; wherefore alſo the remaining angle at B 
qual to the remaining angle at E. Therefore the triangle 
Eis equiangular to the triangle DEF, Wherefore, if two 
bples, &c. Q. E. D. , 


PROP, 
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23. I. 


94 0 


b ED to DF; as therefore ED to DF, ſo is 4 GD to DF; « xx. 5. 


9. 5. 


k 4. Io 
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See N. 


a right angle. The triangle ABC is equiangular to the triay 


29 1. 


. therefore as AB to BC, ſo is AB to BG ©; and becauſe AB 
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| 2 the 

PROP. VII. THE OR. al: 

rem: 

F two triangles have one angle of the one equi]; erefo 
one angle of the other, and the ſides about two . 7 


ther angles proportionals; then, if each of they 
maining angles be either leſs, or not leſs, than a rig 
angle; or if one of them be a right angle: Thet 
angles ſhall be equiangular, and have thoſe ag 
equal about which the ſides are proportionals, 


Let the two triangles ABC, DEF have one angle in the! 
equal to one angle in the other, viz. the angle BAC to theay 
EDF, and the ſides about two other angles ABC, DEFp 
portionals, ſo that AB is to BC, as DE to EF; and, int 
firſt caſe, let each of the remaining angles at C, F be leſs 


DEF, viz. the angle ABC is equal to the angle DEF, and 
remaining angle at C to the remaining angle at F. 

For if the angles ABC, DEF be not equal, one of then 
greater than the other; let ABC be the greater, and at 
point B in the ſtraight line | 
AB make the angle ABG e- 
qual to the angle * DEF: 


3 D 
And becauſe the angle at A ö 
is equal to the angle at D, G 
and the angle ABG to the 3 

8 


angle DEF; the remaining B 

angle AGB is equal Þ to the | 
remaining angle DFE : Therefore the triangle ABG is equiat 
lar to the triangular DEF; wherefore © as AB is to BG, 
DE to EF; but as DE to EF, fo, by hypotheſis, is AB to! 


the ſame ratio to each of the lines BC, BG; BC is equal 
LG, and therefore the angle BGC is equal to the angle BC 
But the angle BCG is, by hypotheſis, leſs than a right an; 
therefore allo the angle BGC is leſs than a right angle, aud 
adjacent angle AGB muſt be greater than a right angles. 
it was proved that the angle AGB. is equal to the angle a 
therefore the angle at F is greater than a right angle: But, by 
hypothcſis, it is lets than a right angle; which is abſurd, 1s 
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the angles ABC, DEF are not unequal, that is, they are Book VI, 
al: And the angle at A is equal to the angle at D; wherefore WY 
remaining angle at C is equal to the remaining angle at E: 
erefore the triangle ABC is equiangular to the triangle DEF. 

ual ext, Let each of the angles at C, F be not leſs than a right 

WOW lc: The triangle ABC is alſo in this caſe equiangular to the 

he vWngle DEF. 

rioWThe fame conſtruction 


ng made, it may be pro- A 
f 3 a like manner that BC D 
5 equal to BG, and the 
le at C equal to the an- GG 
BGC: But the angle R 8 
the is not leſs than a right C E F 


he Ale; therefore the angle 

Ege is not leſs than a right angle: Wherefore two angles of 

, ni triangle BGC are together not leſs than two right angles. 

els Uhick is 1mpoſhble ®; and therefore the triangle ABC may be n 17. x, 
ved to be equiangular to the triangle DEF, as in the firſt 


and . 

Laſtly, Let one of the angles at C, F, viz. the angle at C, 
then right angle; in this caſe likewiſe the triangle ABC is e- 
d a Wangular to the triangular DEF. 


For, if they be not equian- 
ar, make at the point B of 
ſtraight line AB the angle 
equal to the angle DEF; 
it may be proved, as in 
rſt caſe, that BG is e- 
al to BC; But the angle 
Gis a right angle, there- 


1 


qui che angle BGC is alſo a * 
r angle; whence two of 

B to 8 angles of the triangle BGC 

e AVIS together not leſs than two 

jual t angles, which is impoſ- RN | C 

Ce: Therefore the triangle — 

at ue is equiangular to the G 


, andl 


ngle DEF. Wherefore, if two triangles, &c. Q. E. D. 


PROP. 
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Book VT+ 
WY 
PROP. VI. THEO. 
See N. 1 a right angled triangle, if a perpendicular ad 
drawn from the right angle to the baſe; the du 
angles on each fide of it are ſimilar to the whole 
angle, and to one another, et A 
part 
Let ABC be a right angled triangle having the right: N 
BAC; and from the point A let AD be drawn perpendiiſ t % 
to the baſe BC: The triangles ABD, ADC are fimilar to vi is 
whole triangle ABC, and to one another. draw 
Becauſe the angle BAC is equal to the angle ADB, end rt 1 
them being a right angle, and that the angle at B is com mh 
to the two triangles ABC, wang 
ABD; the remaining angle A , 1 
: ACB 1s <qual to the remaining is to 
32. 1. angle BAD * : Thercfore the tiple « 
triangle ABC 1s equiangular to ple. 
the triangle ABD, and the ſides is of 
about their equal angles are — erefor 
44. 6 proportionalsbzwherefore the tri- B D requi 


© 1. def. G. angles are ſimilar e: In the like 


manner it wy be demonſtrated, that the triangle ADC is a 
angular and ſimilar to the triangle ABC: And the try 
ABD, ADC, being both equiangular and ſimilar to ABC, 
equiangular and ſimilar to each ether. Therefore in a f 
angle, &c. Q. E. D. 
Cor. From this it is manifeſt that the perpendicular « 
from the right angle of a right angled triangle to the bale, 
mean proportional between the ſegments of the baſe; And 
that each of the ſides is a mean proportional between the!“ 
and its tegment adjacent to that ſide ; Becauſe, in the trian 
BDA, ADC, BD is to DA, as DA to DC e; and in chef 
angles ABC, DBA, BC is to BA, as BA to BD; and i 
triangles ABC, ACD, BC is to CA, as CA to CD®. 


PRO 


PROP. IX. PROB. 


ROM a given ſtraight line to cut off any part re- See N. 
quired, 


et AB be the given ſtraight line; it is required to cut off 
part from it. | 
rom the point A draw a ſtraight line AC making any angle 
AB; and in AC take any point D, and take AC the ſame 
tiple of AD that AB is of the part 

ch is to be cut off from it; join BC, A 

draw DE parallel to it: 'Then AE is 

part required to be cut off. \ 

cauſe ED is parallel toone of the ſides of E D 


tiangle ABC, viz. to BC, as CD is to DA, 


BE to EA; and, by compoſition b, 1 2. 6. 
is to AD, as BA to AE: But CA is a "1% Fo 
tiple of AD; therefore © BA is the ſanfe D. 5: 
tiple of AE: Whatever part therefore 

is of AC, AE is the ſame part of AB: B CG 


erefore, from the ſtraight line AB the 
required is cut off, Which was to be done. 


PROP. X. PROB. 


O divide a given ſtraight line ſimilarly to a gi- 

ven divided ſtraight line, that is, into parts that 
Il have the ſame ratios to one another which the 
s of the divided given ſtraight line have. 


et AB be the ſtraight line given to be divided, and AC the 
led line; it is required to divide AB fimilarly to AC. 

Q AC be divided in the points D, E; and let AB, AC be 
d fo as to contain any angle, and join BC, and through the 


It D, E draw DF, EG parallels to it; and through D * 31. 1. 


DH parallel to AB: Therefore each of the figures FH, 
a patallellogram; wherefore DH is equal b to FG, _ b 34. 1. 
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160 THE ELEMENTS 
Book _—_ HK to GB: And becauſe HE is pa- „ Ta 
rallel to KC one of the ſides of the {cl 1 
triangle DEC, as CE to ED, ſo is wal t 
e 2. 6. KH to HD; But KH is equal to | pd ! 
BC, and HD to GF; therefore as F — aving 
CE to ED, fo is BG to GF: Again, 61 H XP F p- 
becauſe FD i is parallel to EG one of f | 2 £4 
the fides of the triangle AGE, as ED B His 
to DA, ſo is GF to FA: But it has K 2 0 
been proved that that CE is to ED, EE, 
as BG to GF; and as ED to DA, fo CF to FA: Def I 
the given ſtraight line AB is divided ſimilarly to AC. wil ©* 
was to be done, a 
wen 
hich 


531.1 


d 2, 6. 


PROP. XI. PROB; 


T5 find a third proportional to two gi 
ſtraight lines. 


Let AB, AC be the two given ſtraight lines, and lett 


be placed ſo as to contain any angle; it is re- A Let 
quired to find a third proportional to AB, d find 
AC. Place 

Produce AB, AC to the points D, E; icire 
and make BD equal to AC; and having int B 
joined BC, through D, draw DE parallel to r at 
it “. ecal 

Becauſe BC is parallel to DE, a fide of micirc 


cauſe 
gle A 
te ligh 
lc dale 
ents O 
es Al 
done. 


the triangle ADE, AB is Þ to BD, as AC to 
CE: But BD is equal to AC; as therefore D 
AB to AC, ſo is AC to CE. Wherefore to the two | 
ſtraight lines AB, AC a third proportional CE is found, Vi 
was to be done. 


PROP. XII. PROB. 


O find a fourth proportional to three 9 
{ſtraight lines, 


Let A, B, C be the three given ſtraight lines; it is 
red to find a lourth proportional to A, B, C. 
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Take two ſtraight lines DE, DF containing any angle EDF; Book yt. 
1d upon theſe make DG e- WY 


nab to A, GE cqual to B, D PE 
nd DH equal to C; and — 1 
aving joined GH, draw B 1 
F parallel * to it through N 31. 1. 
E e point E: And becauſe 4 TINT 
N\ His parallel to EF, one of G I 
| / \ 


e ſides of the triangle 
EF, DG is to GE, as DH * 
HF b; but DG is equal to E F 

\GE to B, and DH to C; 

erefore as A is to B, ſo is C to HF. Wherefore to the three 
ven ſtraight lines A, B, C a fourth proportional HF is found. 
ſhich was to be done. 


b 2. 6. 
[herd 


PROP. All. PR OB. 


O find a mean proportional between two given 
ſtraight lines, 

let t | 
Let AB, BC be the two given ſtraight lines; it is required 

find a mean proportional between them. 

Place AB, BC in a ſtraight line, and upon AC deſcribe the 

icircle ADC, and from the D 

dint B draw * BD at right an- > 

les at AC, and join AD, DC. 

Becauſe the angle ADC in a e 

micircle is a right angle b, and 

cauſe in the right angled tri- 

gle ADC, DB is drawn from © m—_ Mow 

e light angle perpendicular to A B C 

e baſe, DB is a mean proportional between AB, BC the ſeg- 

ents of the baſe e: Therefore between the two given ſtraight e Cor. g 


BAD, BC, a mean proportional DB is found. Which was 6 
done. ; 


© 33, 2 
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PROP. XIV. THEOR. 


EN parallelograms which have one angle 


the one equal to one angle of the other, lu * 
their ſides about the equal angles reciprocally proiiif <4 
portional: And parallelograms that have one a9 th 
of the one equal to one angle of the other, and tha ©'® 
ſides about the equal angles reciprocally proportio e 
al, are equal to one another. | ang 

| anot! 
Let AB, BC be equal parallelograms which have the ang 
at B equal, and let the ſides DB, BE be placed in the H APC 
ſtraight line; wherefore alſo FB, BG are in one ſtraight line ¶ equa! 
The ſides of the parallelograms AB, BC about the equal ang trian 
are reciprocally proportional; that is, DB is to BE, as GB E/ 
BF. the t. 
Complete the parallelogram FE; and becaufe the parallbtraigh 
gram AB is equal to BC, and t line 


that FE is another parallelo- 


A FO | 
gram, AB is to FE, as BC to — is an 
Fb: But es AB to FE, fois \ \ 3 the t 

; » WIS: > N 


the baſe DB to BEC; and as 
BC to FE, fo is the baſe GB to 


PF; therefore as D to BE, s tri 
fois G to BF A4. Wherefore | Ato 

Y * — | 
the ſides of the parallelograms "OB: to tr 


AB, BC about their equal an- 
res are reciprocally proportional. 
But Jet the ſides about the equal angles be reciprocally pr 


portional, viz. as DB to BE, ſo GB to PF; the parallelogranhf *< 7 
AP. is equal to the parallelogram BC. | let tl 
Becauſc as DB is to BE, fo GB to BF; and as DB to; be re 
ſo is the parallelogram AB to the parallelogram FE ;. and: the/tr 
GB 10 BF, fo is the parallelogram BC to the parailclogram FM": j< 
therefore as AB to TE, fo BC to FE * : Wherefore the paralle =p a, 

gram AB is equal © to the parallelogram BC. Therefore equl LA 
211 rame. 8 7 Nia 
, & C. E. D. | Ba 
U the 
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Rook VI. 1 


PROP. XV. THEOR. pac 
Y UAL triangles which have one angle of the one 
equal to one angle of the other, have their hides 
t the equal angles reciproci!ly proportional: 
* triangles which have one angie in the one equal 
ne angle in the other, and their ſides about the 
| angles reciprocally proportional, are equal to 
another. 
ang f 2 
AC, ADE be equal triangles which have the angle 


equal to the angle DAE ; the fides about the equal angles 
triangles are reciprocally proportic nal; that is, CA is to 
a8 EA to AB. 
the triangles be placed ſo that their fides CA, AD be in 
kraight line; wherefore alſo EA and AB are in one 
t line az and join BD. Becaule the triangle ABC is e- 2 14. I, 
the triangle ADE, and that 
is another triangle; there- B 9 
the triangle CAB is to the A e 
J E le BA D, ſo is triangle EAD In | 
\ angle DAB b : But as triangle & 8. 
Is triangle BAD, fo is the Fo 

\ Ato AD © ; and as triangle e 1. 6. 
As triangle DAB, fo is the 
A to AB e; as therefore 
AD, fo is EA to ABA: © 
bore the ſides of the triangles AEC, ADE about the equal 


are reciprocally proportional. 


let the ſides of the triangles ABC, ADE about the equal 


411. 5. 


o Ede reciprocally proportional, viz. CA to AD, as EA to 
and A de triangle ABC is cqual to the triangle ADE. 

n Hing joined BD as before; decauſe as CA to AD, to is EA to 
olefin as CA to AD, fo is viengic BAC to triangle BAD ©; 


La to AB ſo criangle EAD to triangle BADe; there- 
8 tangle BAC to triangle BA1?, fo is triangle EAD to 
AD; that is, the triangles BAC, EAD have the ſame 
d the triangle BAD: Where fore the triangle ABC is e- 
ay triangle ADE. Therefore equal triangles, &c. e. 5, 


01. 


L 2 PROP. 


I64 


Bogk VT. 


41. 
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PROP. XVI. THE OR. 


here! 

FF four ſtraight lines be proportionals, the rect. D. 
contained by the extremes is equal to the rem 
gle contained by the means: And if the recti 
contained by the extremes be equal to the recti 
contained by the means, the four ſtraight line; 


roportionals, 
N thre 


Let the four ſtraight lines AB, CD, E, F be proponialfiſf e 
viz. as AB to CD, ſo E to F; the rectangle contained by the 
F 1s equal to the reCtangle contained by CD, E. rem 

From the points A, C draw * AG, CH at right angigli. 
AP, CD; and make AG equal to F, and CH equal to E, 
cowplcte the parallelograms BG, DH: Becauſe as AB Yet th 
ſo is E to F; and that E is equal to CH, and F to AG; WA to | 
is b to CD, as CH to AG: "therefore the ſides of the panii the ſq 
grams BG, DH about the equal angles are reciprocally Make 
portional; but parallelograms which have their ſides avaſt is 
qual angles reciprocally proportional, are equal to one ano be 
therefore the parallelogram BG is equal to the parallcion rect? 
DH: And the parallelogram E by th 
BG is contained by the *- H al to 
ſtraight lines AB, F; becauſe 1 tainec 
AG is equal to F; and the ans® : 


E 
G 


parallelogram DH is con- * angle 
tained by CD and E; becauſe | | C is 
CH is equal to E: 'There- taine! 
tore the rectangle contained | tther 
by the ſcraight lines AB, F . ned by 
is equal to that which is A B C are 0 


contained by CD and E. Maine 
And 1f the rectangle contained by the ſtraight lines Al And 1 
be equal to that winch is Contained by CD, E  thele ſour Ware ot 
a:e proportionals, viz. AB is to CD, as E to F. : The ſ 
The ſame conſtruction being made, becauſe the me. 
contained by the ſtraight lines AB, F is equal to thatY bis © 
is contained by CD, E, and that the rectangle BG is com ual to 
by AB, F, becauſe AG is equal to F; and the rectangee that C 
ty CD, E, becauſe CH is equal to E; therefore the pa ente 
gram BU is equa) to the parallelogram DH; and they 4 apht 
q e 


Or EU. 165 


neular: But the ſides about the equal angles of equal pa. Book VI. 

— are rcciprocally proportionale: Wherefore as AB MAT of 
D, fois CH to AG and CH is.cqual to E, and AG to F: 1. 6. 

bereſore AB is to CD, ſo E to F. Wherefore, if four, &c. 


D. 


PROP, XVII. THE OR. 


three ſtraight lines be proportionals, the rectangle 
cortained by the extremes is equal to the {quare 
the mean: And if the rectangle contained by the 
remes be equal to the ſquare of the mean, the three 
aght lines are proportionals, 


et the three ſtraight lines A, B, C be proportionals, viz. 
\toB, ſo B to C; the rectangle contained by A, C is equal 


pati the ſquare of B. | 

ally Wake D equal to B; and becauſe as A to B, ſo B to C, and 

abo B is equal to D; A is* to B, as D to C: But if four itraight “ 7. 5. 
nothſes be proportionals, 2 


rectangle contain 
by the extremes is 3 — 
ul to that which is . 
tained by the 

ans d: Therefore the C 
angle contained by | 


— * 


b 16, 6. 


D 


C is equal to that 


| 
ined by B, D : 6-24 
t the rectangle con- 
ned by B, 5 is the A. B 
ae of B; becauſe B is equal to D: Therefore the rectangle 
tained by A, C is equal to the ſquare of B. 
And if the rectangle contained by A, C be equal to the 
are of B; A is to B, as B to C. 
Ihe ſame conſtruction being made, becauſe the rectangle 
tained by A, C is equal to the ſquare of B, and the ſquare 
dis equal to the rectangle contained by B, D, becauſe B is 
aal to D; therefore the rectangle contained by A, C is equal 
that contained by B, D: But if the rectangle contained by 
extremes be equal to that contained by the means, the four 
alt lines are proportionals b: Therefore A is to B, as D to 


L 3 C; 


es Al 
four 
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hat N 
co 
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Book VI. C; but B is equal to D; wherefore as A to B, ſo }, 
YV Therefore, if three ſtraight lines, &c. Q. E. D. 


B, a 

ctilin 
Join 

ctilin 
nadril. 
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ual to 
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ainin 


PROP. XVIII. PR OB. 


PON a given ſtraight line to deſcribe a re 
figure ſimilar, and ſimilarly ſituated to ag 


2 


rectilineal figure. 


Let AB be the given ſtraight line, and CDEF the gie 


tilineal figure of four ſides; it is required upon the 


ſtraight line AB to deſcribe a rectilineal figure ſimilar, Me ſim 
milacly ſituated to CDEF. HL 1 


ual tc 
IBL 
ures - 
Tres . 
nd as 
UI is 
s CD 
rang] 
we {1 
heir | 
0 one 
Ix Or 
milar 


Join DF, and at the points A, B in the ſtraight lin 
* 23, 1. make * the angle BAG equal to the angle at C, and the 
ABG equal to the angle CDF; therefore the remaining: 
b 32. 1, CFD is equal to the remaining angle AGB D: Wheretor 
triangle FCD is e- | 
uianguler tothe tri- 
8 GAB: Again, 8 6 
at tie points G, B 
in the ſtraight line | 
GB make * the angle 
BGI cqual to the 
angle DFE, and the | 
angle GBH equal to A B 
FEE ; therefore the 
remaining angle FID is equal to the remaining angle G 
and the triangle FDE equiangular to the triangle GBH: 
becauſe che angle AGB 1s equal to the angle CFD, and 
to DFE, the whole angle AGH is equal to the wholeU 
For the fame reaſon, the angle ABH is equal to the angleC 
alſo the angle at A 1s equal to the angle at C, and the 2 
CHB to FED : "Therefore the rectilineal figure ABHG v0 


angular to CDEF : Put likewiſe thefe figures have their bd Le 
bout the equal angles proportionals: Becauſe the triangles n th. 
© 4. 6, FCD being equiangular, BA is © to AG, as DC to CE; ide 


becauſe AG 1s to GB, as CF to FD; and as GB to GH, uian. 
by reaſon of the equrangular triangles BGH, DFE, is FL T; 

122. 3. FE; therefore, ex aequali dg, AG is to GH, as CF to EEx. 
the ſame manner it may be proved that AB is to BH, as CU { 1 
DE: And GH js to HB, as FE to ED*, Wherefore, bes 
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e rectilineal figures ABHG, CDEF are equiangular, and Bok VI. 
we their ſides about the equal angles proportionals, they are 

lar to one another ©. © 1, def. 6. 
Next, Let it be required to deſcribe upon a given ſtraight line 

;, a rectilineal figure ſimilar, and ſimilarly fituated to the 

ctilineal figure CDKEF of five ſides. 

Join DE, and upon the given ſtraight line AB deſcribe the 

Ailineal figure ABHG fim ilar, and ſimilarly ſituated to the 
nadrilateral figure CDEF, by the former caſe; and at the 

pints B, H in the ſtraight line BH, make the angle HBL e- 

ual to the angle EDK, and the angle BHL equal to the angle 

DEK; therefore the remaining angle at K is equal to the re- 

aining angle at L: And becauſe the figures ABHG, CDEF 

re ſimilar, the angle GHB is equal to the angle FED, and 

HL is equal to DEK; wherefore the whole angle GH is e- 

ual to the whole angle FEK : For the fame reaſon, the angle 

BL is equal to the angle CDK: Therefore the five ſided fi- 

ures AGHLB, CFEK D are equiangular: And becauſe the fi- 

res AGHB, CFED are fmilar, GH is to HB, as EE to ED; 

nd as HB to HL, ſo is ED to EK ©; therefore, ex acquali 4, 4. 6. 
H is to HL, as FE to EK: For the fame reaſon, AB is to BL, 4 22. 5. 
s CD to DK: And BL is to LH, as © DK to KE, becauſe the 

tiangles BLH, DKE are equiangular : Therefore, becauſe the 

we ſided figures AGHLB, CFEED are equiangular, and have 

heir ſides about the equal angles proportionals, they are ſimilar 

o one another: /cad in the fame manner a rectilineal figure of 

x or more ſides may be deſcribed upon a given ſtraight line ſi- 

milar to one given, and fo on. Which was to be done. 


* 


* PROP. XIX. THE OR. 

0 3 . | . 
I * triangles are to one another in the dupli— 
he at cate ratio ot their homologous ſides. 


Let ABC, DEF be ſimilar triangles having the angle B equal 
to the angle E, and let AB be to BC, as DE to EF, fo that the 
kde BC 78 homologous to EF * : The triangle ABC has to the 412. def. 
mangle DEF, the duplicate ratio of that which BC has to EF. 5. 

Take BG a third proportional to BC, EH b, fo that BC is to b 11. 6. 
EF, as EF to BG, and join GA; Then, becauſe as AB to BC, 
ebe EF; alternately ©, AB is to DE, as BC to EF: But © 16, 5. 
bea | L 4 a8 
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e 15. 6. 


f 10. def. 
Gs 
I 


to the triangle ABG. Therefore the triangle ABC has to 
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as BC to EF, ſo is EF to BG; therefore 4 as AB to DE, . 
EF to BG : Wherefore the ſides of the triangles ABG, Jy 
which are about the equal angles are reciprocally proportiay 


But triangles which have the ſides about two equal angles w 
procally proportional 
are equal to one ano- 


A 

ther ©: Therefore the 
triangle ABG is equal D 
to the triangle DEF: 
And becauſe as BC is | 
to EF, ſo EF to BG; "20 
and that if three 

F T 


ſtraight lines be pro 
portionals, the firſt is 
{aid f to have to the third the duplicate ratio of that which it ht 
the ſecond ; BC therefore has to BG the duplicate ratio of t 
which BC has to EF: But as BC to BG, ſo is s the triangle Al 


triangle ABG, the duplicate ratio of that which BC has to E 
But the triangle ABG is equal to the triangle DEF; wherd 
alſo the triangle ABC has to the triangle DEF the Quplicaten 
tio of that winch BC has to EF. Therefore ſimilar triangles, & 
QE. D. 

Cox. From this it is maniſeſt, that if three ſtraight line 
proportionals, as the firſt is to the third, fo is any triangle n 
on the firſt to a ſimilar, and ſimilarly deſcribed triangle up 
the ſecond. 


"tt 
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bs Al 
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PROP AS THEAOR 


> IM1L4R polygons may be divided into the fant 
8 number of {imilar triangles, having the ſamen 
tio to one another that the polygons have; and ti 
polygons have to one another the duplicate ratio“ 
that which their homologous ſides have. 


Let ABCDE, FGHEL be fimilar polygons, and let Ab 
the homologous ſide to FG : The polygous ABCDE, FOH 
may be divided into the fame number of fimilar triang 
whereof each to each has the ſame ratio which the polyp 
have; and the polygon ABCDE has to the polygon FGHM 
the duplicate ratio of that which the fide AB has to the bd 
FG: 

join BE, EC, GL, LH : And becauſe the polygon ABCDE 


Im 
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n angle in the other, and their ſides about theſe equal angles 


qual to the angle FGL : And, becauſe the polygons are ſi- 
ar, the whole angle ABC is equal * tothe whole angle FGH 
refore the remaining angle EBC is equal to the remaining 


le LGH : And becauſe the triangles ABE, FGL are fimilar, 
is to BA, as LG to GF * ; and alſo, becauſe the polygons 
ſimilar, AB is to BC, as FG to CH *; therefore, ex ae- 


equal angles EBC, LGH are proportionals; therefore » 


oy triangle EBC is equiangular to the triangle LGH, and fi- 
of to it : A 
For the | Lo NF 
e reaſon, 3 ; DON — F 
triangle 
D ke. E B. Sj 
„ 3 3 2 2 
eo the tri - 
? le LHK: \ 0 
ne erefore the C K ol 
ge ar poly- 
e ABCDE, FGHKL are divided into the ſame number of 


lar triangles. 

alſo theſe triangles have, each to each, the ſame ratio which 
polygons have to one another, the antecedents being 

pL, EbC, ECD, and the-conſequents FGL, LGH, LHEK : 

( the polygon ABCDE has to the polygon FGHKL the du- 


me 0 ratio of that which the ſide AB has to the homologous 
d 6. 
tio ute the triangle ABE is ſimilar to the triangle FGL, 


has to the ſide GL : For the ſame reaton, the triangle BEC 
to GLH the duplicate ratio of that which BE has to GL: 


ple BEC to the triangle GLH. Again, becauſe the tri: 
e EBC is ſimilar to the triangle LGH, EBC has to LGH 
duplicate ratio of that which the fide EC has to the fide 
: For the fame reaſon, the triangle ECD has to the triangle 
LHR, 


ar to the polygon FGHKL, the angle BA is equal to the Book VI. 
e GFL *, and BA is to AE, as GF to FL“: Wherefore, \YV 
zuſe the triangles ABE, FG have an angle in one equal T- Def. 


portionals, the triangle ABE is equiangular b, and there- b 6. 6. 
ſimilar to the triangle FGL ©; wherefore the angle ABE® 4. 6. 


5 


li 4, EB is to BC, as LG to GH; that is, the ſides about 22, 5. 


E bas to FGL the duplicate ratio e of that which the fide* 19. 6. 


efore, as the triangle ABLE to the triangle FG, fo fis the xx, 5, 


: 
| 
: 
. 
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; 
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Book VI, LHK, the duplicate ratio of that which EC has to Ih. 
f Il. f. 


112. LL 


* 10 Def. a third -proport:onal M be taken, AB has to M the dupl 
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therefore the triangle EBC to the triangle LGH, ſo ist 
triangle ECD to the triangle LHK : But it has been proveit 
the triangle EBC is like wiſe to the triangle LGH, as the tin 
ABE to the triangle FGL. Therefore, as the triangle ABE; 
the triangle FGL, fo is triangle EBC to triangle LGH, andy 
gle ECD to triangle LHK : And therefore as one of the; 
cedents to one of the conſequents, fo are all the antecedeny 


R 


ano 
Le 


tiling 
all the 1 6. Wherefore as the triangle ABE AH Be 
triangle FGL, fo is the polygon ABCDE to the pve 


FGHKL : But the triangle ABE has to the triangle FGL, 
duplicate ratio of that which the fide AB has to the homolyy 


DECAL 


C, th 


ſide FG. Therefore alſo the polygon ABCDE has to the Mar, a: 
gon FGHKL the duplicate ratio of that which AB has to bout 
mologous ſide FG. W herefore fimilar polygons, &c. Q. E. No 

Cor. 1. In like manner it may be proved, that ſimilar Wore t 
ſided figures, or of any number of ſides, are one to anote re ca 
the duplicate r:itio of their homologous ſides, and it haWpngul: 
ready becn proved in triangles. Therefore univerſally, f the 
rectilineal figures are to one another in the duplicate ies 
their homologous fides, qual 

Cor. 2. And if to AB, FG, two of the homologous il. E. 


ratio of that which AB has to FG: But the four ſided f 
or polygon upon AB has to the four-ſided figure or polygu 


on FG likewife the duplicate ratio of that which AB has to! p fo 
"Therefore as AB is to M, to is the figure upon AB to thei - 
3 Cor. 19. upon FG, which was alſo proved in triangles . Thea Tec 


univerſally, it is manifeſt, that if three ſtraight lines be g 
tionals, as the firſt is to the third, ſo is any rectilineal figure 


the firft, to a ſimilar and ſimilarly deſcribed rectilineal figur 
on the ſecond. ropo 


GF EV CL1ID:; 


Fook VI. 
ROF. UA. HTN. LADS 


EcTILINEAL figures which are ſimilar to the | 
ſame rectilineal figure, are alſo ſimilar to one 
another, 
Let each of the rectilineal figures A, B be ſimilar to the rec” 
lineal figure C: The figure A is ſimilar to the figure B. 
Becauſe A is ſimilar to C, they are equiangular, and alſo 


4 . . oy 
have their ſides about the equal angles proportionals *. Again, FE Def. 
hecauſe B is ſimilar to . 


C, they are equiangu- : g 

lar, and have their ſides | 

about the equal angles 

an 31 5 A | /8\ 

ore the figures A, B 4 . 

pre each of them cqui- 

angular to C, and have the ſides about the equal angles of each e 
pf them and of C proportionals. Wherefore the reClilineal fi- 


ures A and B are equiangular b, and have their ſides about the“ I. Ax. 1s 


qual angles proportionals . Thereſore A is ſimilar * to B. 11. 5. 
. 


PROP. AI. THEO. 


ef four ſtraight lines be proportionals, the ſimilar 

rectilineal figures ſimilarly deſcribed upon them 
vc Paal alto be proportionals : And if the ſimilar recti- 
gute ineal figures fimilarly deſcribed upon four ſtraight 
hguomines be proportionais, thoſe ſtraight lines ſhall be 


roportionals, 


Let the ſour ſtraight lines AB, CD, EF, GH be propor- 

mals, viz AB to CD, as EF to GH, and upon AB, CD tet 

de imilar rectilineal figures RAB, LCD be ſimilarly deſcri- 

e; and upon EF, GH the fimilar rectilincal figures M, NH, 

: | — manner: The rectilincal figure KAB is to LCD, as MF 

P ) . H. 

lo AB, CD take a third proportional X; and to EF, GH * II. 6. 

third proportional O ; And becauſe AB is to CD, as EF to 

il, thercſore CD is d to X, as GH to O; wheretore, ex ae- Þ 11. 5. 

ſule, as AB to X, ſo EF to O: But as AB to X, ſo is* the © 22. 5. 
rectilincal d 2 Cor. 

20. 6. 


— 
———— ñ 2 — — 
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20. 6. 


b 11. 5 


© 12. 6. 


f 18. 6. 


9 5. 


See N. 


Book VI. rectilineal KAB to the rectilineal LCD, and as EF to O, 0 
d na the recilineal MF to the rectilincal NH : Therefore 5s k 
2. Cor. to LCD, ſo b is MF to NH. 


THE ELEMENTS 


And if the rectilineal KAB be to LCD, as MF to NH: i 
ſtraight line AB is to CD, as EF to GH. 

Make © as AB to CD, fo EF to PR, and upon PR deſcril 
the rectilineal figure SR ſimilar and ſimilarly ſituated to eit 


K 


IF th 

o Of 

X 10 

: \ | — but 7 

M A. B C D there 

£0 rzlle] 

\ Jer N 8 gram 
\__1-0--\ 

wi 1 CHt 

E F G 11 P R as D 

wher 

of the figures MF, NH: Then, becauſe as AB to CD, ſo is nne! 
to PR, and that upon AB, CD are deſcribed the ſimilar I been 
ſimilarly ſituated rectilineals KAB, LCD, and upon EF, I para] 
in like manner, the ſimilar rectilineals MF, 8R; KAB is Mthe p 
LCD, as MF to SR; but, by the hypotheſis, KAB is to LOW bor 
as MF to NH ; and therefore the rectilineal MF having t * ws 
fame ratio to each of the two NH, SR, theſe are equal to af t 
another: '1 hey are alſo fimilar, and fimilarly ſituated ; the whic 
fore GH is equal to FR: And becauſe as AB to CD, 1o h wiz 


to PR, and that PR is equal to GH; AB is to CD, as Lt 
Git. If thereſore four ſtraight lines, &c. Q. E. D. 


PROP. XXIII. THEOR. 


] og, ANGULAR parallelograms have to one all 
ther the ratio which is compounded of the! 


tios of their des, 


Let AC, CF be equiangular parallelograms, having the ag wi 
BCD equal to the angle ECG: The ratio of the parallelogt aal 


AC to the parallelogram CF, is the ſame with the ratio wii 
compounded of the ratios of their ſides. 


OT EUCLII) 173 
Let BC, CG be placed in a ſtraight line; therefore DC and Book VI. 


F are alſo in a ſtraight line; and complete the parallelogram 
G; and, taking any ſtraight line K, make b as BC to CG, 
Kto L; and as DC to CE, fo make b I. to M: Therefore 
he ratios of K to L, and L to M are the ſame with the ratios 
* the ſides, viz. of BC to CG, and DC to CE. But the ra- 
0 of K to M is that which is ſaid to be compounded © of the ra- © A. def. | 
os of K to L, and L to M: Wherefore alſo K has to M, the 5. ö 
atio compounded of the ratios A 
f the ſides: And becauſe as BC \ 


), 6 


* Kal * 14. I. 


b 12. 6. 


CG, fo is the parallelogram 
C to the parallelogram CH © ; 


D H 
. 
ne 1:6. 
therefore K 1s © to L, as the pa- 5. 
rllelogram AC to the parallelo- 
gram CH : Again, becauſe as DC | 
| 


to CE, ſo is the parallelogram 
CH to the parallelogram CF; but 
| as DC to CE, ſo is L to M; 
- wherefore L is © to M, as the pa- KLM E 
ſo 13 irallelogram CH to the parallelogram CF: Therefore, ſince it has 
lar been proved, that as K to L, fo is the parallelogram AC to the 
T, 19 parallelogram CH; and as L to M, fo the parallelogram CH to 
\Þ 1s oe parallelogram CF; ex aequali f, K is to M, as the paralle- f 22. 5+ 
o LU lgram AC to the parallelogram CF: But K has to M the ra- 
tio which is compounded of the ratios of the ſides ; therefore 
alſo the parallelogram AC has to the parallelogram CF the ratio 
which 1s compounded of the ratios of the ſides. Wherefore e- 
quangular parallelograms, &c. Q. E. D. 


PROP. XXIV. THEOR. 


4 Khan parallelograms about the diameter of any See N. 
parallelogram, are ſimilar to the Whole, and to 
one another. 


e all 
the! 


Let ABCD be a parallelogram, of which the diameter is 


the al et ö f 
lelog AC; and EG, HK the parallelograms about the diameter: The 
whidli rallelograms EG, HK are ümilar both to the whole paralle- 


ram ABCD, and to one another. 
it DC, GF are parallels, the angle ADC is equal a to * 29. 1. 
© angle AGF: For the ſame realon, becauſe BU, EF are pa- 


29ͤ%h — eo 


— 
— 
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— ee dts wear Ap > * — 7 
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— 
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On, 
— 
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6. 


1 21. 6. 


See N. 


Cor. 45. 


1. 


41 1. 
14. 1. 
6 13. 0. 
418. 6. 
© 2, Cor. 
20, 6. 
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rallels, the angle ABC is equal to the angle AEF: And eq 
of the angles BCD, EFG is equal to the oppoſite angle DAB) 
and therefore are equal to one another; wherefore the par 
lelograms ABCD, AEFG are equiangular : And becaule the 
angle ABC is equal to the angle AEF, and the angle BAC 
common to the two triangles BAC, EAF, they ate equiangy 
lar to one another ; therefore © as AB 1 

to BC, ſo is AE to EF: And becauſe A E. j 
the oppoſite ſides of parallelograms / . 

are equal to one another b, Ag is 4 to p * | 
AD, as AE to AG; and DC to CB, +3/ 7 — f 
as GF to FE; and alſo CD to DA, / 
as FG to GA: Therefore the ſides of | 
the parallelogran s ABCD, AEFG a- 
bout the equal angles are proportion- F RG 5 
als; and they are therefore ſimilar to ſy C 
one another ©: For the ſame reaſon, the parallelogram ABCDy 
ſimilar to the parallelogram FRCK. Wherefore each of the WF Para 
parallelograms GE, KH is ſimilar to DB: But reCtilineal figures al 
which are ſimilar to the ſame reCtilineal figure, are alſo ſimi ID; 


to one another f; therefore the parallelogram GE is ſimilar to DU. 
KH. Wherefore the parallelograms, &c. Q. E. D. d im 


upon 
| gt 


gran 


ll fi 
al 


PROP. XXV. PROB. 


O deſcribe a rectilineal figure which ſhall be f. 
milar to one, and equal to another given rectil- 
neal figure. 


Let ABC be the given rectilineal figure, to which the ngure 
to be deſcribed is required to be fimilar, and D that to which 
it muſt be equal. It is required to deſcribe a rectilineal figure 
ſimilar to ABC and equal to D. 

Upon the ſtraight line BC deſcribe a the parallelogram BE 
equal to the figure ABC; alſo upon CE deſcribe * the paralie- 
logram CM equal to D, and having the angle FCE equal 
to the angle CBL : "Therefore BC and CF are in a ſtraight 
line b, as alſo LE and EM: Between BC and CF find © a mea 
proportional GH, and upon GH defcribe dä the rectilineal f: 
gure KGH ſimilar and ſimilarly ſituated to the figure ABC: 
And becauſe BC is to GH as GH to CF, and if three ſtraight 
lines be proportionels, as the firſt is to the third, fo oF the 

| 1gure 


— — — f ——— — —— — 
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upon the firſt to the ſimilar and ſimilarly deſcribed fi- Book VT, 
upon the ſecond ; therefore as BC to CF, io is the rec- ä 


| figure ABC to KGH : But as BC to CF, ſo is the pa- f 1, 6. 


dart zram BE to the parallelogram EF: Therefore as the rec- 
4. | figure ABC is to KGH, fo is the parallelogram BE to 
4 >; boon EF ®; And the rectilineal figure ABC is equal © II. 5+ 


A 
| D K 


Wl | 
ö WEN 3 | 
15 14 


L E M | 


— þ 


Di | ' 
f 15  parallelogram BE ; therefore the rectilineal figure KGH f 
gures a to the parallelogram EF: But EF is equal to the fi- " 14. 5. 8 
mil D; wherefore alſo KGH is equal to D; and it is ſimilar 1 


BC. Therefore the rectilineal figure KGH has been de- 
4 ſimilar to the figure ABC, and equal to D. Which was 
done, 


PROF. TVI THEOR.. 


wo ſimilar parallelograms have a common angle, 


id be ſimilarly ſituated; they are about the 
diameter. | 


the parallelograms ABCD, AEFGC be fimilar and fimi- 
tuated, and have the angle DAB common. ABCD and 


7 are 2bout the ſame diameter. 
, not, let, if poſſible, the 


e fl. 
til. 


figure 
which 


ſigure elogram BD have its dia- " 9 

> AHC in a different ſtraight A. | G 

n BE En AF the diameter of che = — 1 

ralie- dopram EG, and let GF 3 55 a 1 "A * 

equal AtiC in H; and through * SS 

raight Wi HK parallel to AD or We | 

mean WW berefore the parallelograms I 

cal f- D, AKHG being about tube don 8 

\BC: ncter, they are ſimilar 

raight I other * : Wherefore as DA to AB, ſo is > GA to AK: 24. 6. 


e the 
hgure 


Kaule ABCD and AEFG are ſimilar parallelograms, b 1. Def. 
48 6. 


76 


Book VI. 
9 
© 11. To th 


19. 5. 


THE ELEMENTS 
as DA is to AB ſo is GA to AE; therefore © as GA tl 


3. a1 


GA to AK; wherefore GA has the ſame ratio to each oi) fit 
ſtraight lines AE, AK; and conſequently AK is equal ey 
the leſs to the greater, which is impoſſible : Therefore Al AB 
and AKHG are not about the ſame diameter; wherefore 18" th 
and AEFG muſt be about the fame diameter. "Therefore, ah 
ſimilar, &c. Q. E. D. _ 
, 
To underſtand the three following propoſitions moreg = 
it is to be obſerved, 'D 
© 1. That a parallelogram is ſaid to be applied to a H 7 

© line, when it is deſcribed upon it as one of its fides. E 175 
© the parallelogram AC is ſaid to be applied to the ſtraighiſf a 
© AB. 7 8¹ 
*2. But a parallelogram AE is ſaid to be applied to a H 1. 
© line AB, deficient by a parallelogram, when AD the , the 
A is leſs than AB, and there- E CO-4 * 
fore AE is leſs than the paral- e eee 14 
© lelogram AC deſcribed upon lelo 
© AB in the ſame angle, and be | a 
© tween the ſame parallels, by the | ls 
© parallelogram DC; and DC is A D B les 
© therefore called the defect of kuck 
CAE. | _ 
© 3. And a parallelogram AG is ſaid to be applied to aſt Lis 
line AB, exceeding by a parallelogram, when AF the b equal 
A is greater than AB, and therefore AG exceeds AC tht br th 
© rallelogram deſcribed vpon AB in the ſame angle, and . T7 
the ſame parallels, by the parallelogram BG.” *.. 
le A 

PROP. XXVII. THEOR. rams 


See N. 


O all parallelograms applied to the ſame tra 
line, and deficient by parallelograms fimilar 
ſimilarly ſituated to that which is deſcribed u 
the halt of the line; that which is applied to 
half, and is ſimilar to its defect, is the orcatelt, 


Let AB be a ſtraight line divided into two equal pars! 
and Jet the parallelogram AD be applied to the hall 
which is therefore deficient from the parallelogram upd 
whole line AB by the parallclogram CE upon the othel 
CB: Of all the paraliclograms applied to any other pi 
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3 and deficient by parallelograms that are ſimilar, and ſimi- Book VI. 
y ſituated to CE, AD is the greateſt, Ye 
[+ AF be any parallelogtam applied to AK, any other part 

AB than the half, ſo as to be deficient from the parallelogram 

mn the whole line AB by the parallelogram KH ſimilar, and 

iarly ſituated to CE; AD is greater than AF. 

irſt, Let AK the baſe of AF be greater than AC the half 

AB; and becauſe CE is ſimilar to 
parallelogram KH, they are about 


DL E | 
ſame diameter 2 Draw their dia- 26. 6. ; 
er DB, and complete the fcheme : 1 | 
auſe the parallelogram CF is equal G [#4 


rk, add KH to both, therefore 43. Is ; 
ag whole CH is equal to the whole | 

But CH is equal © to CG, be- © 36. 1. i 
© "Wi: the baſe AC is equal to the baſe ———— | 
he , therefore CG is equal to KE: ' 0 PW 


each of theſe add CF; then the 
dle AF is equal to the gnomon CHL: Therefore CE or the 
lelogram AD is greater than the parallelogram AF. 


ext, Let AK the baſe of AF, 
leis than AC, and, the ſan e 
ſtruction being made, the paral- 
gram DH is equal to DG e, for 
| is equal to MG 9, becauſe BC 
equal to CA; wherefore DH is 
ater than LG: But DH is equal » 
DR; therefore DK is greater than 
: To each of theſe add AL; then 
whole AD is greater than the 
le AF. Therefore of all paralle- 
ams applied, &c. Q. E D. 


434. 1. 


06. 


b 18. 6. 


© 25. Gy 
1 21. G. 
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PROP. XXVIIIL PROB.' 


TO 2 given ſtraight line to apply a parallelogran 
qual to a given rectilineal figure, and deficy 
by a parallelogram ſimilar to a given parallelogn 
But the given rectilineal figure to which the pan 
logram to be applied is, to be equal, muſt ng 
greater than the parallelogram applied to half off 
iven line, having its defect ſimilar to the defed 
that which is to be applied; that is, to the g 
parallelogram. FO Bold. 


Let AB be the given ftraight line, and C the given ut 
neal figure, to which the parallelogram to be applied is re 
red to be equal, which figure muſt not be greater than the 
rallelogram applied to the half of the line having its defe&i 
that upon the whole line ſimilar to the defect of that whi 
to be applied; and let D be the parallelogram to which 
deſect is required to be ſimilar. It is required to apply 
rallelogram to the ſtraight 
line a, which ſhall be — — H 0 OF 


to the figure C, and be defi- 
cient from the parallelogram 
upon the whole line by a pa- X p K 


rallelogram ſimilar to D. 


Divide AB into two equal T \ W 
A 


parts * in the point E, and 
upon EB deſcribe the paralle- 


logram EBFG fimilar d and 

ſimilarly fituated to D, and 

complete the parallelogram $ 

AG, which mult either be e- PA K x 


qual to C, or greater than it, 
by the deterniination : And if 
AG be equal to C, then what was required is already 
For, upon the ſtraight line AB, the parallelogram AG is 2 
equal to the figure C, and deficient by the parallelogra 
ſimilar to D: But if AG be not equal to C, it is greateſ! 
it; and EF 1s equal to AG, thereiore EF alſo is greate! 
C. Make © the parallelogram KLMN equal to the exc 
EF above C, and hnular and ſimilarly ſituated to D; uu 
is ſimilar to EF, therefore 4 alſo KM is ſimilar to EF: Le 


0 2 | 
equ 
lelt 


AB | 
oure 
* equa 
ne to 
d be fit 
ſtraig 
ding | 
vide A 


equal to C and KM together, EF is greater than KM; 
ore the ſtraight line EG is greater than KL, and GF 
LM: Make GX equal to LK, and GO equal to LM, and 
gete the parallelogram XGOP : Therefore XO is equal 
0 Imilar to KM; but KM is ſimilar to EF; wherefore alſo 
0 8. amar to EF, and therefore XO and EF are about the 
diameter ©: Let GPB be their diameter, and complete the © 26. 6. 
ne: Then becauſe EF is equal to C and KM together, and 
a part of the one is equal to KM a part of the other, the 
inder, viz. the gnomon ERO, is equal to the remainder 
and becauſe OR is equal f to XS, by adding SR to each, f 34. 1. 
hole OB is equal to the whole XB: But XB is equal s to © 36. 1. 
becauſe the baſe AE is equal to the baſe EB; wherefore 
IE is equal to OB: Add XS to each, then the whole T8 
al to the whole, viz. to the gnomon ERO : But it has been 
d, that the gnomon ERO is equal to C, and therefore al- 
d is equal to C. Wherefore the parallelogram TS, equal 
given rectilineal figure C. is applied to the given ſtraight 
\B deficient by the parallelogram SR ſimilar to the gi- 
ne D, becauſe SR is ſimilar to EF ®, Which was to , h 24. 6. 


PROP. XXIX. PR OB. 


O 2 given ſtraight line to apply a parallelogram See N. 
equal to a given rectilineal figure, exceeding by 
llelogram ſimilar to another given. 


AB be the given ſtraight line, and C the given rectili- 
pure to which the parallelogram to be applied is required 
equal, and D the parallelogram to which the exceſs of 
ne to be applied above that upon the given line is requi- 
be ſimilar, It is required to apply a parallelogram to the 
ſtraight line AB which ſhall be equal to the figure C, 
lng by a parallelogram ſimilar to D. | 
nde AB into two equal parts in the point E, and upon 


M 2 ated 
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e homologous ſide to EG, and LM to GF: And becauſe Book VI. 


Cride ® the parallelogram EL ſimilar and ſimilarly ſitu- 18. 6. 


180 
Bock vl. 


— 
b 25. 6. 
31.8. 


26. 6. 
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ated to D: and make b the parallelogram GH equal to El. 
O together, and ſmilar and fimilarly ſituated to D; wh 
fore GH is ſimilar to EL ©: Let KH be the fide homolog 
FL, and KG to FE, And becauſe the parallelogram d 
grearer than EL, therefore the fide KH is greater tha 
and KG than FE: Produce FL and FE, and make FLM« 
to KH, and FEN to KG, and complete the parallelogram) 
MN is therefore e- 

qual and ſimilar to K. 3 
GH ; but GH is ſi- | 

milar to EL; where- 

fore MN is ſimilar to 

EL, and conſequent- (Gn 

ly EL end MN are 
about the ſame dia- 


C 22 
meter : Draw their W 2 
diameter FX, and 
complete the ſcheme. + E = B ( 
* \ | 


1 
ele 


Therefore ſince GH 


is equal to EL and C . 
together, and that N P 
GH is equal to MN; Divid 
MN is equal to EL and C: Take away the common pf, 
then the remainder, viz. the gnomon NO, is equal to C. Wn, be 
. 1. becauſe AE is equal to EB, the parzellclogram AN is equiWie {q 
. the parallclogram NB, that is, to BM f, Add NO tot 18 


therefore the whole, viz. the parallelogram AX, is equal. 
gnomon NOL But the gnomon NO is equal to Cy the 
alſo AX is equal to C. Wherefore to the ſtraight line 
there is applied the parallelogram AX equal to the given 
lineel C, exceeding by the parallelogram PO, which is 
to D, becauſe PO is fimilar to EL S. Which was to bed 


( rig 

ſeril 

PROP, XXX. PR OB. * 

T cut a given ſtraight line in extreme aud A 
ratio. . 


Let AB be the given ſtraight line; it is required to cu 
extreme and mcan ratio, 
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0 FI | 
een AB deſcribe * the ſquare BC, and to AC apply the Book VI. 
ol lelogtam CD equal to BC, exceeding by the figure AD ſi- Re eh 
m (lr to BC >: But BC is a ſquare, 46. 1. 
than Wcfore alſo AD is a ſquare ; and ber- D 29. 6. 
LM i: BC is equal to CD, by taking the 
am mon part CE from each, the re- 

nder BY is equal to the remainder  : E B 

); And theſe figures are equiangu- At 

therefore their ſides about the equal ; 

es are reciprocally proportional © : | 14. 6. 

erefore as FE to ED, ſo AE to EB: 
\ FE is equal to AC d, that is, to AB; | 434. 1. 
M ED is equal to AE: Therefore as 

wAE, ſo is AE to EB: But ABis © F 

ter than AE ; wherefore AE is T5. 

ter than EB © : Therefore the ſtraight line AB is cut in ex- 14. f. 
D e and mean ratio in Ef Which was to be done. : 5 Def. 


Otherwiſe, 
et AB be the given ſtraight line; it is required to cut it in 
eme and mean ratio. 
divide AB in the point C, ſo that the rectangle contained 
B, BC be equal to the ſquare of AC 2. , * II, 2. 
kn, becauſe the rectangle AB, BC is equal A 7 8 
be ſquare of AC, as BA to AC, ſo is 
to CB : Therefore AB is cut in extreme and mean ratio 17. 6. 
', Which was to be done. 


P 


n part 
to C. 
5 equa 
O toe 
qual! 
>; ther 
line 
71ven if 
h 1s fl 


be 


PROP. XX NI. THEOR. 


(right angled triangles, the rectilineal figure de- See N. 
ſeribed upon the fide oppoſite to the right angle, 

equal to the ſimilar, and ſimilarly deſcribed fi- 

es upon the ſides containing the right angle. 


ABC be a right angled triangle, having the right angle 

IC : The rectilineal figure deſcribed upon EC is equal to the 

var, and fimilarly deferibed figures upon BA, AC. 

wa the perpendicular A; therefore, becauſe in the 
tangled triangle ABC, AD is drawn ſrom the right angle 

a perpendicular to the baſe BC, the triangles ABD, ADC. 
Wmilar to the whole triangle ABC, and to one another *, * 8. 6. 
NM 3 | and 


to cut 


CY — 
— — — ——⸗ U ů AAA —e— 
- 


- 
x 
:, 


See N. 
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and becauſe the triangle ABC is fmilar to ABD, a (1 
BA, ſo is BA to BD ®, and becauſe theſe three ſtraigh 
are proportionals, as the firſt to the third, ſo is the figur 
on the firſt to the ſimilar, and ſimilarly deſeribed figure 
the ſecond © : Therefore as CB 
to BD, ſo is the figure upon 
CB to the ſimilar and ſimi- 
larly deſcribed figure upon 
BA : And, inverſely, as DB 
to BC, ſo is the figure upon 
BA to that upon BC: For 
the ſame reaſon, as DC to B D 
CB, ſo is the figure upon CA 

to that upon CB. Wherefore 77 
as BD and DC together to BC, ſo are the figures upon BY, 
to that upon EC ©: But BD and DC together are equal u 
Therefore the figure deſcribed on BC is equal f to the in 
and ſimilarly deſcribed figures on BA, AC. Wherehn 
right angled triangles, &c. Q. E. D. 


trian! 
and 
J as ( 
refor, 
le B. 
ple ar 
com! 
tot 


PROP. XXXII. THE OR. 


of two triangles which have two ſides of the! 
proportional to two ſides of the other, be i 
ed at one angle, ſo as to have their homolog 
ſides parallel to one another; the remaining | 
ſhall be in a ſtraight line. 


Let ABC, DCE be two triangles which have the two! 
BA, AC proportional to the two CD, DE, viz. BA tos 
as CD to DE; and let AB be parallel to DC, and AC tv! 
BC and CE are in a ſtraight line. 

Becauſe AB is parallel to 
DC, and the ſtraight line A 
AC meets them, the al- 
ternate angles BAC, ACD 
are equal“; for the ſame 
reaſon the angle CDE is 
equal to the angle ACD; 
whercfore alſo BAC is e- 
qual to CDE: And becauſe 8 


— — ͤ 
- 
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as CD to DE, the triangle ABC is equiangular ® to DCE : 
refore the angle ABC is equal to the angle DCE : And the 
le BAC was proved to be equal to ACD: Therefore the 
le angle ACE is equal to the two angles ABC, BAC; add 
common angle ACB, then the angles ACE, ACB are e- 
| to the angles ABC, BAC, ACB : But ABC, BAC, ACB 


B are equal to two right angles: And fince at the point 
in the ſtraight line AC, the two ſtraight lines BC, CE, 
ich are on the oppoſite ſides of it, make the adjacent angles 


are in a ſtraight line. Wherefore, if two triangles, &c. 


n BA. WWE. D. 


ual to 
the ; l 
1crefor 


PROP: XXXIL-THEOR 


circumferences, have the lame ratio which the 
cumferences on which they ſtand have to one an- 


the 
ber: do alſo have the ſectors, 


be 10 
ologt | 
ng Met ABC, DEF be equal circles; and at their centers the 
gles BGC, EHF, and the angles BAC, EDF at their cir- 
mterences z as the circumference BC to the circumference 
; lo is the angle BGC to the angle EHF, and the angle 


two! * the angle EDF; and alſo the ſector BGC to the ſector 


to! 
Core any number of circumferences CK, KL, each equal to 
and any number whatever FM, MN each equal to EF: 


d jon GK, GL, HM, HN. Becauſe the circumferences 
c allo all equal * : Therefore what multiple ſoever the circum- 
e angle BGL of the angle BGC: For the fame reaſon, what- 


, the ſame multiple is the angle EHN of the angle EHF: 
M 4 | And 


» CK, KL are all equal, the angles BGC, CGK, KGL 
tence BL is of the circumference BC, the fame multiple is 


er multiple the circumference EN is of the circumference 


triangles ABC, DCE have one angle at A equal to one at Book VT. 


and the ſides about theſe angles proportionals, viz. BA to, FR 4 


equal to two right angles ; therefore alſo the angles ACE, © 32. 19 


E, ACB equal to two right angles; therefore 4 BC and 4 14, 1. 


N equal circles, angles, whether at the centers or See N. 
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Book VI. And if the circumference BL be ecval to the circumſ the) 
IX., the angle BGI. is alſo equal * to the angle EHN ; N80 
* 27. 3. if the circumference BL be greater than EN, likewiſe the . T' 
BGL is greater than EHN; and if leſs, leſs : There being th 1 the 
four magnitudes, the two circumferences BC, EF, and Who! 
two angles EGC, EHF; of the circumference BC, and of Wc 
angle BGC, have been taken any equimultiples whaterer, H! 
the circumference PL, and the angle BGL; and of the cirey M, 1 
terence EF, and of the angle EHF, any equimultiples MIt m 
| e Bl 
f 
e E. 
or E] 
ever, viz. the circumference EN, and the angle EHN : 4 
it hos been proved, that if the circumference BL be great 
than EN, the angle BGL is greater than EHN; and it 
qual, equal; and if leſs, leſs: As therefore the circumferen 
d 5. Del, BC to the circumference EF, ſo d is the angle BGC toi 
5 angle EHF: But as the angle BGC is to the angle EHF, r p( 


15 . © the angle BAC to the angle EDF, for each is double 
d 20. 3. cach d: Therefore, as the circumference BC is to EF, fo 5 
angle BGC to the angle EHF, and the angle BAC to theany 
EUF, 
Alſo, as the circumference BC to EF, ſo is the ſector þ 
to the ſector EHF. Join BC, CK, and in the circumterent 
BC, CK take any points X, O, and join BX, XC, CO, Ok 
Then, becauſe in the triangles GBC, GCK the two ſides l 
| GC arc equal to the two CG, GK, and that they contain 
© 4.1. qual angles; the baſe BC is equal © to the baſe CK, and 
triangle CBC to the triangle GCK : And becauſe the citcut 
ference BC is cqual to the circumference CK, the remain 
pait of the whole circumference of the circle ABC, is equal! 
the remaining part of the whole circumference of the in 
circle: Whereſore the angle BXC is equal to the angle COR 


| 72 ( 
11. Def. and the ſegment BXC is therefore ſimilar to the ſegment Co 
4 


e Bl 
ſecto 
mtu 
BG 
C, th 
tiple: 
F, th 
Itiple: 
ace ] 
ſecto 
d os 
Ne ſed 
Kc. 
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they are npon equal ſtraight lines BC, CK: But ſimilar ſeg- 


ts of circles upon equal ſtraight lines, are equal * to one ano» 
Therefore the ſegment BXC is equal to the ſegment COK : 
1 the triangle BGC is equal to the triangle CGK; therefore 
whole, the fector BGC, is equal to the whole, the ſector CGK: 
the fame reaſon the ſector KG, is equal to each of the 
ns BGC, CGK : In the ſame manner, the ſectors EF, 
M, MHN may be proved equal to one another Therefore, 
t multiple ſoever the circumference BL is of the circumfe- 
e BC, the ſame multiple is the ſector BG of the ſector 
C: For the ſame reaſon, whatever multiple the circumfe- 
e EN is of EF, the ſame multiple is the ſector EHN of the 
or EHF: And if the circumference BL be equal to EN, the 


I) 


J: 4 

3 M 
nd if r 

nferen E F 

© toll 


IF, 088: BGL is equal to the ſector EHN ; and if the circumfe- 
ble! e BL be greater than EN, the ſector BGL is greater than 
o 198 -for ELN ; and if leſs, leſs: Since then, there are four 


he ang mitudes, the two circumferences BC, EF, and the two ſec- 
BGC, EHF, and of the circumference BC, and ſector 


or þ C, the circumference BL and ſector BGL are any equi- 
\ Of tiples whatever; and of the circumference EF and ſector 
7 


I, the circumference EN and ſector EH N are any equi- 
Itples whatever; and that it has been proved if the circum- 
e BL be greater than EN, the ſector BGL is greater than 
an ſector EHN ; and if equal, equal; and if leſs, leſs. 'There- 
cit "oF * +5 the circumference BC is to the circumference EF, ſo 
mam e {cor BGC to the ſector EHF. Wherefore, in equal cir- 


equal! . 
he fan Ke, QE. D. 


COR. 
COR. 


All 
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ntain 


PROP- 


185 
Book vt · 


24. 3. 


| b 5, def. 


A] 
1 
N 
: 
1 


186 


Book VT. 
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See N. 


See N. 


that is io the rectangle ED, DA 
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PROP, B. THE OR. 


FF an angle of a triangle be biſected by a fir 
line, which likewiſe cuts the baſe ; the reQuy 
contained by the ſides of the triangle is equal tot 
rectangle contained by the ſegments of the bake, 
gether with the ſquare of the ſtraight line biſcd 
the angle, | 


Let ABC be a triangle, and let the angle BAC be tit 
by the ſtraight line AD; the rectangle BA, AC is cqualt, 
rectangle BD, DC, together with the ſquare of AD. 

Deſcribe the circle? ACB about the triangle, and prog 
AD to the circumference in E, 


and join EC: Then becauſe the | A 

angle BAD is equal to the angle | 

CAE, and the angle ABD to the 

angle > AEC, for they are in the 1 | 
D | 


ſame ſegment; the triangles ABD, 
AEC are equiangular to one an- 
other: "Therefore as BA to A, 
ſo is KA to AC, and conſe- 
quently the rectangle BA, AC is 
equal © to the rectangle EA, AD, 


together with the ſquare of AD: But the rectangle ED, 
is equal to the rectangle f BD, DC. Therefore the rech 
BA, AC is equal to the rectangle BD, DC, together with 
ſquare of AD. Wherefore, it an angle, &c. Q. E. D. 


PROP. C. THE OR. 


FF from an angle of a triangle a ſtraight line 
drawn perpendicular to the baſe; the rectal 
contained by the ſides of the triangle is equal to 
rectangle contained by the perpendicular and the. 
ameter of the circle deſcribed about the triangis 


Let ABC be a triangle, and AD the perpendicular fron! 
angle A to the baſe BC; the rectangle BA, AC is equal 
rectangle contained by AD and the diameter of the circl 
ſcribed about the triangle. * 

000 


e triangle, and draw its diame- A ed 

AE, and join EC: Becauſe the 8. 4. 
ht angle BDA is equal b to the d 31. 3. 
gle E A in a ſemicircle, and 


e angle ABD to the angle AEC B D C 
the ſame ſegment ©; the tri- © 21. 3. 
oles ABD, AEC are equian- 
lar * Therefore as 4 BA to AD, 44 6. 
is EA to AC, and conſequent- 

E 


the rectangle BA, AC is equal © 
the rectangle EA, AD. If, 
erefore, from an angle, &c. Q. E. D. 


P RO P. D. THEO R. 


HE rectangle contained by the diagonals of a 
quadrilateral inſcribed in a circle, is equal to 
th the rectangles contained by its oppoſite ſides. 


Let ABCD be any quadrilateral inſcribed in a circle, and 
in AC, BD; the rectangle contained by AC, BD is equal to 
e two rectangles contained by AB, CD, and by AD, BC. 
Make the angle ABE equal to the angle DBC; add to each 
theſe the common angle EBD, then the angle ABD is e- 
al to the angle EBC: And the angle BDA is equal * to the 21. 3. 
gle BCE, becauſe they are in the ſame ſegment; therefore 


rect e triangle ABD is equiangular to 
vibe triangle BCE: Wherefore b as o 4. 6. 
D. is to CE, ſo is BD to DA, and 


nlequently the rectangle BC, AD | fe 
equal © to the rectangle BD, CE: 16. 6. 
gain, becauſe the angle ABE is 
ul to the angle DBC, and the 
le BAE to the angle BDC, the 
angle ABE is equiangular to the 
angle BCD : As therefore BA to A 
; lo is BD to DC; wherefore 
rectangle BA, DC is equal to the rectangle BD, AE: But 
. lectangle BC, AD has been ſhewn equal to the rectangle 
, CE; therefore the whole rectangle AC, BD is equal to 
rectangle AB, DC together with the rectangle AD, BC. 
terefore the rectangle, &c. E. D. 
N 


This is a Lemma of Cl, Ptolomacus in page 9, of his wyeranhy our fr. 
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Deſcribe * the circle ACB about Book VT, 
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DEFINITIONS. 


5 
A Solid 1s that which hath 2 breadth, and thickne 
II, 


That which bounds a ſolid is a ſuperficies. 
III. 
A ſtraight line is perpendicular, or at right angles to a pl 
when it makes right angles with every ſtraight line meet 
It in that plane. 
IV. 


A plane is perpendicular to a plane, when the ſtraight li 
drawn in one of the planes perpendicularly to the comm 
ſection of the two planes, are perpendicular to the c 
plane. 


V. 

The inclination of a ſtraight line to a plane is the acute Moe d 
contained by that ſtraight line, and another drawn from WM the 
point in which the firſt line meets the plane, to the point me 
which 2 perpendicular to the plane drawn from any poll! 
the firſt line above the plane, meets the ſame plane. cor 

VI a a 

The inclination of a plane to a plane is the acute angle cont: * 

cd by two ſtraight lines drawn from any the ſame point Wi the 


their common {ſection at right angles to it, one upon 
plane, and the other upon the other plane. vu n 


one another, which two other planes have, when the ſaid an- 


ves of inclination are equal to one another. 
. VIII. 
rallel planes are ſuch which do not meet one another tho 


produced. 
IX. 


than two plane angles, which are not in the ſame plane, in 
one point. 


X. 
The tenth definition is omitted for reaſons given in the notes.“ See N. 
XI- 


;milar folid figures are ſuch as have all their ſolid angles equal, See N. 
each to each, and which are contained by the ſame number 
of ſimilar planes. 

XII. 


pyramid is a ſolid figure contained by planes that are con- 
ſtituted betwixt one plane and one porht above it in which 


tney meet. 
XIII. 


priſm is a ſolid figure contained by plane figures of which 
two that are oppoſite, are equal, ſimilar, and parallel to one 
mother; and the others parallelograms. 
XIV. | 
| ſphere is a ſolid figure deſcribed by the revolution of a ſemi- 
circle about its diameter, which remains unmoved, 
XV. 
e axis of a ſphere is the fixed ſtraight line about which the 


ſemicircle revolves 


1cknel 


a pl 


ht | 


COM 40 


he a XVI. 


e center of a ſphere is the fame with that of the ſemicircle. 
XVIL. 

diameter of a ſphere is any ſtraight line which paſſes thro? 

the center, and is terminated both ways by the ſuperficies of 


the ſphere. 

X VIII. 
cone is a ſolid figure deſcribed by the revolution of a right 
angled triangle about one of the ſides containing the right 
angle, which fide remains fixed, 
the fixed fide be equal to the other fide containing the right 


angle, 


te at 
rom fl 
point 


point 


conti 
point 
pon © 


II. 1 
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VII. Book XI. 
ro planes are faid to have the ſame, or a like inclination to 


ſolid angle is that which is made by the meeting of more See N. 


Ay wah; + oe 


4 — — r 


S Loweetdl a wt 1 = 
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Book XI. angle, the cone is called a right angled cone; if it bel 
than the other fide, an obtuſe angled, and if greater, an am 
angled cone. 


XIX. V1] 
The axis of a cone is the fixed ſtraight line about which g 
triangle revolves. | - 
XX, 
The baſe of a cone is the circle deſcribed by that ſide contain it 
the right angle, which revolves. | BY 
XXI. AB 


A cylinder is a ſolid figure deſcribed by the revolution of Weuce: 
right angled parallelogram about one of its ſides which nfſÞduce 


mains fixed, ö thre 
XXII. turn, 

The axis of a cylinder is the fixed ſtraight line about which M the 
parallelogram revolves. nts E 
XXIII. erefo 

The baſes of a cylinder are the circles deſcribed by the toe th 
volving oppoſite ſides of - 288 erefo 

| IV. | 


Similar cones and cylinders are thoſe which have their axes ai 
the diameters of their baſes proportionals. 


XXV. 

A cube is a ſolid figure contained by ſix equal ſquares. 

XXVI. V 

A tetrahedron is a ſolid figure contained by four equal and ( 

quilateral triangles. e ar 

| XXVII. . 

An octahedron is a ſolid figure contained by eight equal at A 

equilateral triangles, | | 
XXVII. W 

A dodecahedron is a ſolid figure contained by twelve eq *Y 

pentagons which are equilateral and equiangular. : EE 
XXIX. 

An icoſahedron is a ſolid figure contained by twenty equal a ts 
equilateral triangles. | * 
1 25 

A parallelepiped is a ſolid figure contained by fix quadrilatt al 
figures whereof every oppoſite two are parallel. he ; 

The 
PRO 
hie 
4 
0 ſt 
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t het B ok XI. 
mY PROP. I. THEOR. hab 


* part of a ſtraight line cannot be in a plane See N. 


dich h and another part above it. 


ntainal r it be poſſible, let AB, part of the ſtraight line ABC, be in 

ane, and the part BC above it: And ſince the ſtraight 

AB is in the plane, it can be C 

on of uced in that plane: Let it be 

dich offMduced to D: And let any plane —— Sf 
 thro* the ſtraight AD, and \ 2 

turned about it until it paſs \ A 

ich the point C; and becauſe the : 

nts B, C are in this plane, the ſtraight line BC is in it *: 27. def. 1. 

erefore there are two ſtraight lines ABC, ABD in the ſame 

ne that have a common ſegment AB, which is impoſſible d. o Cor. 11. 


erefore one part, &c. Q. E. D. 1. 


B D 


enge 


WO ſtraight lines which cut one another are in See N. 
one plane, and three ſtraight lines which meet 
e another are in one plane. | 


Let two ſtraight lines AB, CD cut one another in E; AB, 
) are one plane: And three ſtraight lines EC, CB, BE 


uch meet one another, are in one plane. 


Let any plane paſs through the ſtraight A D 

e EB, and let the plane be turned a. 

ut EB, produced, if neceſſary, until it 

bk through the point C: Then becauſe E 

points E, C are in this plane, the 

ught line EC is in it“: For the ſame 7 *7. def. 1. 
Gas 


Won, the ſtraight line BC is in the 
ne; and, by the hypotheſis, EB is in 
Therefore the three ſtraight lines EC, C 
BE are in one plane: But in the plane 
viich EC, EB are, in the ſame are b 

D, AB: Therefore AB, CD are in one plane. Wheretore 1. 11. 


by 


o Iiraight lines, &c. G. E. D. 


PROP. 


— 
was o 


—_ a 


See N. 


418. Ax. 
1. 


See N. 


6. 1. 
. 


© 26, 1. fore they ſhall have their other ſides equal“: GE is then 


— —— — ¹ͤnꝛk gs — — 
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PROP. WM. THEOR, 


F two planes cut one another, their common 
tion is a ſtraight line. | 


Let two planes AB, BC cut one another, and let the 
DB be their common ſection; DB is a 
ſtraight line: If it be not, from the point 


D to B draw in the plane AB the 

ſtraight line DEB, and in the plane BE | {| | N 
the ſlraight line DFB: Then two ſtraight | INE 
lines DEP, DFB have the ſame extre- = (11 
mities, and therefere include a ſpace be- Ci. | 
twixt them; which is impoſhble * : There AY 
fore BD the common feCtion of the planes 555 
AB, BC cannot but be a ſtraight line, DN 


W hereſore, if two planes, &c. Q. E. D. 


PRO P. IV. THEO R. 


F a ſtraight line ſtand at right angles to each of 
ſtraight lines in the point of their interſection 
ſhall alſo be at right angles to the plane whichp 
th1ough them, that is, to the plane in which they 


Let the ſtraight line EF ſtand at right angles to each d 
ſtraight lines AB, CD in E the point of their interſeCtion: 
is ſo at right angles to the plane paſling thro' AB, CD. 

Take the firaight lines AE, EB, CE, ED all equal to 
another; and thro' E draw, in the plane in which are AB, 
any {iratght hne GEH; and join AD, CB; then, fron 
point Fin IF, draw FA, FG, FD, FC, VH, FB: And be 
the two ſtraight lines AE, ED aic equal to the two BL 
and that they contain equal angles“ AED, BEC, the babe 
is Equal Þ to the baſe BC, and the angle DAE to the 
EBC: And the angle AEG is equal to the angle BEH* zt 
fore the triangles AEG, BH have two angles of one 


to two angles of the other, each to each, and the ſides 


LB, :Cjacent to the equal angles, equal to one another; v 


OF-28-U-C LL 1:0; 


ial to EH, and AG to BH: And becauſe AE is equal to EB, Book Xl. 
d FE common and at right angles to them, the baſe AF is 
nal Þ to the baſe FB; for the ſame reaſon, CF is equal to “ 4. 1. 
Db: And becauſe AD is equal to BC, and AF to FB, the two 

es FA, AD are equal to the two 
, BC, each to each; and the baſe DF 
2s proved equal to the baſe FC; 
erefore the angle FAD is equal d to 
e angle FBC: Again, it was proved 


non 


48, 1. 
t the! l 


1 at AG is equal to BH, and alſo AF A C 
B; FA. then and AG, are equal | 
NY FB and BH, and the angle FAG G 


s been proved equal to the angle \ 
BH ; therefore the baſe GF is equal 8 

to the baſe FH: Again, becauſe it E. 

as proved, that GE is equal to EH, 
d EF is common; GE, EF are e- I) | B 

al to HE, EF; and the baſe GF | 

equal to the baſe FH; therefore the angle GEF is equal * to 

e angle HEF, and conſequently each of theſe angles 

| a right angle. Therefore FE makes right angles with © 10, Def. 
H, that is, with any ſtraight line drawn through E in the plane 1. 

ling through AB, CD. In like manner, it may be proved, that 


1 of E makes right angles with every ſtraight line which meets itin 
chionWhat plane. But a ſtraight line is at right angles to a plane 
ch pi ben it makes right angles with every ſtraight line which meets 


in that plane f: Therefore EF is at right angles to the plane f 3.det, 
* are AB, CD. Whereſore, if a ſtraight line, &c. 11. 
). E. D. 


PRO P. v. THE OR. 


f three ſtraight lines meet all in one point, and a See N. 
ſtraight line ſtands at right angles to each of them 

0 that point; theſe three ſtraight lines are in one, 

nd the ſame plane. 


125 h Let the ſtraight line AB ſtand at right angles to each of the 
Nackt lines BC, BD, BE, in B the point where they meet; 
75 C BD, BE are in one and the lame plane. 
8 Anot, let, if it be pcfſible, LD and BE be in one plane, and 
5 C be above it; and let a plane paſs through AB, BC, the 


ommon tection of which with the plane, in which BD and BE 
| are, 
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Book XI. are, ſhall be a ſtraight line; let this be BF: Therefore the thy 
: ſtraight lines AB, BC, BF are all in one plane, viz. that wii 


| / 
41H 
| 
: 
4 


3.11 paſſes through AB, BC: And becauſe AB ſtands at right § xe 
b to each of the ſtraight lines BD, BE, it is alſo at right ayﬀ* th 
e Def. d to the plane paſſing through them; and therefore mis"! 


right angles © with every ſtraight A 


NY line meeting it in that plane; but due 
BF which is in that plane meets it: thi 
Therefore the angle ABF is a right ſy mn 
angle ; but the angle ABC, by the e P 
hypotheſis, is alſo a right angle; ann 
therefore the angle ABF is equal e Pl: 
to the angle ABC, and they are h of 
both in the ſame plane, which is allel 
impoſhhle + "Thereſore the ſtraight 
line PC is not above the plane in 
which are BD and BE: Wherefore the three ſtraight lines R 
BD, BE are in one and the ſame plane. Therefore, if thr ty 
ſtraight lines, &c. Q. E. D. dr; 

e of 
FROP. VI. THOR. 
F two ſtraight lines be at right angles to the ſam 7 
In t 
plaue, they ſhall be parallel to one another, ich 
If ne 
Let the ſtraight lines AB, CD be at right angles to U the 
ſame plane; AB is parallel to CD. par 
Let them meet the plane in the points B, D, and draw Me EI 
Nraight line BD, to which draw DE at right angles, in Mr 
ſame plane: and make DE equal to AB, s ir 
and join BE, AE, AD. Then, becauſe /\ 1 
AB is perpendicular to the plane, it FE ich 
* 2. Def. ſhall make right * angles with every U J WM: 

11. ſtraight line which meets it, and is in | 5 ints 
that plane: But BD, BE, which are in | | ne | 
that plane, do each of them meet AB: \ BR je pl 
Therefore each of the angles ABD, B 0 
ABE is a right angle: For the fame rea- \ / 
ſon, each of the angles CDB, CDE is W A 
a right angle: And becauſe AB is equal \ "if 
to DE, and BD common, the two * a 


ſides AB, BD, are equal to the two 


1 ED, PB; end they contain right angles; therefore the b at 
b4 1. AD is equal b to the baſe BE; Again, becauſe AB is eg 
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DF, and BE to AD; AB, BE are equal to FD, DA; and, BOE XL 

the triangles ABE, EDA, the baſe AE is common; there- EW" | 
e the angle ABE is equal © to the angle EDA: But ABE is ©8. 1. 
icht angle; therefore EDA is alſo a right angle, and ED 

mpendicular to DA : But it is alſo perpendicular to each of 

two BD, DC: Wherefore ED is at right angles to each of 

> three ſtraight lines BD, DA, DC in the point in which 

r meet: Therefore theſe three ſtraight lines are all in the 

e plane a: But AB is in the plane in which are BD, DA, 45. 11. 

2uſe any three ſtraight lines which meet on? another are in, 

E plane TY Therefore AB, BD, IDC Are in One plane: And 2. II. | 
hof the angles ABD, BDC is a right angle; therefore AB is | 
allel f to CD. Wherefore, if two ſtraight lines, &c Q. E. D. 28. 1. | 


Ne th 
t hi 
t ang 
. angk 
mib 


PROP. VEL.-THEOR; 


two ſtraight lines be parallel, the raight line 8e N. 


drawn from any point in the one to any point in 
e other, is in the ſame plane with the parallels. 


et AB, CD be parallel ſtraight lines, and take any point 

in the one, and the point F in the other: The ſtraight line 

ich joins E and F is in the ſame plane with the parallels 

If not, let it be, if poſſible, above the plane, as EGF; and | 
the plane ABCD in which | 
3 are, draw the ſtraight A —— B 
e EHF from E to F; and ſince | 

F alſo is a ſtraight line, the ON G 

o ſtraight lines EHF, ECF in- II 

Ide a ſpace betwixt them, \ 

uch is impoſſible . Therefore — : - p 
ſtraight line joining the C F = 
nts E, F is not above the 

Ine in which the parallels AB, CD are, and is therefore in 

t plane. Wherefore, if two ſtraight lines, &c. QE. D. 


PROP. VIII. THEO R. 


t two ſtraight lines be parallel, and one of them gee N. 
8 at right angles to a plane; the other alſo ſhall 
it right angles to the ſame plane, | 

N 2 Jet 
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Book XI, Let AB, CD be two parallel ſtraight lines, and let on: 
chem Ag be at right angles to a plane; the other CD is atri 
angles to the ſame plane. 

Let AB, CD meet the plane in the points B, D, and) 
57. 11. BD: Therefore : AB, CD, BD are in one plane. In the pla 
to which AB is at right angles, draw DE at right a 
gles to BD, and make DE equal to AB, and join If 
AF, AD. And becauſe AB is perpendicular to the plane, i 
perpendicular to every ſtraight line which meets it, and isj 
3. Def. that plane : Therefore each of the angles ABD, ABLE, is 
11. right angle: And becauſe the ſtraight line BD meets the pul 
5 lel ſtraight lines AB, CD, the angles ABD, CDB are u 
29- 1. ther equal Þ to two right angles: And ABD is a right ang 
therefore alſo CDB is a right angle, and CD perpendicula 
BD: And becauſe AB is equal to DE, and BD common, i 

two AB, BD, are equal to the two ED, 
DB, and the angle ABD is equal to A 
the angle EDB, becauſe each of them 
is a right angle; therefore the baſe AD 
© 4. 1. is equal © to the baſe BE: Again, be- 
cauſe AB is equal to DE, and BE to 
AD ; the two AB, BE are equal to the | 
two ED, DA ; and the baſe AE is com- t3 
mon to the triangles ABE, EDA; 
48 1. Wherefore the angle ABE is equal d to 
the angle EDA: And ABE is a right 
angle; and therefore EDA is a right | 
angle, and ED perpendicular to DA: TY 
But it is alſo perpendicular to BD; therefore ED is perpend 
4 11. lar eto the plane which paſſes through BD, DA, and ſhall f m 
3. def. right angles with every ſtraight line meeting it in that plane: 
11. DC is in the plane paſſing through BD, DA, becauſe all tht 
| are in the plane in which are the parallels AB, CD: Where 
ED is at right angles to DC; and therefore CD is at righta 
gles to DE: But CD is alſo at right angles to DB; CD then 
at right angles to the two ſtraight lines DE, DB in the point. 
their interſection D; and therefore is at right angles *toll 
plane paſſing through DE, DB, which is the ſame plane! 
which AB is at right angles, "Therefore, if two ſtraight lug 


e. O. K 1; 
2 PRO! 


OFT:EU el. 


and f PROP. II. THE 0. 
he pla 
oht a 
din BI 


WO ſtraight lines which are each of them pa- 


Wn rallel to the ſame ſtraight line, and not in the 
3E, ne plane with it, are parallel to one another. 
ne pard | 


Let AB, CD be each of them parallel to EF, and not in the 
e plane with it; AB ſhall be parallel to CD. 

In EF take any point G, from which draw, in the plane 
ſing through EF, AB, the ſtraight line GH at right angles to 
; and in the plane paſſing through EF, CD, draw GK at 
ht angles to the fame EF. And A H 

cauſe EF 1s perpendicular both — B 
GH and GK, EF is perpendi- 
ar* to the plane HG K paſſing 
rough them: And EF is parallel E 

AB; thereſore AB is at right 5 
gles b to the plane HG K. For the 

me reaſon, CD 1s likewiſe at right — 

gles to the plane HGK. I "5a K D 

re AB, CD are each of them at right angles to the plane 
GK. But if two ſtraight lines be at right angles to the ſame 


eld 


pendi 
[If mal 
ne: B 
all thi 
herekdt 
right a 
then 


rallel to CD. Wherefore two ſtraight lines, &c. Q. E. D. 


PROP. I. THEOR. 


f two ſtraight lines meeting one another be paral- 
le] to two others that meet one another, and are 


int! : 
* oi et in the ſame plane with the firſt two; the firſt two 
plane ad the other two ſhall contain equal angles, 
ht Une 


Let the two ſtraight lines AB, BC which meet one another 

parallel to the two ſtraight lines DE, EF that meet one an- 

ter, and are not in the ſame plane with AB, BC. The angle 

WC is equal to the angle DEF. 

lake BA, BC, ED, EF all equal to one another; and join 
N 3 AD, 


RO! 
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ane, they ſhall be parallel © to one another. Therefore AB is © 0. 11. 
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11. 


Book XI. AD, CF, BE, AC, DF; Becauſe BA is equal] and paralld 
3 
al 3 . 


. 


1. 


* and is perpendicular f to every ſtraight line meeting it in tha 
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ED, therefore AD is * both equal and B 
parallel to BE. For the ſame reaſon, 8 
CF 1s equal and parallel to BE. 'There- 4 
fore AD and CF are each of them e- A 

qual and parallel to BE. But ſtraight 
lines that are parallel to the ſame ſtraight 
line, and not in the ſame plane with it, 
are parallel Þ to one another. "Therefore 
APD is parallel to CF; and it is equal © * "IIS 
to it, and AC, DF join them towards FE WW 
the fame parts; and therefore“ AC 1s Sg 
equal and parallel to DF. And be- 1 
cauſe AB, BC are equal to DE, EF, and the bzſe AC toy 
baſe DF; the angle ABC is equal d to the angle DEF. The 
fore if two itraight lines, &c. Q. E. D. 


ERO FP. M. FRO. 


O draw a ſtraight line perpendicular to a plan 
from a given point above it. 


Let A be the given point above the plane BH; it is requ 
red to draw from the point A a ſtraight line perpendicular 
the plane BH. 

In the plane draw any ſtraight line BC, and from the pou 
A drau * AD perpendicular to EC. If then AD be alto px 
pendicular to the plane BI], the thing required is aire 
done; but if it be not, from the A 
point D draw b in the plane BH, 4 
the ſtraigbt line DE at right an- E\ /\ 

ics to BC; and from the point 


A draw AF perpendicular to 


VE; and thio F draw © GH pas * Bs 2 | 
ralicito BC: And becauſe BC is 

at right angles to ED and DA, \ | 
BC is at light angles 4 to the plane | — 
paſüng through ED, DA. And B 1D 0 
Gil 1s parallel to BC; but if ; 

two ſtraight lines be parallel, one of which is at right angles! 
« plancy, the other ſhall be at right © angles to the lame pate 
vheretcre GH is :t right angles to the plane through ED, Da 


plane; Luc AF, Which ie in the plane through ED, DA, merk 
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ral! . Therefore GH is perpendicular to AF, and confequently IB D Xl. 
F is perpendicular to GH; and AF is perpendicular to DE; 
-refore AF is perpendicular to each of the ſtraight lines GH, 

F. But if a ſtraight line ſtands at right angles to each of 

o ſtraight lines in the point of their interſection, it ſhall alſo 

at right angles to the plane paſſing through them. But the 

ane paſſing through ED, GH is the plane BH; therefore AF 
perpendicular to the plane BH. Therefore from the given 

int A above the plane BH, the ſtraight line AF is drawn 
pendicular to that plane. Which was to be done. 


PROP. XII. PROB. 


O erect a ſtraight line at right angles to a given 
plane, from a point given in the plane. 


Let A be the point given in the plane; it is required to erect 
ſtraight line from the point A at right 1} 1h 
ples to the plane. | 
From any point B above the plane 
aw * BC perpendicular to it; and | - 
om A draw b AD parallel to BC. Be | n 


ſe therefore AD, CB are two pa- | 
lel ſtraight lines, and one of them WR 
C18 at right angles to the given plane, A C 
te other AD is alſo at right angles to . 


Therefore a ſtraight line has been erected at right angles to© 8. II. 
giren plane from a point given in it. Which was to be done. 


| Plan 


is requ 
Cular 


ne pol 
lo pe 
alreac 


PROP. XIII. THE OR. 


ROM the ſame point in a given plane, there 

cannot be two ſtraight lines at right angles to 
e plane, upon the ſame ſide of it: And there can 
e but one perpendicular to a plane from a point 
bove the plane, 


Let 


neles 
lane; 

) DA, 
in thal 
„ met 


for, if it be poſſible, let the two ſtraight lines AB, AC be at 
pit angles to a given plane from the ſame point A in the plane, 
iv upon the ſame fide of it; and let a plane paſs through BA, 
IC; the common ſection of this with the given plane is a itraight 
N 4 hne 
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Book XI, * line paſſing through A : Let DAE be their common ſeQtio 


7 * ih Therefore the ſtraight lines AB, AC, 
wake right angles with every ſtraight 
line meeting it in that plane. But 
DAE, which 1s in that plane, meets 
CA ; therefore CAL is a right an- 
gle. For the ſame reaſon BAE is a 
right angle. Wherefore the angle 


And becauſe CA is at right angles to the given plane, it ul 


DAE are in one plan 


B C 


CAL is equal to the angle BAE; 


and they are in one plane, which D A J 

is impoſſible. Alſo, from a point ahove a plane, there can 

but one perpendicular to that plane; for if there could be wn 
b 6. 11, they would be parallel d to one another, which is abſurd. Ther 
fore, from the ſame point, &c. Q. E. D. 


PROP. XIV. THEOR. 
LANES to which the ſame ſtraight line is pe 


pendicular, are paralle] to one another, 


Let the ſtraight line AB be perpendicular to each of f 
planes CD, EF ; theſe planes are parallel to one another. 
If not, they thall meet one another when produced; | 


them meet'; their common ſection 

{hall be a ſtraight line GH, in which 

take any point K, and join AK, BK: 

Then, becauſe AB is perpendicular to 

* 2. def. the plane EF, it is perpendicular * to 
11. the | ſtraight line BK which is in that 
lane. Thereſore ABK is a right angle. 

For the ſame reaſon, BAK 1s a right 

angle; wherefore the two angles ABK, 

BAK of the triangle ABK are equal 

to two right angles, which is impoſ- 

17. 1. ſible d: 1 heretore the planes CD, EF 


though produced do not meet one an- 


g. Def. other; that is, they are parallel e. 
11. Therefore planes, &c. Q. E. D. 


(GG - 


C. 


F two 
rallel 
er, bu 
0; th 
the pl 


Let AP 
el to L 
ne plane 
E, EF i 
From t 
ich paſl 
; and 
el to L 
ough ! 
ke righ 
uohe li 
nee: Þ 
, GK 
There 
s BGE 
me: A 
alle] d 
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PROP. XV. THE OR. WY 


F two ſtraight lines meeting one another, be pa- See N. 
rallel to two ſtraight lines which meet one ano- 

er, but are not in the ſame plane with the firſt 

0; the plane which paſles through theſe is parallel 

the plane paſſing through the others. 


Let AB, BC, two ſtraight lines meeting one another, be pa- 
kl to DE, EF that meet one another, but are not in the 
ne plane with AB, BC: The planes through AB, BC, and 
E, EF ſhall not meet though produced, 

From the point B draw BG perpendicular to the plane 11. 11. 
ich paſſes through DE, EF, and let it meet that plane in 
; and through G draw GH parallel b to ED, and GE pa- 
eto EF: And becauſe BG is perpendicular to the plane 


ough DE, EF, it ſhall 
I 
1 


d 31. 1. 


e right angles with every 
ne ©: But the ſtraight lines K 3. Def. 
K in that plane meet 
Therefore each of the an- 
s BGH, BGK is a right 
ge: And becauſe BA” is Wk. MEE 
5 | d 9. 11. 

m is parallel to DE, and 
are not both in the ſame plane with it) the angles GBA, 
Hare together equal © to two right angles: And BGH is a 29. 1. 
It angle, therefore alſo GBA is a right angle, and GB per- 
idicular to BA: For the ſame reaſon, GB is perpendicular 

to the two ſtraight lines BA, BC, that cut one another in 
h is perpendicular f to the plane through BA, BC: Andf 4. 11. 
b perpendicular to the plane through D, EF; therefore BG 
perpendicular to each of the planes through AB, BC and DE, 

But planes to which che ſan & ſtraight line is perpendicular, 


ght line meeting it in that 
II. 
alel 4 to GH (for each of 
BC; vince therefore the ſtraight line GB ſtands at right an- 
O 
Is Parallel to the plane through DE, EF. Wheretore, it 
 Iraight lines, &c. Q. E. D. 


A 01 
e, 


parallel 5 to one another : Therefore the plane through AB,8 14. 11. 


PR wr 5 a "We A 
dit. 6-5 << 
— — 2 1 


See N. 
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mon ſe 
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PROP. XVI THE OR. 


FF two parallel planes be cut by another plane, th 
common ſections with it are parallels, 


llel to! 
le ABL 
Let the parallel planes AB, CD be cut by the plane EAX to 
and let their common ſections with it be EF, GH: EF ; WW XF i 
rallcl to GH. of the 
For, if it is not, EF, GH. ſhall meet, if produced, «i to XI 
on the ſide of FH, or EG: Firſt, let them be produced it wa: 
fide of FH, and meet in the point K: Therefore, ſince EER, as 
the plane AB, every point in - 25 A 
EFK is in that plane; and KR ' Mp 
K is a point in EFK; there- 1 icht line 
fore K is in the plane AB: # 
For the ſame reaſon K is alſo Sy / WM 
in the plane CD : Wherefore — =" th N 
the planes AB, CD produced | B 
meet one another; but they 
do not meet, ſince they are 1 ir: 
parallel by the hypotheſis: AR] C Lo plane 
Therefore the ſtraight lines A 5 to th 
EF, GH do not meet when 
produced on the fide of TH: In the ſame manner it my TIF 
proved, that EF, GH do not meet when produced on the i. ., s 
of EG: But ſtraight lines which are in the ſame plane 2nd hi 8 
not meet, though produced either way, are parallel: Then fe 
EF is pargftlel to GH. Wherefore, if two parallel planes, oor! 
Q. E. P. * ; 
> from v 
| plane I 
E: Ar 
PROP. XVII. THEOR. avucu! 
; theref 
JF two ſiraight lines be cut by parallel planes, * 
mall be cut in the ſame ratio. | * ul 
| conſeq 
ar to 
Let the ſtraight lines AB, CD be cut by the parallel = IE 
GH, KL, MN, inthe points A, E, B; C, F, D: ste; 
to EB, fo is CF to FD. ee A 
Join AC, BD, AD, and let AD meet the plane KL  Wijlane C 


point X; and join EX, XF: Becauſe the two parallel pc ©, 5. 
KL, MN are cut by the plane EBDX, the common fc 
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BD are parallel. For the ſame reaſon, becauſe the two Book XI. 

ile! planes LM = ; DES — 
by the plane AX C, the Ee 
4 ſections AC, XF are 45 A . \ / 
el: And becauſe EX is 

el to BD, a ſide of the tri 

le ABD, as AE to EB, ſo | 
AX to XD. Again, be- L * 2.6. 


ſe XF is parallel to AC, a * F 7 


of the triangle ADC. as 


to XD, fo is CF to FD: 
N 
SD / C 11, f. 


H * 16. 14. 


d it was proved that AX 1s 
D, as AE to EB: There- 
e 28 AE to EB, fo is CF 
D. Wherefore, it two 
icht lines, &c. Q. E. D. 


_ 


PROP. XVII. THE OR. b 


* 
— 7 


« — 
3 — af a - 

— — 

— — — — — md 


1 ſtraight line be at right angles to a plane, every 
plane which paſles through it ſhall be at right an- 


< —— ; 
x = 


4 EI ARA Ae ITE 


| Ws co that plane. Y 
0 

x. ct the ſtraight line AB be at right angles to the plane CR: ö M 

" 1 plane which paſſes through AB ſhall be at right angles to 4 


plane CK, 


WM plane DE paſs through AB, and let CE be the 
J 


mon ſection of the planes DE, CK; take any point F in 
from which draw FG in | 


plane DE at right angles G A H 
L: And becauſe AB is I * 


endicular to the plane 
therefore it is alſo per- K 
ticular to every ſtraight 4 E. 
in that plane meeting it a; | a 3. def. 
conſequently it is perpen- ö 11. 
n ar to ak Wherefore 5 
a right angle; but * ba 
s ikewit: a x4, 5 ngle; C K 3 E 
WW < 4B is parallel b to FG: And A; is at right angles ta b 28. 1. 
ene CK; therefore FG is alto at right angles to the fame 
100 e. But one plane is at righr angles to another plane when © 8, 11, 
c ht lines drawn in one of the planes, at right angles 
60 4 


- 
& 
A " 
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* 4. Def. 
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to their common ſeCtion, are alſo at right angles to the, 
plane 4; and any ſtraight line FG in the plane DE, vg 
at right angles to CE the common ſection of the planes 
been proved to be perpendicular to the other plane CK; h 
fore the plane DE is at right angles to the plane CK. tr 
manner, it may be proved that all the planes which paſs thy 
AB are at right angles to the plane CK. Therefore, if a ſtr 
line, &c. Q. E. D. | 


1 ſol 
ny tw 


et the 
BAC, 
third, 


the ar 
h any tw 
PROP AI, I HSUR not, let 
he othe 
F two planes cutting one another be each of poi: 
'crpendicular to a third plane; their co pete 
perpendicular to a! Plane; common i. pe 
tion ſhall be perpendicular to the fame plane, "BEC 
ts B. C 
Let the two planes AB, BC be each of them perpendiaWuſe D/ 
to a third plane, and let BD be the common ſection of the Wpmmon, 
two; BD is perpendicular to the third plane. | to th. 
If it be not, trom the point D draw, in the plane AB, Ne DAP 
ſtraight line DE at right angles to AD the common (eretore t 
of the plane AB with the third plane; and in the plane baſe BI 
draw DF at right angles to CD the common ſection of greater 
plane BC with the third plane. And be- has bee 
cauſe the plane AB is perpendicular to B DC i, 
the third plane, and DE is drawn in the is equ 
plane AB at right angles to AD their the ba 
common ſection, DE is perpendicular to E F angle E 
the third plane . In the ſame manner, al to the 
it may be proved that DF is perpendicu- ther gr 
lar to the third plane. Wherefore, from DAC i 
the point D two ſtraight lines ſtand at tore B 
right angles to the third plane, upon the eretore, 
fame ſide of it, which is impoſſible b. D 
i herefore, from the point D there cannot 


be any ſtraight line at right angles to the 
third plane, except BD the common ſec- i 
tion of the planes AB, BC. BD therefore is perpendicu! 
the third plane. Wherefore, if two planes, &c. Q. E. 
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Book XI. 
PROP. XX. THE OR. CAS 


1 ſolid angle be contained by three plane angles, See N. 
ny two of them are greater than the third. 


et the ſolid angle at A be contained by the three plane an- 

BAC, CAD, DAB. Any two of them are greater than 

third, 

the angles BAC, CAD, DAB be all equal, it is evident 

any two of them are greater than the third. But if they 

not, let BAC be that angle which is not leſs than either 

he other two, and is greater than one of them DAB; and 

he point A in the ſtraight line AB, make in the plane 

h paſles through BA, AC, the angle BAE equal = to the , 23. 1. 
je DAB; and make AE equal to AD, and through E. 

BEC cutting AB, AC in the 1 

ts B. C, and join DB, DC. And 

wſe DA is equal to AE, and AB 
mmon, the two DA, AB are e- 

| to the two EA, AB, and the 

| DAB is equal to the angle EAB. 
refore the baſe DB is equal b to 

baſe BE. And becauſe BD, DC B 
greater © than CB, and one of them 

has been proved equal to BE a part of CB, therefore the 
DC is greater than the remaining part EC. And becauſe 
1s equal to AE, and AC common, but the baſe DC greater 
the bake EC; therefore the angle DAC is greater 4 than « 25. Is 
gle EAC; and, by the conſtruction, the angle DAB is 

a to the angle BAE; wherefore the angles DAB, DAC are 

ther greater than BAE, EAC, that is, than the angle BAC. 

VAC is not leſs than either of the angles DAB, DAC; 

tore BAC with either of them is greater than the other. 

eretore, if a ſolid angle, &c. Q. E. D. 


1 


© 40, 1. 


PROP. AXE THEO R. 


VERY ſolid angle is contained by plane angles 
which together are leſs than four right angles. 


cu 
D. 


nt, Let the ſolid angle at A be contained by three plane 


& BAC, CAD, DAB. Theſe three together are leis than 
F Noh angles. 


RY 


Take 
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Take in each of the ſtraight lines AB, AC, AD any yg 
B, C, D, and join BC, CD, DB: Then, becauſe the 6 
angle at B is contained by the three plain angles CBA, 4 
DBC, any two of them are greater * than the third ; 8 
fore the angles CBA, ABD are greater than the angle Il 


greate 
e ang 
right 
in the 
on tog 


For the ſame reaſon, the angles BCA, ACD are greater oF 25 m. 
the angle DCB; and the angles CDA, ADB greater re al 
BDC: Wherefore the ſix angles CBA, ABD, BCA, et the 
CDA, ADB are greater than the ngles a 
three angles DBC, BCD, CDB: But D. 's of tl 
the three angles DBC, BCD, CDB Jing an; 
are equal to two right angles d: There- pin the 
fore the ſix angles CBA, ABD: BCA, efore e 
ACD, CDA, ADB are greater than 

two right angles: And becauſe the 

three angles of each of the triangles B 2 * 

ABC, ACD, ADB are equal to two 

right angles, therefore the nine angles of theſe three trim 

viz, the angles CBA, BAC, ACB, ACD, CDA, DAC, AJ 

DBA, BAD, are equal to fix right angles: Of thee the fi very 
gles CBA, ACB, ACD, CDA, ADB, DBA are greater Mie thi; 


two right angles: Therefore the remaining three angles BA 
DAC, BAD, which contain the ſolid angle at A, are leſs 
four right angles. 

Next, Let the ſolid angle at A be contained by any nur 
of plane angles BAC, CAD, DAE, EAF, FAB; theſe to 
ther are leſs than four right angles. 


be 2 
cht li: 
ght lit 


Let the planes in which the angles are, be cut by a plane, t ABO 
let the common ſections of it with thoſe 133 
planes be BC, CD, DE, EF, FB: And A on 
becauſe the fclid angle at B is contain- 1 mitics } 
ed by three plane angles CBA, ABF, ble ma 
FBC, of which any two are greater * / that J 
than the third, the angles CBA, ABF . | 
are greater than the angle FBC : For B —̃ OO ang 

the {ame reaſon, the two plane angles „ 
at cach of the points C, D, E, F, «4-4 angles 
viz. the angles which are at the bales (aher © 
of the triangles having the common C . „noc le 
vertex A, are greater than the third Þ Main th: 
angle at the fame point, which is one D eater th 
of the angles of the polygon VCDEF: For, a 


Therefore all the angles at the baſes of the triangles are 
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greater than all the angles of the polygon: And becauſe Book XI. 
e angles of the triangles are together equal to twice as 

richt angles as there are triangles o; that is, as there are v 32, 1. 

in the polygon BCDEF ; and that all the angles of the 

on together with four right angles are likewiſe equal to | 

as many right angles as there are ſides in the polygon ©; © 1, Cor. 1 

fore all the angles of the triangles are equal to all the an- 32. 1. 1 
of the polygon together with four right angles. But all Ft 
ngles at the baſes of the triangles are greater than all the 1 
s of the polygon, as has been proved. Wherefore the re- 1 
ing angles of the triangles, viz. thoſe at the vertex, which * 


vin the ſolid angle at A, are leſs than four right angles. 
efore every ſolid angle, &c, Q. E. D. a 


P RO P. XXII. THE OR. 


wery two of three plane angles be greater than See N. 
e third, and if the ſtraight lines which contain 
be all equal; a triangle may be made of the 


ght lines that join the extremities of thoſe equal 
oht lines. 


t ABC, DEF, GHK be three plane angles, whereof e- 
wo are greater than the third, and are contained by the 
ſtraight lines AB, BC, DE, EF, GH, HK; if their 
mittes be joined by the ſtraight lines AC, DF, GK, a 
ge may be made of three ſtraight lines equal to AC, DF, 
that is, every two of them are together greater than the 


the angles at B, E, H are equal; AC, DF, GK are al- 

nal“, and any two of them greater than the third: But? 4. 1 
angles are not all equal, let the angle ABC be not leſs 

either of the two at J., II; therefors the ſtraight line 

not leſs than either of the other two DF, GK; and b 4. or 24. 
din that AC together with either of the other two muſt 1. 

eater than the third: Alſo DF with GK are greater than 

or, at the point B in the {traight line AB make © the © 23. x, 
angle 


re U 
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Rook XI.i angle ABL equal to the angle G HK, and make 
ane of the ſtraight lines AB, BC, DE, EF, GH, H 


424. 1. 


© 20. Io 


f 22. 1. 


See N. 


THE ELEMENTS 


BL 60 7 


join AL, LC: Then becauſe AB, BL are equal to GH. 
and the angle ABL to the angle GHK, the baſe AL at 
to the baſe GK: And becauſe the angles at E, H arm 
than the angle ABC, of which the angle at H is equal t 
therefore the remaining angle at E is greater than the angle 


B E | H 


es equ: 

that A 

A . \ * tne 

3 D F G „Which 

a £5, OT 

Firſt, 

And becauſe the two ſides LB, BC are equal to the tliſ" MA 

EF, and that the angle DEF is greater than the angl: be ec 

the baſe DF is greater 4 than the baſe LC: And it be 4 

proved that GK is. equal to AL; therefore DF and G dLXt 
greater than AL and LC: But AL and LC are greater eich; 

AC; much more then are DF and G greater than AC. VM 1 
fore every two of the ſtraight lines AC, DF, GK are! Me: 


than the third; and therefore a triangle may be made f tix de M 
of which ſhall be equal to AC, DF, GK. Q. E. D. the ang 


ee ang 
e equal 


XN, N. 

PROP. XXIII. PR OB. , M 

ur right 

O make a ſolid angle which ſhall be containd three a 


three given plane angles, any two of then 4 k 


ing greater than the third, and all three ten bur 
lets than four right angles. lurd : J 
LX: E 
than J. 
upht lin 
Crive tl 
U to. 


Let the three given plane angles be ABC, DEF, GH 
two of which are greater than the third, and all of the 
gether Jeſs than four right angles. It is required, t0 Y 
jolid angle contained by three plane angles equal to ARC, 
GHRK, each to cach. 


OF EUCLID. 


From the ſtraight lines containing the angles, cut off AB, 
„DE, EF, GH, HK all equal to one another; and join 
Dr, G: Then a triangle may be made * of three ſtraight 


1 N 
oy ; 
7 \ YN | — 
C . 


D © F 
es equal to AC, DF, GK. Let this te the triangle LMN ®, 
that AC be equa] to LM, DF to MN, and GK to LN; and 
out the triangle LMN deſcribe © a circle, and find its center 
, which will either be within the triangle, or in one of its 
es, or without it. 
Firſt, Let the center X be within the triangle, and join 
N, MX, NX: AB is greater than LX: If not, AB mult ci- 
er be equal to, or leſs than LX; firſt, let it be equal: Then 
cauſe AB is equal to LX, and that AB is alſo equal to BC, 
ILX ro XM, AB and BC are equal to LX and XM, each 
eich; and the baſe AC is, by conſtruction, equal to the 
e LM; wherefore the angle ABC is equal to the angle 
NM: For the ſame reaſon the angle DEF is equal to the 
ge MAN, and the angle GHK 
the angle NXL : Therefore the R 
ee angles ABC, DEF, GHK 
e equal to the three angles LAM, L 


AN, NXL : But the tarce angles 


AM, MXN, NXL are equal to / * c 

ur right angles ; therefore alſo | 2. Cor. 
bre angles ABC, DEF, GHK | "9*..70 
r cqual to four right angles: But, 

the hypotheſis, they are lets ME N 


n four right angles; which 1s 

rd : Therefore AB is not equal 

LX: But neither can AB be 

than LX: For, if poſſible, let it be leſs, and upon the 

Acht line LM, on the fide ef it on which is the center X, 
nie the triangle LOM, the fides LO, OM of which are 
bo AB, BC; and becauſe the baſe LM is equal to the 

# 0 baſe 
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B oT XI. baſe AC, the angle LOM is equal to the angle ABC«, | 
A, that is, LO, by the hypotheſis, is leſs than LX; y 
i. fore LO, OM fall within the tr angle LXM ; for, it the 


48 
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upon its ſides, or without it, they 
would be equal to, or greater than 
IX, XM, f: Therefore the angle 
LOM, that is, the angle ABC, is 
greater than the angle LXM /: In 
the ſame n anner it may be proved 
that the angle DEF is gre-ter than 
the angle MXN, and the angle 
GHK greater than the angle N XL: 
Therefore the thr. e angles ABC, 
DEF, GHK are greater than three 
angles LXM, MXN, NXL; that 
is, than four right angles: But the 


ſame angles ABC, DEF, GHK are leſs than four right ay 
which is abturd : "Therefore AB is not leſs than LX, and! 
been proved that it is not equal io LX ; wherefore AB is gu 


than LX. 


Next, Let the center X of the circle fall in one of thel 


of the riangle, viz. in MN, and 
join XL: In this caſe alſo AB is 
greater than LX It not, AB is 


. Either equal to LX or leſs than it: 


? 20, Is 


Firſt, let it be equal to LX: There- 
fore AP and BC, that is, DE and 
EF, are equal to MX and XL, that 
18,10 MN : But, by the conſtruction, 


MM 1s equal tO BF; therefore 1'E ; 


EF are equal to DF, which is im 

poſhble : Wherefore AB is not e 
qual to L X; nor is it leſs; for then, 
much more, an abſurdity would 


follow: i herefore AB is greater than LX. 

Put, let the center & ot the circle fall without the ti 
In this caſe like ic 
greater than LX: If not, it is either equal to, or leſs than 
Firſt, let it be equal ; it m.y be proved, in the ſame ma 
as in the firſt cate, that the angle ABU is equal to the: 
MX, aud GHK to LXN; therefore the whole angle! 
is equal to the two angles ABC, GHK : But ABC ud 
are together greater than the angle DEF ; uhcreior 


LM, and join X, MX, NX. 


the angle MXN is greater than 


are 
N, the 
#4 Pro 
crefor 
has be 
an the 
ole LX 
ple CB 


A 


U and 
„ BP: 
n equa 
\, that 
auſe tl 
e the 
B at ti 
CBP, 1 
AN, th 
In the a 
ole an 
whole 


DEF. And becauk 


' are equal to MX, XN, and the baſe DF to the baſe Book xl. 
N, the angle MXN is equal 4 to the angle DEF. And it has ATP 
n proved that it is greater than DEF, which is abſurd. © 8. I+ 
crefore AB is not equal to LX. Nor yet is it leſs; for then, 

has been proved in the firſt caſe, the angle ABC 1s greater 

in the angle MXL, and the angle GHK greater than the 

ble LXN. At the point B in the ſtraight line CB make the 

ple CBP equal to the angle GHK, and make BP equal to 


A C 3 WE 4 
54 F 


, and join CP, AP. And becauſe CB is equal to GH; 

„BP are equal to GH, HK, each to each, and they con- 

n equal angles; wherefore the baſe CP is equal to the baſe 

U that is, to LN. And in the iſoſceles triangles ABC, MXL, 

aſe the angle ABC is greater than the angle MXL, there- 

e the angle MLX at the baſe is greater 5 than the angle * 32. 1. 

Bat the baſe. For the ſame reaſon, becauſe the angle GHK, 

CBP, is greater than the angle R 

N, the angle XLN is greater 

in the angle BCP. Therefore the 

ele angle MLN is greater than 

whole angle ACP. And becauſe 

L, LN are equal to AC, CP, 2 
\ 


to each; but the angle MLN | 
ter than the angle ACP, the WA 
MN is greater * than the baſe M 


And MN is equal to DF; 
tclore allo DF is greater than X 
L Again, becauſe DE, EF are | 
ab to AB, BP, but the baſe DF 
ater than the baſe AY, the an- 
F is greater * than the angle 
And ABP is cqual to the two angles ABC, CBP, that 
p the two angles ABC, GHK ; therefere the angle DEF is 
er than the two angles ABC, GHK; but it is alſo leſs 
n theſe ; which is impeſſible. Therefore AB is not leſs than 
OS LX ; 


* 45. 1. 
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Book XI. LX; and it has been 2 that it is not equal to it; theref 

HA is greater than LX. 

* 12. 11, From the poin: X erect * XR at right angles to the pla 
of the circle LUN. And becauſe it has been proved in ally 


caſes, that AB is greater than LX, find a ſquare equal tot 


excels of the ſquare of AB above R 
the ſquare of LX, and make RX e- he pl 
qual to its ſide, and join RL, RM, zme 1 
RN. Becauſe RX is perpendicular 
to he plane of the circle } VN, it Let tl 
b 3. def. is d perpendicular to each of the _ 
11. ftroaight lines LX, MX, NX And Ak, 
becauſe LX is equal to MX, and 72 3G, 1 
XR common, and at right angles M bole F. 
to each of them, the baſe RL is e- FEE 
qual to the baſe RM For the ſame X Uuber 
reaſon, RN is equal to each of the In the 


two RI, RM. Therefore the three AD | 
ſtraight lines RL, RM, RN are all AC, 
equal. And becauſe the ſquare of une C. 


XE is equal to the exceſs of the ſquare of AB above the Mek L 


of IX therefore the ſquare of AB is equal to the ſquatm i the 
© 47. I. LX, XR. But the ſquare of RL is equal © to the fame ſquaiMherefo 
becauſe LXR is a right angle. Therefore the ſquare of ML is 
is equal to the fquare of RL, and the ſtraight line AB to iſſn * 
But each of the ſtraight lines BC, DE, EF, GH, HK is AD 
to AP, and cach of the tuo RM, RN is equal to RL. Wide AE. 
fore AB, BC, DI, EF, GH, HK are each of them equi equ; 
each cf the 1iraight lines RL, RM, N. And becauſe Won the 
RM, are equal to AB, BC, and the baſe LM to the baſe Mes Me 
48. 1. the angle 1 R is equal © to the angle ABC For the the inc 
reaſon, the angie . RN is equal to the angle DEF, and NW, NC 
to GEK. Therefore there is made a 1olid angle at R, vis KA 
is contained by three plane angles LRM, MRN, NRL, HNO, 
are equal to the three given plane angles ABC, DEF, ales, 
each to each. Which was to be done, Ny 
le trian 
Id they 
zul © to 
le ſides 
e baſe 
PR N: 


W to 


OF EUCLID. 


PROP. A. THEOR. 


F each of two ſolid angles he containel by three Sce N. 


plane angles equal to one another, each to each; 
he planes in which the equal angles are, have the 
me inclination to one another. 


Let there be two ſolid angles at the points A, B; and let 
e angle at A be contained by the three pline angles CXO, 
AE, EAD; and the angle at B by the three plane angles 
BG, FBH, HBG; of which the angle CA) is equal to the 
pole FB, and CAE to FBH, an EAD to HBG . The planes 
which the equal angles are, have the fame inclination to one 
other 

In the ſtraight line AC take any point K, and in the plane 
AD from K draw the ſtraight line KD at right angles 
AC, and in the A 
une CAE the ſtraight 

ne KL at right angles 

> the fame AC: 

erefore the angle 


| . 
KL is the inclina- — OW 
mn * of the plane (C TID F 
AD to the plane F 


AE: In BF take 
IM equal to AK, and 
om the point M draw, in the planes FBG, FBI, the ftraight 
nes MG, MN at right angles to BF; therefore the angle G MN 


J 


he H the inclination * of the plane FBG to the plane FBH : Join 
d Mb, NG; and becauſe in the triangles KAD, MBG, the au- 
„es KAD, MBG are equal, as alſo the right angies AKD, 
„, and that the ſides AK, BM, adjacent to the equal 


e, and AD to BG: For the ſame reaſon, in the triangles 
AL, MBN, KL is equal to MN, and. AL to BN: And in 
e triangles LAD, NBG, LA, A) are equal to NB, BG, 
Id they contain equal angles; therefore the baſe LD is e- 


e des UK, KL are equal to GM, MN, and the baſe LD to 


MN: But the angle DKL is the inclination of the plane 
AD to the plane CAE, and the angle GMN is the inclina- 
O 3 tion 


RYU 


ales, are equal to one another, therefore KD is equal ® tob 26, x, 


aul © to the baſe NG Laſtly, in the triangles KLD, MNG, e 4. 1. 


e baſe NG; therefore the angle DKL 1s equal d to the angled g, x, 
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Book XI. tion of the plane FBG to the plane FBH, which planes h. 


27. def. 
11. 


See N. 


s A 11. 


PB, A. J. qual b to one another. 
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therefore the ſame inclination * to one another: And in! 
ſame manner it may be demonſtrated, that the other plane 
which the equal angles are, have the ſame inclination to 


another. Therefore, if two ſolid angles, &c. Q. E D. 


PROP. B. THEOR. 


FF two ſolid angles be contained, each by three plu 

angles which are equal to one another, eacht 
each, and alike fituated ; theſe ſolid angles are eq 
to one another. 


Let there be two ſolid angles at A and B, of which thef 
lid angle at A is contained by the three plane angles CAl 
CAE, EAD; and that at B, by the three plane angles FI 
IBE, HBG; of which CAD is equal to FBG ; CAE to FI 
and EAD to HBG: The ſolid angle at A, is equal to thei 
lid angle at B. 

Let the ſolid angle at A be applied to the ſolid angle at! 
and, firſt, the plane angle CAD being applied to the pla 
angle FBG, ſo as the point A may coincide with the point! 
and the ſtraight line AC with BF; then AD coincides vl 
BG, becauſe the angle CAD A B 
1s equal to the angle FBG : a 
And becauſe the inclination of 
the plane CAE to the plane 
CAD is equal * to the inclina- 
tion of the plane FBH to the E 3 
plane FBG, the plane CAE C D F 6 
coincides with the plane FBH, © 
becauſe the planes CAD, FBG coincide with one another: A 
becauſe the ſtraight lines AC, BF coincide, and that the ang 
CAE is equal to the angle FBH ; therefore AE coincides vi 
BH : And AD coincides with BG ; wherefore the plane I 
coincides with the plane HBG : Therefore the ſolid ange 
coincides with the ſolid m B, and conſequently they att 

*. 4 


* 
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IF to] 
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J :qual and ſimilar planes alike fituated, a d hi- 
ing none of their ſolid angles contained by more 
han three plane angles; are equal and ſimilar to one 
nother. | 


Let AG, KQ be two ſolid figures contained by the ſame 
umber of ſimilar and equal planes, alike fituated, viz. let the 
lane AC be fimilar and equal to the plane K ; the plane 
to KP; BG to LQ; GD to 175 ; DE to NO, and laſtly, 
H hmilar and equal to PR: The folid figure AG is equal and 
milar to the ſolid figure KO. 

Becauſe the ſolid angle at A is contained by the three plane 
neles BAD, BAE, EAD, which, by the hypotheſis, are e- 
nal to the plane angles LEN, I KO, OK which contain 
e ſolid angle at K, each to each; therefore the ſolid angle 


e other ſolid angles of the figures are equal to one another. 


it, the plane fi 

re AC being H G 
vi pplied to the 
lane figure KM 
de ſtraight line 
5 coinciding 
nth KL, the fi- | 
we AC nuſt 

bincide with the A 
pure KM, becauſe they are equal and ſimilar : Therefore the 
aight lines K, DC, CB coincide with KN, NM, L, 
ch with each; and the points A, D, C, B with the points 
„ N, M, L: And the ſolid angle at A coincides * with the 
Md angle at K; wherefore the plane AF coincides with the 
ae KP, and the figure AF with the figure KP, becauſe they 
le equal and fimilar to one another: Therefore the ſtraight 
ues AE, EF, FB coincide with KO, OP, PL; and the points 
F with the points O, P. In the ſame manner, the figure 
ll coincides with the figure KR, and the ſtraight line DH 
NR, and the point H with the point R: And becauſe the 
ud angle at B is equal to the ſolid angle at L, it may be pro- 
ed in the ſame manner, that the ſigure BG coincides m_u 
4 the 


NID figures contained by the ſame number of See N. 


t A 1s equal“ to the ſolid angle at K: In the tame manner, 1 


| then the folid figure AG be applied to the ſolid figure KQ, 
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Book XI. the figure LO, and the ſtraight line CG with MO, and th 


zr to 


point G with the point Q: Since therefore all'the plane. Th 
and ſides of the ſolid figure AG coincide with the planes a 
ſides ot the ſolid figure KQ. AG is equal and ſimilar to x 
And in the fame manner, any other ſolid figures whatever ch 
tained by the ſame number of equal and ſimilar planes, alike hf 
tuated, and having none of their ſolid angles contained! F af 
more than three plane angles, may be proved to be equal andi tot 
milar to one another. Q. E. D. 0 tw 
e baſe 
PROP. XXIV. THEOR. 
See NW. : $904 [the 
; I a ſolid be contained by ſix planes, two and ty ich is 
L of which are parallel; the oppoſite planes are hol 
milar and equal parallelograms. E a 
Let the folid CDG be contained by the parallel planes Adu 
GF; BG, CE; FB, AE: Its oppolite planes are fimilar an ber 
equal parallelograms. 8 * 
Becauſe the two parallel planes, BG, CE are cut by MY. © | 
* 16. 11. plane AC, their common ſections AB, CD are parallel * Ms 
gain, becauſe the two parallel planes BF, AE are cut by th \ 
plane AC, their common ſections AD, BC are parallel“: F 
AB is parallel to CD; therefore AC is a parallelogram. In hi 
manner, it may be proved that each B 1 
of the figures CE, FG, GB, BF, 
A is a parallelogram : Join AH, WF L 
DF; and becauſe AB is parallel to "TG , 
DC, and BH to CF; the two 
ſtraight lines AB, BH, which meet C 
one another, are parallel to DC X— T ) ky 
and CF which meet one another, | . 4 40 
and are not in the ſame plane with + 1 
the other two; wheretore they con- 8 
d 10, 11, tain equal angles d; the angle ABH is therefore equal to f Ty 
angle DCF: And becauſe AB, BH are equal to DC, CF, a fa c | 
the angle ABH equal to the angle DCF, therefore the bi KB. 
e 4. 1. AH is equal eto the baſe DF, and the triangle ABH to the u & z 
* 24. 1. angle DCF. And the parallelogram BG is double © of the he ct 
angle ABH, and the parallelogram CE double of the trialy ba 
DCF; therefore the parallelogram BG is equal and f „KR. 
Jar to the parallelogram CE. In the ſame manner, it . 4 


be proved, that the parallelogram AC is equal and | 
| mall 
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ir to the parallelogram GF, and the parallelogram AE to Book XL, 
Therefore, if a ſolid, &c. Q. E. D. — 


PROP. XXV. THE OR. 


F a ſolid parallelepiped be cut by a plane parallel See N. 
to two of its oppoſite planes; it divides the whole 
o two ſolids, the baſe of one of which ſhall be to 
baſe of the other, as the one ſolid is to the other, 


Let the ſolid parallelepiped ABCD be cut by the plane EV, 
ich is parallel to the oppoſite planes AR, HD, and divides 
whole into the two ſolids ABFV, EGCD; as the baſe 
of the firſt is to the baſe EHCF of the other, ſo is the 
{ ABFV to the ſolid EGCD. 

Produce AH both ways, and take any number of ſtraight 
es HM, MN each equal to EH, and any number AK, KL 
h equal to EA, and complete the parallelograms LO, KY, 
VMs, and the folids LP, KR, HU, MT: Then, becauſe 
traight lines LK, KA, AE are all equal, the parallelograms 


X B G . 
, 8 RID TP 
[i [T1 1 


L EIL IAI |E||H||M|]N| 


F 
), KY, Af are equal * : And likewiſe the parallelograms KX, * 36. 1. 

„AG ©; as alſo b the parallelograms LZ, KP, AR, becauſe® 24. 11. 
are oppolite planes: For the ſame reaſon, the paral- 

rams EC, HQ, MS are equal *; and the parallelograms 

„HI, IN, as alfo b HD, MU, NT : Therefore three planes 

the ſolid LP, are equal and ſimilar to three planes of the ſo- 

KR, as alſo to three planes of the ſolid AV: But the three 

nes oppolite to theſe three are equal and ſimilar b to them 

tte ſeveral ſolids, and none of their ſolid angles are contain- 

by more than three plane angles: Therefore the three ſolids 

KR, AV are equal © to one another: For the ſame reaſon, e C. 11. 

tree folids ED, HU, MT are equal to one another: There- 

fore 
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Book XI; fore what multiple ſoever the baſe LF is of the baſe Ab, 
fame multiple is the ſolid LV of the folid AV : For the fu 
reaſon, whatever multiple the baſe F is of the baſe Hp, 
ſame multiple is the ſolid NV of the ſolid ED: And if theh 

*C.11. LF be equal tc the baſe NF, the ſolid LV is equal * to thef 
lid NV; and if the baſe LF be greater than the baſe NF, 
ſolid LV is greater than the ſolid NV; and if leſs, leſs: $ 
then there are four magnitudes, viz. the two baſes AF, 


X B G 1 
rr N 


— — 


218 


L Ki IAI jE||H 


M | IN 
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r 


and the two ſolids AV, ED, and of the baſe AF and ſolid 4 
the baſe LF and ſolid LV are any equimultiples whatever; ; 
of the baſe FH and ſolid ED, the baſe FN and ſolid NV xe 


ny equiniultipl's. whatever; and it has been proved, that 
the baſe LF is greater than the baſe FN, the ſolid LV is gre 


| than the folid NM; and if equal, equal; and if les, | 
4 c, def. Therefore d as the baſe AF is to the baſe FH, ſo is the ſolid & 


f. to the ſolid ED. W herefore, if a ſolid, &c. Q. E. D. 


PROP. XXVI. PR OB. 
T a given point in a given ſtraight line, to m 
* ſolid angle quai to a given ſolid angle « 
tained by three plane angles. 


See N. 


Let AB be a given ſtraight line, A a given point in it 
D a given ſolid angle contained by the three plane angles H 
EDT, IDC: It is required to make at the point A in the ſtr 
line AB a ſolid angle equal to the ſolid angle D. 


In the ſtraight line: PF take any point T, from which & 


a 11. 11. G perpendicular to the plane EDC, meeting that 6 


G3 join LG, and at the point A in the ſtraight line 


make b the angle BAL equal to the angle EDC, and In 
ne BAL make the angle BAK cqual to the angle EV 
© I2, Il. then make AK equal to DG, and from the point K erect ©1 


55 
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ntain | 
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right angles to the plane BAL ; and make KH equal to Book XT. 
and join AH: Then the ſolid angle at A which 1s contain- 
by the three plane angles BAL, BAH, HAL is equal to the 
dangle at D contained by the three plane angles EDC, EDF, 


IC. 

Take the equal ſtraight lines AB, DE, and join HP, KB, 

GE: And becauſe FG is perpendicular to the plane EDC, 

akes right angles 4 with every ſtraight line meeting it in 6. 4, ant 
it plane: Therefore each of the angles FGD, FGLE is a right 11. 

ge: For the ſame reaſon, HKA, HEB are right angles: And 

cauſe KA, AB are equal to GD, DE, each to each, and 

ntain equal angles, therefore the baſe BK is equal © to the“ 4. 1. 

ſe EG: And KH is equal to GF, and HKB, FGE, are right 

ples, therefore HB is equal © to FE: Again, becauſe AK, 

are equal to DG, GF, and contain right angles, the 

ſe AH is equal to the baſe DF; and AB is equal to DE; 

refore HA, AB are equal to FD, DE, and the baſe HB is 

al to the baſe FE; 
refore the angle 
AH is equal f to 
angle EDF: For 
lame reaſon, the 
ge HAL is equal 
the angle FDC. 
cauſe it AL and 
de made equal, 1 
| KL, HL, GC, Fi 
be joined, ſince the whole angle BAL is equal to the 1 
le EDC, and the parts of them BAK, EDG are, by 
conſtruction, equal; therefore the remaining angle KAL 

equal to the remaining angle GDC: And becauſe KA, 

we equal to GD, DC, and contain equal angles, the baſe 

is equal © to the baſe GC: And KH is equal to GF, ſo that 

; KH are equal to CG, GF, and they contain right angles 

telore the baſe HL is equal to the baſe FC: Again, becauſe 

AL are equal to FD, DC, and the baſe HL to the baſe 

the angle HAL is equal to the angle FDC: Therefore, 

ulc the three plane. angles BAL, BAH, HAL, which contain 

 folid angle at A, are equal to the three plane-angles EDC, 

WF, FDC, which contain the ſolid angle at D, each to each, 

are ſituated in the ſame order; the ſolid angle at A is e- 

Uto the ſolid angle at D. Therefore at a given point ins B. 11. 
A 


Book. XI. a given ſtraight line a ſolid angle has been made equal t ;; 
ven ſolid angle contained by three plane angles. Which wy 


be done. 


PROP. XXVII. 


A er deſcribe from a given ſtraight line a ſolid; 
rallelepiped ſimilar, and ſimilarl 


one given. 


Let AB be the given ſtraight line, and CD the given ſolid 
rallelepiped. It is required from AB to detcribe a ſolid part 
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lepiped ſimilar, and ſimilarly ſituated to CD. 


* 26. 11, At the point A of the given ſtraight line AB, make * a4 
angle equal io the ſolid angle at C, and let BAK, KAH, H 
be the three plane angles which contain it, ſo that BAK he 
qual to the angle Ei G, and KAH to GCF, and HA} 

b 12. 6. FCE: And as EC ro CG, ſo make b BA to AK; and as 00 

22. 5. CF, ſo make e KA to AH; wherefore, ex aequali e, as H 
CF, fo is BA to AH: Complete the 


the ſolid AL: And 
becauſc, as EC to 


L 


CG, ſo BA to AKK, H 


the ſides about the 
equal angles EC G, 
BAK are pra porti- 
onals; therctor. il e K 


1 


M 


2rallelogram Bk 


G 


is ſimiler to EG. 
For the ſame rea- A 


fon the paralieio 


gram KH is ſimilar to GF, and HB to FE. Wherefore t 
paraliclogrems of the ſolid AL are ſimilar ta three of the i 
4 24.11. CI; and the three oppoſite ones in each ſolid are equal“ 
{:in(i;ar to theſe, each to each. | 
which contain the ſolid angles of the figures are equal, ed 
cash, and ſituated in the ſame order, the ſolid angles af 
e B. 11. qual e, cach to each. '] herefore the fo id AL is ſi milar f to 
f;. def, f lid CD. Wherefore from a given ſtraight line AB a ſolid 
41. r:1!c}cj1ped AL has been delcribed ſimilar, and ſi milarly fu 


B 


Alſo, becauſe the plane 2 


to the given one CD. Which was to be done. 


PR OB. 


paralleJogram BH, 


y ſituated 


D 


C 


PRO 
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5 Book XI. 
PROP. XVII. THE OR. 8 


F a ſolid parallelepiped be cut by a plane paſſing See N. 
through the diagonals of two of the oppoſite 
anes; it ſhall be cut into two equal parts. 


Let AB be a ſolid parallelepiped, and DE, CF, the diago- 

ls of the oppoſite parallelograms AH, GB, viz thoſe which 

drawn betwixt the equal angles in each: Anu becauſe CD, 

ale each of them parallel to GA, and not in the ſame plane 

th it, CD, EF are parallel ; whcrefore the diagonals CF, 9. 11. 
E are in the plane in which the pa- 

Ilels are, and are the ſelves paral . B f 
I: And the plane CDEF ſhall cut > 16. II. 
e ſolid \B into two equal parts. 
Becauſe the triangle CGF is equal | © 34. 1. 
o the triangle CI, and the triangle 
AE to DiE; and that the paral | 
logram CA is equal d and a to D — BY aw * 
e oppolite one E; and the paral- - | 

ogram GE to CH: 'Phereftoie the A E. 

um contained by the two triangles 

GF, DAE, and the three parajlelograms CA, GE, EC, is 
ual © to the priſm contained by the two triangles CBF, © E. 11 
IHE, and the three parallelograms BE, CH, EC; becauſe 
ey are contained by the fame number of cqual and ſimilar 
lanes, alike ſituated, and none of their ſolid angles are contain- 
by more than three plane angles. Therefore the ſolid AB is 
tinto two equal parts by the plane CDEF. Q. E. D. 
NB. The inſiſting ſtraight lines of a parallelepiped, men- 
toned in the next and ſome ſollowing propoſitions, are the 


bdes of the paraliciograms betwixt the baſe and the oppoſite 
plane parallel to it 


* PROP. XXX. THE OR. 
- OLID parallclepipeds upon the ſame baſe, and of Sec N. 


the lame altitude, the inſiſting ſtraight unes 
t winch are terminated in the ſame ftraigh: lines in 
le plane oppoſite to the bale, are equal to oue anotlier. 
Let 
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"mM thi 
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mainin 


Book XI, Let the ſolid parallelepipeds AK be upon the fame h 
WV AB, and of the ſame altitude, and let their infiſting fry 
fee the fi lines AF, AG, LM, LN, be terminated in the fame raight| 
gures below, EN, and CD, CE, BH, BK be terminated in the fame ſtny 
line DK; the ſolid AH is equal to the ſolid AK. | 
Firſt, Let the parallelograms DG, HN, which are oy 
to the baſe AB, have a common ſide HG: Then, becauſe the 
lid AH is cut by the plane AGHC paſſing through the iy 
nals AG, CH of the oppoſite planes ALGF, CBHD, at 
28. 11. cut into two equal parts * by the plane AGIIC: Therefore 
folid AH is double of the D U K 
priſm which is contained be- f - 
twixt the triangles ALG, HRS 74 NG LN 
CBH: For the ſame reaſon, ” EIN 
becauſe the ſolid AK is cut 
by the plane LGHB through 
the diagonals LG, BHtof the 
oppoſite planes ALNG, A L 
CBEH, the ſolid AK is double of the ſame priſm which is a 
tained betwixt the triangles ALG, CBH. Therefore the fl 
AH is equal to the ſolid AK. 
But, let the parallelograms DM, EN oppoſite to the bal 
have no common fide: Then, becauſe CH, CK are parall 
o 34. 1. grams, CB is equal d to each of the oppoſite ſides DH, L 
wherefore DH is equal to EK: Add, or take away the comm 
part HE; then DE is equal to HK: Wherefore allo the t 
© 28. 1. angle CBE is equal © to the triangle BHK: And the paralld 
d 36. 1. gram DG is equal © to the parallelogram HN: For the fan 
reaſon, the triangle AFG is equal to the triangle LMN, a 
© 24.11. the parallelogram CF is equal © to the parallelogram BM, a 


the | 
zothe: 


Let th 

d of t 
G, LI 
raight | 
Produ 
other 


Ri A 


Fe: H 
R /NG_|IW\ 
2 
B 
lane A 
A L le para 
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CG to BN; for they are oppoſite. Therefore the priſm von 
is contained by the two triangles AFG, CDE, and the ns B 
C. 11. parallelograms AD, DG, GC is equal f to the priſm, cont... 
ed by the two triangles LMN, BHK, and the three para the 
grams BM, Mk, KL. If therefore the priſm LMNBES | 

tab 


OF EUCLID. 223 


en from the ſolid of which the baſe is the parallelogram Book Xl. 


1 B, and in which FDEN is the one oppoſite to it; and if 
* 'm this fame ſolid there be taken the priſm AFGC DE; 

L py | remaining ſohd, viz. the parallelepiped AH, is equal to the 

"= zining parallclepiped AK. Therefore ſolid parallelepipeds, 

yo Q. E. D. 

he { 

ding PROP. XXX. THEO. 

I OLID parallepipeds upon the ſame baſe, and of See N. 
; the ſame altitude, the inſiſting ſtraight lines of 

* Which are not terminated in the fame ſtraight lines 

be plane oppolite to the baſe, are equal to one 


zother. 


Let the parallelepipeds CM, CN be upon the fame baſe AB, 
d of the fame altitude, but their inſiſting ſtraight lines AF, 
G, LM, LN, CD, CE, BH, BK not terminated in the ſame 
uicht lines: The ſolids CM, CN are equal to one another. 

Produce FI), MH, and NG, KE, and let them meet one 
zauber in the points O, P. Q, R; and join AO, LP, BQ, 
R: And becauſe the plane LBHM is parallel to the oppoſite 
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ane ACDF, and that the plane LBHM is that in which are 
& parallels LB, MHPQ , in which alſo is the figure 8 
a the plane ACD F is that in which are the parallels AC, 
On, in which alſo is the figure CAOR ; therefore the fi- 
is BLPQ, CAR are in parallel planes : In hke manner, 
aule the ple Al. G is parallel to the oppoſite plane CBKE, 
Id that tue plane ALNG b that in which are the parallels 

| AL, 
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be d as that the ſides CL, LB be in a ſtraight line; there- Book XI. 
n vl. the ſtraight line LM, which is at right angles to the plans WV 
ich the baſes are, in the point L, is common * to the two * 13+ Its 
at 8-1. AE, CF; let the other inſiſting lines of the folids he 
the „NK, BE; DF, O, CN: And firſt, let the angle ALB be 
lg nee the angle CLD; then AL, LD are in a ſtraight line b. b 14. 1. 
hi oduce OD, HB, and let them meet in Q and complete the 

id parallelepiped LR the baſe of which is the parallelogram 

D, and of which M is one of its inſiſting ſtraight lines: 

Tefore, becaute the parallelogram AB is equal to C2), as the | 

ſe ABis to the baſe LQ, ſo is © the baſe CD to the ſame 7+ 5» 

) - And becauſe the ſoſid parallelepiped AR is cut by the 

bne LMEB, which is parallel to the oppoſite planes AK, DR; 
the baſe AB is to the baſe LQ, fo is d the ſolid AE to the d 25. 114 
Iid LR: For the ſame reaſon, becauſe the ſolid parallelepiped 
is cut by the plane LMEFD which is parallel to the oppoſite 


nes CP, BR; as 
e baſe CD to the P F R 


r Ss: 
id CF to the ſo- S V RR 
LR: But as the | | | K 
e ABto the baſe O D @ | | 
the Q,fo the baſe CD X | B 
nd ly the baſe LQ, as —— 
BH, ore was proved: '$ L SJ 
CP Wherefore as the & 8 H T 
Ala AE to the ſo- 
"R, OK LR, fo is the folid CF to the ſolid LR; and therefore the 
Jud AE is equal © to the ſolid CF. © Qs. 5. 


Bu tlet the ſolid parallelepipeds SE, CF be upon equal baſes 
D, CD, and be of the ſame altitude, and let their inſiſting 
night lines be at right angles to the baſes; and place the 
ales dB, CD in the ſame plane, ſo that EL, LB be in a ſtraight 
ne; and Jet the angles SLB, CLD be unequal ; the ſolid SE 
allo in this caſe equal to the folid CF Produce DL, TS un- 
they meet in A, and from B draw BH parallel to DA ; antl 
HB. OD produced meet in Q, and complete the ſolids AE, 
i: Thercfore the ſolid AE of which the baſe is the parallelo- 
am LE, and AK the one oppoſite to it, is equal f to the ſo- f 29. 11. 
LE of which the baſe is LE, and to which SX is oppoſite; 
Ir they are upon the ſame baſe LE, and of the ſame altitude, 
d their inſiſting ſtraight lines, via LA, Lo, BH, BT; MG, 
IV, EK, EX are in the ſame ſtraight lines AT, GX: And be- 
P cauſe 
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cauſe the parallelogram AB is equal? to SB, for they are g 
on the ſame baſe LB, and between the ſame parallels LB, 41 


and that the baſe ſolid 
| SB is equal to the P L K ſes an 
| bate CD; therefore N RM | . the ſo] 
| the baſe AB isequal G .. FS 
8 to the baſe CD, and of 5 
the angle ALB is ( Di IQ 
cqual to the angle OLI 
CLD Therefore, . 1 N 
| by the firſt caſe, C LV = tu 
the ſolid AE is e- 
| qual to the ſolid A 8 H 7 Let a 
| CF; but the ſolid AE is equal to the ſolid SE, as was dena hey of 
| ſtrated 3 therefore the ſolid SE is equal to the ſolid CF. the - 
| Bvt it the inſiſting ſtraight lines AG, BK, BE, LM; O Leh 
RS, DF, CP, i e not at right angles to the baſes Al, CD; if AE, 
| this caſe likewiſe the iolid AL is equal to the ſolid CF: In N yam 
the points C, K, E, M3 N. S, E, P, draw the ſtraight iH be 
k 11. 1. GQ , KI, EV, MX; NY, OZ, Fl, PU, perpendicular * u de 
plane in which are the baſes AB, CD; and let them meet it! K f 
the points Q, T, V, X; X, Z, I, U, and join QT, TY, VM * 
N XQ 3; YZ, ZI, IU, UY : Then, becauſe GQ, K'l, are at ig ay 
| E, FF 
4M _E . F eof thi 
SEN tude 
IN cauſe 
4 > A NW 
— R 4 
A H GT bs ha 
6. 11. angles to the ſame plane, they are parallel i to one anoth 1 Aj 
And MG, EK are parallels z therefore the planes MO, ET, id Al 
which one paſſes through h G, G, and the other thru. E. 1 
LK, K T which are parallel to MG, GQ, and not in the {am . 
*15 1T plane with them, are parallel * to on another: For the fan Fold 
rcaion, the planes MV, GI are parallel to one another: Ther Let | 
tore the folid QUE 1s a parallelepiped: In like manner, it rc, 


be proved, that the ſolid YF is a parallelepiped : But, fo 
what has been demonſtrated, the ſolid EQ is equal to the 10 
IV, becauſe they are upon equal baſes MK, PS, and of th 
{me altitude, and have their infiſting ſtraight lines at right ang 


elam 
d the 
lO, a 
cauſe 
ſtude, 


OT $ Þ CL 1D. 


the baſes: And the ſolid EQ is equal! to the ſolid AE; and Book Xl. 
ſolid FY to the ſolid CF; becauſe they are upon the ſame, 
e and of the ſame altitude: Therefore the ſolid AE is equal = bed 
the ſolid CF. Wherefore ſolid parallelepipeds, &c. Q. E. D. 39. IIs 


* PROP. XXXII. THE OR. 


OLID parallelepipeds which have the ſame alti- See N. 
) tude, are to one another as their baſes, | 


Let AB, CD be ſolid parallelepipeds of the fame altitude: 

hey are to one another as their baſes ; that is, as the baſe AE 

the baſe CF, ſo the ſolid AB to the ſolid CD. | 
To the ſtraight line FG apply the parallelogram FH equal!“ Cor. 45. 
AE, fo that the angle FGH be equal to the angle LCG ; I. 
complete the ſolid parallelepiped GK upon the baſe FH, 

eof whole inſiſting lines is FD, whereby the ſolids CD, GK 

uſt be of the ſame altitude: Therefore the ſolid AB is equal d 3. II. 


the ſolid 

K, becauſe B N 25 
ey are upon | 

qual baſes O P XN 

E, FH, and r 


eof the ſame 
tude : And 
cauſe the ſo- ; 

i parallelepi- R N „„ 

d CK is cut 

Z be plane DG which is parallel to its oppoſite planes, the baſe | 
IF is© to the baſe FC, as the ſolid HD to the ſolid DC : But © 26, II. 
te baſe HF is equal to the baſe AE, and the folid GK to the 


lid AB: Therefore, as the baſe AE to the baſe CF, ſo is the 
op to the ſolid CD. Wherefore ſolid parall:lepipeds, &c. 


het 
qo 
roup 
lam 
fal 
"her 
t m 
{ro 
> {oli 
A tit 
nge 


Cor, From this it is manifeſt that priſms upon triangular ba- 
of the ſame altitude, are to one another as their baſes, 
Let the priſms, the baſes of which are the triangles AEM, 
IG, and NBO, PDQ the triangles oppoſite to them, have 
elame altitude ; and complete the parallelograms AE, CF, 
the ſolid parallelepipeds AB, CD, in the firſt of which let 
and in the other let GQ be one of the inſiſting lines. And 
cauſe the ſolid parallelepipeds AB, CD have the {ame alti- 
Itude, they are to one another as the baſe AL is to the baſe 
P 2 CF; 
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CF; wherefore the priſnis, which are their halves 4, are tow 
another, as the baſe AE to the baſe CF; that is, as the trial 
AEM to the triangle CFC. | 


PROP. XXXII, THE OR. 


che ſolid parallelepipeds are one to anoths 
in the triplicate ratio of their homologous ſidg 


Let AB, CD be fimilar ſolid parallelepipeds, and the f 


AE homologous to the fide CF: The ſolid AB has to the (6 
CD, the triplicate ratio of that which AE has to CF. 
Produce AE, GE, HE, and in theſe produced take R 
qual to CF, EL equal to FN, and EM equal to FR; and c 
plete the parallelogram KL, and the ſolid KO: Becauſe KT, I 
are equal to CF, FN, and the angle KEL equal to the angle (H 
becauie it is equal to the angle AEG which is equal to CFN, 
reaſon that the ſolids AB, CD are fimilar ; therefore the pad 
lelogram KL is ſimilar and equal to the parallelogram CN:I 


the ſame reaſon, the parallelogram MK is ſimilar and equi 
CR, and alſo OE 


to FD : There- 5 B X 
fore three paralle- 

lograms of the lo- — | H 
lid KO are equal R | Gl | WE 
andiimilar tothree N — — [1 
parallelograms of Y W | * * 
the ſolid CD: And. Nw A 
the three oppoſite C 1 A E — 
ones in each ſolid ä L | | 
are equal * and | M Je 


ſimilar to theſe : 
Therefore the ſo- 
lid KO is equal ® 
and ſimilar to the folid CD: Complete the paiallelogi 


GK, and complete the ſolids EX, LP upon the Lat 


CE, KL, fo that EH be an inſiſting ſtraight line in ca 
them, whereby they muſt be of. the fame altitude with t 
folid AB: And becauſe the ſolids AB, CD are ſimilar. anch! 
permutation, as AE is to CE, fois LG to F'N, and to . 
to FR; and FC is equal to EK, and FN to EI, and Il. 
LM; therefore as A. to | K, ſo is EG to EL, and ſo js 1 
to EM: But as AE to EK, fo © is the parallclogram Ab 
the parallelogram GK; and as GE to EL, o © ts GK to * 
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nd as 
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© 4-1 


and as 
herefo 
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he pat 
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Is equ⸗ 
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ind as PE to KM, ſo © 1s the folid PL to the folid KO: And 
berefore as the folid AB to the ſolid EX, ſo is EX to PL, 
and PL to KO: But if four magnitudes be continual propor- 
ionals, the firſt is ſaid to have to the fourth the triplicate ra- 
o of that which it has to the ſecond : Therefore the ſolid AB 
3s to the ſolid KO, the triplicate ratio ot that which AB has 
o EX: But as AB is to EX, ſo is the parallelogram AG to 
he parallelogram GK, and the itraight line AE to the ſtraight 
line EK. Wherefore the ſolid AB has to the ſolid KO, the tri- 
plicate ratio of that which AE has to EK. And the ſolid KO 
s equal to the ſolid CD, and the ſtraight line EK is equal to 
the {traight line CF. 'Theretore the ſolid AB has to the ſolid 
CD, the triplicate ratio of that which the fide ALE has to the 


N, Wbomologous ſide CF, &c. Q. E. D. 

ard 
G7 Cor. From this it is manifeſt, that if four ſtraight lines be 
ual WMcontinual proportionals, as the firit is to the fourth, to is the 


lid parallelepiped deſcribed flom the ſirſt to the fiimilar ſolid 
limilarly deſcribed from the ſecond ; becauſe the firit ſtraight 
line has to the fourth, the triplicate ratio of that which it has 


\ to the ſecond, 
| 


COLID parallelepipeds contained by parallelograms 
equiangular to one another, each to each, that is, 
of which the fold angles are equal, each to each, 
have to one another the ratio Which is the fame with 
the ratio compounded ot the ratios ot their lides. 


PROP. D. THEOR, 


Let AB, CD be ſolid parallelepipeds, of which AB is con- 
taned by the parallelograms Ak, . F, AG cquiangular, cach 
to each, to the parallceivgrams CH, Ch, CL which contain the 
loud C1. "The ratio which the told AB has to the tolid CD is 


AM to DL, AN to DK, and AO to DH. 


3 Produce 


the tame with that which is compounded ot the ratios ot the ides 
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nd as HE to EM, ſo© is PE to KM: Therefore as the parallelo- Book Xl. 
am AG to the parallelogram GK, ſo is GK to KL, and PE Y 
KM: But as AG to GK, fo is the folid AB to the ſolid e 1. 6. 

X; and as GK to KL, ſo 4 is the ſolid EX to the ſolid PL; 4 2 


5 Ile 


See N. 
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parallelogram AE is equiangular to AS, AE is to AS, x 
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Produce MA, NA, OA to P, O, R, fo that AP be eg 
to DL, AQ to DK, and AR to DH; and complete the jj 
parallelepiped AX contained by the parallelograms AS, xt 
AV fimilar and equal to CH, CK, CL, each to each. The 
fore the ſolid AX is equal * to the ſolid CD. Complete likes 
the folid AY the bate of which is AS, and of which 40 
one of its inliſting ſtraight lines. Take any ſtraight lin 
and as MA to AP, ſo make a to b; and as NA to AQ, 
make b toc; and as OA to AR, ſoc to d: Then, becadet 


H 


| 
he ba 


he ſo 
Let . 


eciproc 
H is t 
titude 
Firſt 
M, N 
H to 
M to 
FH be 
NP, th 
lid Al 
tothe | 
De equ 


If the b 


ſtraight line a to c, as is demonſtrated in the 23. Prop. I 
6 and the ſolids AB, AY, being betwixt the parallel pla 
BOY, EAS, are of the ſame altitude. Therefore the ſolid 4 
is to the ſolid AY, as b the baſe AE to the baſe AS; thai 
as the ſtraight line a is to c. And the ſolid AY is to the 


B G 
D__L [JF 


A 
i 
N 

MM 
/| 

- 

LL 
YES. 


AX, as © the baſe CQ is to the baſe QR; that is, as the ſtraig 
line OA to AR; that is, as the ſtraight line c to the ſtrig 
line d. And becauſe the ſolid AB is to the ſolid AY, as a 
c, and the \ hid AY to the ſolid AX, as c is to d; ex acquil 
the fohd AB is to the ſolid AX, or CD which is equal to! 
as the ſtraight line a is to d. But the ratio of a to d is faidti 
be compounded © of the ratios of a to b, b to c, and c to 
which are the fame with the ratios of the ſides MA to AP, N. 
to AQ, and OA to AR, each to each. And the ſides AP, A 


AR are equal to the ſides DL, DK, DH, each to each. Ther I 
fore the ſolid AB has to the ſolid CD the ratio which is the fan 2 
with that which is compounded cf the ratios of the ſides AM \ 
DL, AN to DK, and AO to DH. QE. D. r 
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Bock XI. 
PROP. XXXIV. THE OR. 3 


HE baſes and altitudes of equal ſolid parallele- See N. 
ipeds, are reciprocally proportional; and if 

he baſes and altitudes be reciprocally proportional, 

he ſolid parallelepipeds are equal, 


Let AB, CD be equal ſolid parallelepipeds ; their baſes are 
eciprocally proportional to their altitudes ; that is, as the baſe 
His to the baſe NP, ſo is the altitude of the ſolid CD to the 
titude of the ſolid AB. 

Firſt, Let the inſiſting ſtraight lines AG, EF, LB, HK ; 
M, NX, OD, = be at right angles to the baſes. - As the baſe 
Hto the baſe NP, fo is 
Sa AC. Kiebſe =  B ©® D 


EH be equal to the baſe NG N . 

Np, then becauſe the ſo- U 1 X 
V lid AB is likewiſe equal | | 

to the ſolid CD, CM ſhall L 

de equal to AG. Becauſe, HK | P —j— 9 

if the baſes EH, NP be e- 


qual, but the altitudes MK E QC N 


3 s, CM be not equal, neither ſhall the ſolid AB be equal to 
the ſolid CD. But the ſolids are equal, by the hypotheſis. 
Ther efore the altitude CM is not unequal to the altitude AG; 
that 18, they are equal. Wherefore as the baſe EH to the baſe 
NP, ſo is CM to AG. 

Next, Let the baſes EH, NP not be equal, but EH greater 


than the other : Since then the ſolid AB is equal to the ſolid 
CD, CM is therefore 


greater than A G: For R D 


it it be not, neither al- 
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ſo, in this caſe, would | ni | * f 
the ſolids AB, CD be K P, | M V * 
equal, which, by the | %. | | i 
hypotheſis, are equal. Pe K TY —TA 4 
= then CT equal to | | 1 
and complete $1 
the ſolid . 18 1 P 0 | E 1 
CV of which the baſe * | [ 


b NP, and altitude ” Ha C N 
CT. Becauſe the ſolid 


OW is equal to the ſolid CD, therefore the ſolid AB is to the 
P 4 * ſolid 
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Book XI. ſolid CV, as © the ſolid CD to the ſolid CV. But as the ( 


Ah to the ſolid CV, ſo e is the baſe EH to the baſe Np; f > 
, J 5 the ſolids AB, CV are of the fame altitude; and as the H. ea 
g 32+ 11. CD, to CV, fo © is the baſe MP to the baſe PT, and {4 dev; 
28 11. the ſtraight line MC to CT; and CI is equal to AG. Tha lad 
1. 6. fore, as the baſe EH to the baſe NP, ſo is MC to AG. Will GA 
fore the baſes of the ſolid parallelepipeds AB, CD are rein baſes c 
cally proportional to their altitudes. .eu 
Let now the baſes of the ſolid parallelepipeds AB, CD EHE 
ciprocally proportional to their altitudes z viz. as the baſe i | U, 
to the baſe NP, fo the al- epipe 
titude of the folid CD to K B R D book. 
the altitude of the ſolid r L. chei 
AB; the ſolid AB is e- IN NM \y Na 
qual to the ſolid CD. Let | | to the 
the inſiſting lines be, as | L 0 al to t 
before, at right angles to 1 Saad 
the baſes. 1 hay, the Het J N * 
baſe EH be equal to the A E N 
baſe NP, ſince EH is to 
NP, as the altitude of the ſolid CD is to the altitude of the 
A. 5. lid AP, therefore the altitude of CD is equal © to the altity 
of AB. But ſolid parallelepipeds upon equal baſes, and of th 
31. II: fame altitude, are equal f to one another; therefore the folid A 
is equal to the ſolid CD. 5 
But let the baſes EH, NP be unequal, and Jet EH beth s 


greater of the two. Therefore, ſince as the baſe EH to the bu 
NP, ſo is CM the alti- 


| tude of the ſolid CD to | 9 

AG the altitude of AB, . 1 

| CM 1s greater © than | | MY 

AG. Again, Take CT. ING. = | 

j equal to AG, and com- | © LG F 11 — N e altit 

i plete, as before, the ſo- — | | \ beir 
lid CV. And, becauſe | elore 


the baſe EH is to the 11 — 
baſe P, as CN to AG, — 
and that AG is equal : 

to CT, therefore * 4A 1 C N 
EH is to the baſe NP, as MC to CT. But as the baſe EH is to NP 
ſo ® is the ſolid AB to the ſolid CV; for the ſolids AB, CV ated 
the ſame altitude; and as MC to CT, ſo is the baſe MP to the — 


a +? 


r 
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is, each of the ſolids AB, CD has the fame ratio to the 
1CV; and therefore the ſolid AB is equal to the ſolid CD. 
decond general caſe. Let the inſiſting ſtraight lines FE, 
GA, KH; XN, DO, MC, RP not be at right angles to 
baſes of the ſolids; and from the points F, B, K, G; X, 
R, M draw perpendiculars to the planes in which are the 
« EH, NP, meeting thoſe planes in the points 8, Y, V, I; 
J U, Z; and complete the ſolids FV, XU, which are pa- 
clepipeds, as was proved in the laſt part of prop. 31ſt of 
book. In this caſe likewiſe, if the ſolids AB, CD be e- 
their baſes are reciprocally proportional to their altitudes, 
the baſe EH to the baſe NP, as the altitude of the ſolid 
to the altitude of the ſolid AB. Becauſe the folid AB 1s 


70S 


| 
E N 


altitude 3 and that the ſolid DC is equal * to the ſolid 
being upon the ſame baſe XR, and of the fame altitude; 
flore the ſolid BT is equal to the ſolid DZ: But the baſes 
recprocally proportional to the altitudes of equal ſolid pa- 
lepipeds of which the inſiſting ſtraight lines are at right 
es to their baſes, as before was proved: Therefore, as the 
FK to the baſe XR, fo is the altitude of the ſolid BZ to 


0 Nh Uitude of the ſolid BT: And the baſe FK is equal to the 
* Ell, and the baſe XR to the baſe NP: Wherefore, as the 
* LH to the baſe NP, ſo is the altitude of the jolid DZ to 

5 41 Utitude of the ſolid BT: But rhe altitudes of the folids 


> DC, as alſo of the ſolids BT, BA. are the ſame. There. 
as the baſe EH to the baie NP, ſo is the altitude of the 
| ſolid 
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and the ſolid CD to the ſolid © CV : And therefore, as the Bek XI. 


AB to the ſolid CV, ſo is the ſolid CD to the ſolid CV; NI 
© 25. 11. 


al to the folid CD, and that the ſolid BT is equal ? to the © 29. or 
) BA, for they are upon the ſame baſe FK, and of the 30. 11. 
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Book XL. ſolid CD to the altitude of the ſolid AB; that is, the ha 


8 29. or 


30. 11. lid BA, and Z to the ſolid DC, becauſe they are upd 
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the ſolid parallelepipeds AB; CD are reciprocall | 
to their altitudes. 1 a Procaly propom 


Next, Let the baſes of the ſolids AB, CD be recipmi f 
proportional to their altitudes, viz. the baſe EH to the! the 
NP, as the altitude of the ſolid CD to the altitude of the pla 
lid AB; the ſolid AB is equal to the ſolid CD: Het al a 
conſtruction being made; becauſe, as the baſe EH to the h: ; 
NP, ſo is the altitude of the ſolid CD to the altitude den 


ſolid AB and that the baſe EH is equal to the baſe FR; 
NP to XR; therefore the baſe EK is to the baſe XR, x i 
altitude of the ſolid CD to the altitude of AB: But th: WM A 


R D 


KE B 


tudes of the ſolids AB, BT are the ſame, as alſo of Cl 
DZ; therefore, as the baſe FK to the baſe XR, ſo is tht 
tude of the ſolid DEZ to the altitude of the ſolid BT: N 
fore the baſes of the ſolids BT, DZ are reciprocally p! 
tional to their altitudes ; and their inſiſting ſtraight lines 


right angles to the baſes ; wherefore, as was before pro 
ſolid BT is equal to the ſolid DZ: But BT is equal“ to! 


ſame baſes, and of the ſame altitude. Therefore the (ali 
is equal to the ſolid CD. QE. D 


p 
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PROP. XXXV. THEOR. 


from the vertices of two equal plane angles 
there be drawn two ſtraight lines elevated above 
WE plancs in which the angles are, and containing 
«al angles with the ſides of thoſe angles, each to 
n; and if in the lines above the planes there be 
Wen any points, and from them perpendiculars be 
sa to the planes in which the firſt named angles 
And from the points in which they meet the 
nes, ſtraight lines be drawn to the vertices of the 
ples firſt named; theſe ſtraight lines ſhall contain 
al angles with the ſtraight lines which are above 
planes of the angles, 


| Wt BAC, EDF be two equal plane angles; and from the 
ts A, D let the ſtraight lines AG, DM be elevated above 
planes of the angles, making equal angles with their ſides, 
to each, viz the angle GAB equal to the angle MDE, and 

N C to MDF; and in AG, DM let any points G, M be ta- 
nd from them let perpendiculars GL, MN be drawn 

e planes BAC, EDF meeting theſe planes in the points 


A and join LA, ND: The angle GAL, i 
n , e angle GAL is equal to the 


ke AH equa! to DM, and through H draw HK parallel 
pl; But GL is perpendicular to the plane BAC ; where- 
y 1s perpendicular * to the fame plane: From the points 
to the itraight lines AB, AC, DE, DF, dra perpen- 
n KB, KC, NE, NF; and join HB, BC, ME, EF: 


Becauſe 


See N. 
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Becauſe HK is perpendicular to the plane BAC, they the 
HBK which paſſes through HK is at right angles b to the... o 
BAC: and AB is drawn in the plane BAC at right yy is 
the common ſection BK of the two planes; therefore . {qt 
perpendicular © to the plane HBK, and makes right ay {quart 
with every ſtraight line meeting it in that plane: But BH A th 
it in that plane; therefore ABH is a right angle: For the WWefore 


reaſon, DEM 1s a right angle, and is therefore equal y ſquare 


angle ABH: And the angle HAB is equal to the ange WM: 


© 26. 2. 


4. I. 


Therefore in the two triangles HAB, MDE there are tuo cb, a 
in one equal to two angles in the other, each to each, eore! 
one fide equal to one fide, oppoſite to one of the equal | 
in each, viz, HA equal to DM; therefore the remaining ox. 1 
are equal ©, each to each: Wherefore AB is equal to DEB equal 
the tame manner, if HC and MF be joined, it may be d ining 
ſtrated that AC is equal to DF + "Therefore, ſince AB i;; the 
DE, BA and AC are equal to ED and DF; and th: WY frraig 


anothc 


B K et the 
9 L. let Al 

H he ang 

8 tach 


IC equ 
perpenc 


BAC is equal to the angle EDF; whereſore the baſe N 
qual f to the baſe EF, and the remaining angles to there 
ing angles: The angle ABC is therefore equal to the 
DF: And the right angle ABK is equal to the rigit 
DEN, whence the remaining angle CBK is equal to d 
maining angle FEN: For the ſame reaſon, the angle BC 
qual to the angle LFN : 'Therctore, in the two triangles 
EFN, there are two angles in one equal to two angles 
other, each to each, and one fide equal to one lice 4 
to the equal angles in cach, viz, BC equal to EF; Ws 
ſides therefore are equal to the other ſides; BK the! 5 
to EN: And AB is equal to DE; wherefore AB, BK ** 
to DE, LN; and they contain right angles where 
baſe AK is equal to the baſe DN: And ſince AH 0 
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. 
' 
the ſquare of AH is equal to the ſquare of DM : But the Book xl. i ll 
5 of AK, KH are equal to the ſquare s of AH, becauſe | 
Y 
| 


His a night angle: And the ſquares of DN, NM are equal s 47. 1, 11 
e ſquare of DM, for DNM is a right angle: W herefore 1 
ſquares of AK, KH are equal to the ſquares of DN, NM; if 
of thoſe the ſquare of AK is equal to the ſquare of DN: . 
efore the remaining ſquare of KH is equal to the remain- KM 
ſquare of NM; and the ſtraight line KH to the ſtraight | | 


NM: And becauſe HA, AK are equal to MD, DN, each 

ach, and the baſe HK to the baſe MN, as has been proved ; | 
efore the angle HAK is equal ® to the angle MDN. Q.*®"8. 1. 
). | 
or. From this it is manifeſt, that if, from the vertices of 
equal plane angles, there be elevated two equal ſtraight lines 
ning equal angles with the fides of the angles, each to 
; the perpendiculars drawn from the extremities of the e- 
ſtraight lines to the planes of the fir{t angles are equal to 
another, 


Another Demonſtration of the Corollary. 


et the plane angles BAC, EDF be equal to one another, 
let AH, DM be two equal ſtraight lines above the planes 
he angles, containing equal angles with BA, AC; ED, 
each to each, viz. the angle HAB equal to MDE, and 
IC equal to the angle MDF; and from I, M let HK, MN 
perpendiculars to the planes BAC, EDF: HK is equal to 


* cauſe the ſolid angle at A is contained by the three plane 
the es BAC, BAH, HAC, which are, each to each, equal 


e three plane angles EDF, EDM, MDF containing he 
angle at D; the ſolid angles at A and D are equal: And 
efore coincide with one another; to wie, it the plane angle 
be applied to the plane angle EDF, the ſtraight line AH 
ades with DM, as was ſhewn' in prop B. ot this book: 
I decauſe AH is equal to DM, the point H coincides with 4 
point M: Wherefore HK which is perpendicular to we 1 
& BAC coincides with | MN which is perpendicular to the i 1 x2; 11 
DF, becauſe theſe planes coincide with one another: 


fore HK is equal to MN. Q. E. D. 
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PROP. XXXVI. THE OR. 


F three ſtraight lines be proportionals, the{ 
1 parallelepiped deſcribed from all three as its f 
is equal to the equilateral parallelepiped deſcri 
from the mean proportional, one of the ſolid any 
of which is contained by three plane angles eq 
each to each, to the three plane angles conti 
one of the ſolid angles of the other figure. 


Let A, B, C be three proportionals, viz. A to B, 2 
C. I be ſolid deſcribed from A, B, C is equal to the q 
teral ſolid deſeribed from B, equiangular to the other. 

Take a folid angle D contained by three plane angles I 
TDG, GDE; and make each of the ſtraight lines ED,1 
DG <qual to B, and complete the ſolid parallelepiped I 
Make LK equal to A, and at the point K in the ftraigit 
LK make * a ſolid angle contained by the three planea 


LEM, MKN, NEL equal to the angles EDF, FDG, 6 5 
H ike * 
O. SY Q, B 
| e IN 
* 
Fo HR 
A. B .C 
Each to each; and make KN equal to B, and KM eu 
C; and complete the ſolid parallclepiped KO : And becaul 
A is to B, ſo is B to C, and that A is equal to LK, a 
to each of the ſtraight lines DE, DF, and C to KM; G 
fore LK is to ED, as DF to KM; that is, the ſides about 
equal angles are reciprocally proportional; therefore the 
rallelogram LM is cqual > to EF: And becauſe EDF, eto 
two equal plane angles, and the two equal ſtraight line er aeg 
KN are drawn from their vertices above their planes, av the f 
tain equal angles with their ſides; therefore the petpen id EN 
lars from the points G, N, to the planes EDF. LMH I 
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eto one another: Therefore the ſolids KO, DH are of Book XI. 

me altitude; and they are upon equal baſes LM, EF, WY 

therefore they are equal 4 to one another : But the ſolid © Cor. 35. 
is deſcribed from the three ſtraight lines A, B, C., and the 11. 

DH from the ſtraight line B. If therefore three ſtraight * 31. 11. 
&c. Q. E. D. 


PROP. XXXVII. THE OR. 


four ſtraight lines be proportionals, the ſimilar See N. 
lid parallelepipeds ſimilarly deſcribed from them 

| alſo be proportionals. And if the fimilar paral- 0 
pipeds ſimilarly deſcribed from four ſtraight lines 1 
roportionals, the ſtraight lines ſhall be propor- Nd 
jals, | 


the four ſtraight lines AB, CD, EF, GH be proporti- 10 
, viz. as AB to CD, ſo EF to GH; and let the ſimilar 1 
lelepipeds AK, CL, EM, GN be ſimilarly deſcribed from FAY 
AK is to CL, as EM to GN. ; 1 
ake * AB, CD, O, P continual proportionals, as alſo EF, II. 6. Mi 
CR: And becauſe as AB is to CD, ſo EF to GH; wh 


K 
= 


\ . 


K 


B 


E F 
d O, as GH to Q, and O to P, as Qto R; there- b xx, g, +4 
er aequali ©, AB is to P, as EF to R: But as Ag to P, 22 F. | 
the ſolid AK to the folid CL; and as EF to R, ſo 4 is «Cor 33. 
Md EM to the ſolid GN: Therefore e as the ſolid AK to II, 
id CL, ſo is the ſolid EM to the ſolid GN, 


But 


as , 
; 5 
bs, 
i | 
II 
A» 
I 
7 
= - 
EE 
"= 
£ 
i 
Ly 
: 
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Book XI. But let the folid AK be to the ſolid CL, as the ſolid py 

mee ſolid GN : The ſtraight line AB is to CD, as EF to G1 

© 27. It. Take AB to CD, as EF to ST, and from ST defcript 
ſolid parallelepiped SV fimilar and fimilarly ſituated to eie 

the ſolids EM, GN: And becauſe AB is to CD, as EF of 

and that from AB, CD the ſolid parallelepipeds AK, (l 

fimilarly deſcribed; and in like manner the folids EN, 

from the ſtraight lines EF, ST; therefore AK is to Cl. 


— K 


A B 
Za 
"Id 8 | 
E. F Opp 


FM to SV: But, by the hypotheſis, AK is to CL, as 
9. . GN: Therefore GN is equal f to SV + But it is likewiſe fn 
and ſimilarly fituated to SV; thereſore the planes which can 


the ſolids GN, SV are ſimilar and equal, and their homo N 
ſides GH, ST equal to one another: And becauſe as AB Let thi 
ſo EF to ST, and that ST is equal to GH; AB is to CUBFoppol 
EF to GH, Therefore, if four ſtraight lines, &c. Q. L. we 
PROP. XXXVIII. THEOR- 3 

See N. «F a plane be perpendicular to another plane, 1 L 
„a a ſtraight line be drawn from a point in o x ( 
« the planes perpendicular to the other plane, WWioin R 
« ſ|raight line ſhall fall on the common fection®, PR; 
« the planes. le DK 
* il and 

« Let the plane CD be perpendicular to the plane par 

« Jet AD be their common ſection 3 if any point E be Tor 
„in the plane CD, the perpendicular drawn from E to * 


6 plane AB ſhall fall on AD. 


U 


becauſe FG is 
to the plane 


rpendicular 
D, and the 
ſtraight line EG, which is 
in that plane, meets it; there- 
fore FGE is a right angle ©: 
But EF is alſo at right angles 


to the plane AB; and there- 
fore EFG 1s a right angle : 
Wherefore two of the angles 
of the triangle EFG are equal together to two right angles; 
which is abſurd: "Therefore the perpendicular from the point 
s che plane AB does not fall elſewhere than upon the 
ſtraight line AD: It therefore falls upon it. 
plane, &c. Q. E. D.“ 


PROP. MIR. THE OR. 
Na ſolid parallelepiped, if the ſides of two of the See N 
oppolite planes be divided each into two equal 
tts, the common ſection of the planes paſſing 
rough the points of diviſion, and the diameter of 
e ſolid parallelepiped cut each other into two e- 


ul parts. 


Let the ſides of 
oppoſite planes 
; AH of the ſo. 
prrallelepiped 
| a be divided 
h into two e- 
parts in the 
18 K, L. M, 
, O, P, R 8 
on KL, MN, 
PR: And be⸗ 
le DK, CL are 
a and parallel, 
IS parallel * to 


be : For the Game 
E en, MN js pa- 
eto BA: And 


D 


E 


A 
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« For, if it does not, let it, if poſſible, fall elſewhere, as EF; Book XI. 
and let it meet the plane AB in the point F; and from F YO 
draw *, in the plane AB, a perpendicular FG to DA, which 12. 1. 
is alſo perpendicular ® to the plane CD; and join EG: Then b 4. def. 


E 


. 


| 


N 


8 
Do 
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11. 


bo 3 def. 
IIs 


F 


If therefore a 


35; 


a. A 
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BA is parallel to DC; therefore becauſe KL, BA are each 
them parallel to DC, and not in the ſame plane with it N 
parallel“ to BA: And becauſe KL, MN are each of then 
rallel to BA, and not in the ſame plane with it, KL js 9. 
bro MN; wherefore KL, MN are in one plane. In like 
ner, it may be proved, that XO, PR are in one plane. Is 
be the common ſection of the planes KN, XR; and DC 
diameter of the ſolid parallelepiped AF. YS and DG d. 
and cut one another into two equal parts. 
Join DV, YE, BS, S6. Becauſe DX is parallel to OF, 
e DXY, YOE are equal © to one another: 
cauſe is e- e 
qual to OE, and 2 . — 3 F 
XY to YO, and * | 
— * 


contain equal an- 8 


gles, the baſe DY I 
is equal 4 to the | N 

baſe YE, and the N | 
other angles are e | 


qual z therefore | T 
the angle XYD do 


is equal to the an- | 


—r" 


th 
T 


gle OYE, and N 
DYE is a ſtraight | M SJ 
line: For the P — RJ 


ſame reaſon BSG 8 R 
is «a ſtraight line, — — 
and BS equal to A N 


SG: and wcauſe CA is equal and parallel to DB, and 
ſo equal and parallel to EG; therefore DB is equal and 
rallel d to EG: And DE, BG join their extremities ; the 
DE is equal and parallel a to BG: And 106, 18 are d 
from points in the one, to points in the other; and ate 
fore in one plane: Whence it is manifeſt, that DG, 1 
meet one another; let them meet in T: And becauſe 
parallel to BG, the alternate angles EDT, BGT are equi 
and the angle DI is equal f to the angle GTS: Theret 
the triangles DTI, Gd there are two angles in the one 
to two angles in the other, and one fide equal to one fide, 6 
ſite to two of the equal angles, viz. DX to GS:; for they att 
halves of DF, BG: "Therefore the remaining ſides are c 
each to each. Wherefore DT is equal to TO, and YT 
to TS. Therefore, if in a ſolid, &c. Q. k. D. 710 
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PROP. XL. THEOR. 


there be two triangular priſms of the ſame al- 
titude, the baſe of one of which is a parallelo- 
m, and the baſe of the other a triangle ; if the 
llclogram be double of the triangle, the priſms 
| be equal to one another. 


the priims ABCDEF, GHEKLMN be of the ſame alti - 
, the felt whereef is contained by the two triangles ABE, 
F, and the three parallelograms AD, DE, EC; and the o- 
by the two triangles GHK, LM and the three paralle- 
ms LH, HN, NG; and let one of them have a paralle- 
mm AF, and the other a triangle GH K for its baſe; if the 
lelogram AF be double of the triangle GH K, the priſm 
DEF is equal to the priſm Gl IKLMN. 

omplete the ſolids AX, GO; and becauſe the parallelo- 
n AF is double of the triangle GH K; and the parallelo- 


V 
* D 

A HL“. 
R 


fam AF is equal to HK. But folid parallelepipeds upon 
[> Therefore the ſolid AX is equal to the ſolid GO; and 


be two, &c, Q. E. D. 


HK double * of the ſame triangle; therefore the paral- 34. 1. 
baſes, and of the ſame altitude, are equal b to one an- v 31. II. 
nim ABCDEF is half © of the ſolid AX ; and the priſm © 28. 11. 


MN half © of the ſolid GO. Therefore the priſm 
DEF is equal to the priſm GHKLMN. Wherefore, if 


Q 2 THE 
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6 Os - ep + 
L ‚ ˙ 68 
O F 
C 
See N. B O O K XII. 


Which is the firſt Propoſition of the tenth Book, and is nec 
to ſome of the Propoſitions of this Book. 


IF from the greater of two unequal magnitu 

there be taken more than its half, and from! 
remainder more than its half; and fo on: There! 
at length remain a magnitude leſs than the leaf 
the propoſed inagnitudes. 


Let AB and C be two unequal magnitudes, of which A 
the greater. If from AB there be taken more 
than its half, and from the remainder more than A 
its half, and ſoon ; there ſhall at length remain 
a magnitude leſs than C. | 

For C may be multiplied ſo, as at length to K 
become greater than AB. Let it be ſo multipli- 

ed, and let DE its multiple be greater than 
AP, and let DE be divided into PF, FG, GE, H+ 
each equal to C. From AB take BH greater 
than its half, and from the remainder AH 
take HK greater than its half, and fo on, until 

there he as many diviſions in AB as there are 
in DE: And let the diviſions in AB be AK, 
KH, HB ; and the diviſions in DF be DF, FG, B 0 
GE. And becauſe DE is greater than AB, and 
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greater than the remainder HA. Again, becauſe GD is 
ater than HA, and that GF is not greater than the half of 
), but HK is greater than the half of HA; therefore the re- 
inder FD is greater than the remainder AK. And FD is 
ual to C, therefore C is greater than AK; that is, AK is leſs 
m C. Q. E. D. | 

And if only the halves be taken away, the ſame thing may 
the ſame way be demonſtrated, 


PR OP. I. THEOR. 


IL AR polygons inſcribed in circles, are to one 
another as the ſquares of their diameters. 


Let ABCDE, FGHKL be two circles, and in them the ſi- 
ar polygons ABCDE, FGHK L; and let BM, GN be the 
meters of the circles: As the ſquare of BM is to the ſquare 
GN, ſo is the polygon ABCDE io the polygon FGHKL. 

on BE, AM, GL, FN: And becauſe the polygon ABCDE is 
lar to the polygon FGHKL, and ſimilar polygons are divided 
p limilar triangles; the triangles ABE, FO are ſimilar ande- 


E 


E 6 
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EG taken from DE is not greater than its half, but BH taken Book XII. 
n AB is greater than its half; therefore the remainder GD 


angular ; and therefore the angle AEB is equal to the angle b 6. 7. 


the fame circumference z and the angle FLG is, for the ſame 
on, equal to the angle ENG: Therefore alſo the angle AMB 
qual to FNG : And the right angle BAM is equal to the 


des ABM, FGN are equal, and they are equiangular to one 
| - 3 another: 


: But AEB is equal © to the AMB, becauſe they ſtand up- 21. 3. 


it © angle GFN; wherefore the remaining angles in the tri- © 31. 3. 
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Book XII; another: Therefore as BM to GN, ſo * is BA to GF; and th 
fore the duplicate ratio of BM to GN, is the ſame f with 
, 0 Jef plicate ratio of BA to GF: But the ratio of the ſquare ai 

the ſquare of GN, is the duplicate ? ratio of that which By 


4 to N; and the ratio of the polygon ABCDE to they 
5 20, 6. A | 


are F 
| the 


5 & 22. 


FGHEL is the duplicate #® of that which BA has to GF: I 
fore as the ſquare of BM to the ſquare oi GN, ſo is the pd 
ABCDE to the polygon FGHKL. Wherefore ſimilar pol 


&c. Q. E. D, 
PR O P. Il. THE OR. 
See N. IxcLEs are to one another as the ſquares df 
diameters. | 


Let ABCD, EFGH be two circles, and BD, FH thei 
meters: As the ſquare of BD to the ſquare of FH, ſoistie 
cle ABCD to the circle EFGH, 

For, if it be not ſo, the ſquare of BD ſhall be to the ig 
of FH, as the circle ABCD is to ſome ſpace either leſs tr” th 
circle EFGH, or greater than it . Firſt, let it be to al 
8 leſs than the circle EFGH ; and in the circle B 
deſcribe the ſquare EFGH : This ſquare is great! 

half of the circle EFGH ; becauſe if, through the g 
E, F, G, H, there be drawn tangents to the circls 


For there is ſome ſquare equal to | that is, to the ſquares of BD, f 
the circle ABCD; let P be the lide of || the circle A BCD, it is peſſible ie 
it, and to three ſtraight lines BD, FH | be a fourth proportional. Let ti 
and P. there can be a fourth proportional ; | And in like manner are to be 0% 
let this be Q: Therefore the ſquares of | ſome things in ſome of the! 
theſe four ſtraight lines are proportionals _ | prox oſitions. 
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are EFGH is half * of the ſquare deſcribed about the circle ; Book XII. 


2 1 the circle is leſs than the ſquare deſcribed about it; there 
r the ſquare EFGH is greater than half of the circle. Di 247. 1. 
e the circumferences EF, FG, GH, HE, each into two equal 


5 in the points K, L, M, N, and join EK, KF, FL, LG, GM, 
H, HN, NE: Therefore each of the triangles EKF. FLG, 
IH, HNE is greater than half of the ſegment of the circle 
ſtands in; becauſe if ſtraight lines touching the circle be 
wn through the points K, L, M, N, and parallelograms 


the parallelogram in which it is: But every fegment is leſs 
an the parallelogram in which it is: Wherefore each of the 
angles EKF, FLG, GMH, HNE is greater than half the 
pment of the circle which contains it: And if theſe cir. 
mferences before named be divided each into two equal parts, 
| their extremities be joined by ſtraight lines, by continuing 


N 


D H 
Ar | 
G 


do this, there will at length remain ſegments of the circle 
uich, togecher, ſhall he leſs than the exceſs ot the circle EFGH 
we the ſpace 8: Becauſe» by the preceeding Lemma, if 


zn the greater of two unequal magnitudes there be taken 
o 3 oe than its half, and from the remainder more than its 
e and ſo on, there ſhall at length remain a magnitude leſs 
ater n the leaſt of the propoſed magnitudes. Let then the ſeg- 
he I ents EK, KF, FL, LG, GM, MH, HN, NE be. thoſe that 
rl nan and are together leſs than the exceſs of the circle EFGH 


me 8: Therefore the reſt of the circle, viz. the polygon 
RFLGMHN, is greater than the ſpace S. Deſcribe likewiſe 
the circle ABCD the polygon AXBOCPDR ſimilar to the 
Mon EKFLGMHN : E therefore, the ſquare of BD is to 


sen EKFLGMHN: But the ſquare of BD is alſo to the 
Q 4 | ſquare 


on the ſtraight lines EF, FG, GH, HE be completed ; each , 
the triangles EKF, FLG, GMH, HNE ſhall be the half 41. 1 


 (quare of FH, ſo b is the polygon AXBOCPDR to the po- o 


1.12. 
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Book XII. ſquare of FH, as the circle ABCD is to the ſpace 8: 


T 14. 5. the ſpace 5 is greater d than the polygon EKFLGMHN: 1 


* 
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| | a 
« SYN fore as the circle ABCD is to the ſpace 8, fo is © the pqq crc! 
 F1+3* AXBOCPDR to the polygon EKFLGMHN : But the Me: T 

ABCD is greater than the polygon contained in it ; wher the « 


it is likewiſe leſs, as has been demonſtrated ; which is im 
ble. Therefore the ſquare of BD is not to the ſquare of 
as the circle ABCD is to any ſpace leſs than the circle EQ 
In the ſame manner, it may be demonſtrated, that neither bf 
ſquare of FH to the ſquare of BD, as the circle EFGH i 
any ſpace leſs than the circle ABCD. Nor is the ſquare 
BD to the ſquare of FH, as the circle ABCD is to any fp 

eater than the circle EFGH : For, if poſſible, let it be b 

„a ſpace greater than the circle EFGH : Therefore, intent 
as the ſquare of FH to the ſquare of BD, fo is the ſpace T\ 


the circle ABCD. But as the E T is to the circle ABC 
ſo is the circle EFGH to ſome ſpace, which mult be leſs (U 
the circle ABCD, becauſe the ſpace T is greater, by bypal 


ſis, than the circle EFGH. Therefore as the ſquare of FH , + 

N to 

+ For 2s, in the foregoing note, at“, it | manner, there can be a fourth pſi ctor 
was explained how it was poſſible there tional to this other ſpace, * 
could be a fourth proportional to the | and the circles ABC D, EF( Fw 

ſquares of BD, FH, and the circle -] the like is to be underſtood in I Becar 

ABCD, which was named S. So, in like | the following prop oſitions. poſſible 
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cirele ABCD, which has been demonſtrated to be impoſ- 
e: Therefore the ſquare of BD is not to the ſquare of FH, 
the circle ABCD is to any ſpace greater than the circle 
H: And it has been demonſtrated that neither is the ſquare 
BD to the ſquare of FH, as the circle ABCD to any ſpace 
chan the circle EFGH : Wherefore, as the ſquare of BD to 
r ſquare of FH, ſo is the circle ABCD to the circle. EFGH f. 
cles therefore are, &c. Q. E. D. 


Por. IM. THEOR, 


VERY pyramid having a triangular baſe, may be 

divided into two equal and fimilar pyramids 
wving triangular baſes, and which are ſimilar to the 
hole pyramid ; and into two equal priſms which 
gether are greater than half of the whole pyramid. 


Let there be a pyramid of which the baſe is the triangle ABC 
d its vertex the point D: The pyramid ABCD may be divi- 
d into two equal and ſi milar pyramids 
wing triangular baſes, and ſimilar to 
ewholez and into two equal priſms 
hich together are greater than half of 

2 whole pyramid. 

Divide AB, BC, CA, AD, DB, DC, 

ch into two equal parts in the points 

F, G, H,K, L, and join EH, EG, 

H, HK, KL, LH, EK, KF, FG. Be- 
uſe AE is equal to EB, and AH to 

D, HE is parallel“ to DB: For the 

ne reaſon, HE 1s parallel to AB: 
terefore HEBK is a parallelogram, and 
equal b to EB: But EB is equal to 
therefore alſo AE is equal to _ 
And AH is equal to HD; where- B F oy 

e EA, AH are equal to KH, HD, | 

to each; and the angle EAH is equal © to the angle KHD; 


h pofPciciore the baſe EH is equal to the baſe KD, and the triangle 
named AEH 
38. | 
n fon 


i Becauſe as a fourth proportional to the ſquares of BD, FH and the circle ABCD 


— and that it can neither be leſs nar greater than the circle EFGH, it muſt 
to it. 
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ſquare of BD, ſo is the circle EFG H to a ſpace leſs than Book X11, 


WARN 


Sec N. 


a. G 


b 34+ 1. 


29. Is 


— —— —_ © 


— 


e —_—— 


— —— — —_ 


— 
> ——— 
—— — 


—— — ̃ ell 
- * — 
88 5 — 

= — - s 


„„ . . Dear —— Ao. an 


—— 
— 


, — 3 — — — — — «al % - 
. Sh a „ 19S . 2 
M3 
-- 
— ** 


250 


Book XII. 
Www 


44. 1. 


910, 11. 


£45, 1h 


£ 4, 6. 


b 21. 6. 


i B. 11. 
& 11, 
Def. 11. 


* 41. 1. 


DKL; and the triangle ADC to the 
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AFH equal d and ſimilar to the triangle HKD: For the fu 
reaſon, the triangle AGH is equal and ſimilar to the triany 
HLD : And becauſe the two ſtraight lines EH, HG why 
meet one another are parallel to KD, DL that meet one ax 
ther, and are not in the ſame plane with them, they cent 
equal © angles; therefore the angle EHG is equal to the x 
gle KDL. Again, becauſe EH, HG are equal to KD, DL, ex 
to each, and the angle EHG equal to the angle KDL; ther 
fore the baſe EG is equal to the baſe KL: And the triay 
EHG equal d and fimilar to the triangle KDL: For the {a 
reaſon, the triangle AEG is alſo equal and fimilar to the t 
angle HKL. Therefore the pyramid of which the baſe is 
triangle AEG, and of which the vertex 1s the point H, is 
qual f and ſimilar to the pyramid the 
baſe of which is the triangle KHL, and 
vertex the point D: And becauſe HK 
is parallel to AB a ſide of the triangle 
ADB, the triangle ADB is equiangu- 
lar to the triangle HDK, and their 
ſides are proportionals ?: Therefore the 
triangle ADB is ſimilar to the triangle 
HDK : And for the ſame reaſon, the 
triangle DBC is ſimilar to the triangle 


triangle HDL; and alſo the triangle 
ABC to the triangle AEG : But the 
triangle AEG is ſimilar to the triangle 
HKL, as before was proved; therefore 
the triangle Ab C is ſimilar * to the 
triangle HKL: And the pyramid of 
which the baſe is the triangle ABC, and vertex the point! 
is therefore ſimilar i to the pyramid of which the baſe is the t 
angle HKL, and vertex the ſame point D : But the pyramid 
which the baſe is the triangle HKL, and vertex the point I, 
ſimilar, as has been proved, to the pyramid the baſe of whici 
the triangle AEG, and yertex the point H ; Wherefore the} 
ramid the baſe of which is the triangle ABC, and vertex the pv 
D, is ſimilar to the pyramid of which the baſe is the tian 
AEG and vertex H: Therefore each of the pyramids AEG 
HKL is fimilar to the whole pyramid ABCD: And beca 
BF is equal to FC, the parallelogram EBFG is double * df 


triangle GFC ; But when there are two priſms of the — 
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wie, cf which one has a parallelogram for its baſe, and the other Book XII. 
triangle that 18 half of the parallelogram, theſe priſms are equal! 
to one another; therefore the priſm having the parallelogram * 40. 11. 
FBFG for its baſe, and the ſtraight line KH oppoſite to 
it, is equal to the priſm having the triangle GFC for its baſe, 
and the triangle HKL oppoſite to it; for they are of the ſame 
altitude, becauſe they are between the parallel“ planes ABC, d x 5. 11. 
HKL: And it is manifeſt that each of theſe priſms is greater 
than either of the pyramids of which the triangles AEG, HKL 
are the baſes, and the vertices the points H, D; becauſe, if 
e Mr be joined, the priſm having the parallelogram EBFG for 
its baſe, and KH the ſtraight line oppoſite to it, is greater than 
de pyramid of which the baſe is the triangle EBF, and vertex 
the point K; but this pyramid is equal © to the pyramid the e C. 11. 
baſe of which 1s the triangle AEG, and vertex the point H ; 
becauſe they are contained by equal and ſimilar planes: Where- 
fore the priſm having the parallelogram EBFG for its baſe, 
and oppoſite ſide KH, is greater than the pyramid of which 
the baſe is the triangle AEG, and vertex the point H: And the 
priſm of which the baſe is the parallelogram EBFG, and op- 
polite fide KH 1s equal to the priſm having the triangle GFC 
br its baſe, and HKL the triangle oppoſite to it; and the pyra- 
nid of which the baſe is the triangle AEG, and vertex H, is 
equal to the pyramid of which the baſe is the triangle HKL, 
and vertex D: Therefore the two priſms before mentioned are 
greater than the two pyramids of which the baſes are the tri- 
angles AEG, HKL, and vertices the points H, D Therefore 
the whole pyramid of which the baſe is the triangle ABC, and 
dener the point D, is divided into two equal pyramids ſimilar 
w one another, and to the whole pyramid ; and into two equal 


priſms ; and the two priſms are together greater than half of the 
whole pyramid. Q. E. D. 
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THE ELEMENTS 


PROP.IV. THE OR. 


FF there be two pyramids of the ſame altitude, y 
on triangular baſes, and each of them be dividg 
into two equal pyramids ſimilar to the whole pj 
mid, and alſo into two equal priſms ; and if each 
theſe pyramids be divided in the ſame manner 28 
fiyit two, and ſo on: As the baſe of one of the f 
two pyramids is to the baſe of the other, ſo ſhall; 
the priims in one of them be to all the priſms int} 
other, that are produced by the ſame number of 
viſions. 


Let there be two pyramids of the ſame altitude upon thet 
angular bates ABC, DEF, and having their vertices in 
points G, H; and let each of them be divided into two eq 
pyramids ſimilar to the whole, and into two equal priſms; ; 
let each of the pyramids thus made be conceived to be dini 
in the like manner, and ſo on: As the baſe ABC is to the 
DEF, ſo are all the priſms in the pyramid ABCG to all t 
priſms in the pyramid DEFH made by the ſame number ot « 
viſions. 

Make the ſame conſtruction as in the foregoing propoſitior 
and becauſe B is equal to XC, and AL to LC, theretore \ 
is parallel“ to AB, and the triangle ABC ſimilar to the 
angle I XC : For the ſame reaſon, the triangle DEF is ml 
to VF: And becauſe BC is double of CX, and EF double. 
FV, therefore BC is to CX, as EF to FV: And upon BC, C 
are deſcribed the ſimilar and ſimilarly. ſituated reCtilinel 
gures ABC, LXC; and upon EF, FV, in like manner, { 
deſcribed the ſimilar figures DEF, RVF : Therefore, as the 
angle ABC is to the triangle LXC, ſo d is the triangle DEF 
thc triangle RVF, and, by permutation, as the triangle A 
to the triangle DEF, fo is the triangle LXC to the trang 
RVF And becauſe the planes ABC, ONN, as alſo the pla 
Dir, SI are parallel ©, the perpendiculars drawn from 
points G, H to the baſes ABC, DEF, which, by the hypo 
lis, are equal to one another, ſhall be cut each into two eg 
d parts by the planes OWN, STY, becauſe the iiraight u 
GC, HT are cut into two equal parts in the points N. ! 
the ſame planes: 'Lheretore the pritms I XCOMN, RVÞ 


are of the ſame altitude; and therefore, as the baſe 1 
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FF, ſo * is the priſm having the triangle LXC for its baſe, 


» UW: is the triangle RVF, and the oppoſite triangle STV: And 
ide cauſe the two priſms in the pyramid ABCG are equal to 
pre: another, and alſo the two priſms in the pyramid DEFH 
ch ral to one another, as the priſm of which the baſe is the pa- 


lelogram KBXL and oppoſite ſide MO, to the priſm having 
je triangle LXC for its baſe, and ONN the triangle oppoſite 


EVR, and oppoſite fide TS, to the priſm of which the baſe 
the triangle RVF, and oppoſite triangle STY. Therefore, 
ymponendo, as the priſms KBXLMO, LXCOMN together 


re unto the priſm LXCOMN ; ſo are the priſms PEVRTS, 


i: oF OT Y to the priſm RVFSTY : And, permutando, as the 
Er ins KEXLMO, LXCOMN are to the priſms PEVRTL3, 
WESTY ; fo is the priſm LXCOMN to the priſm RVFS II: 


but as the priſm ,XCOMN to the priſm RVFSTY, ſo is, as 
been proved, the baſe ABC to the baſe DEF: Therefore, 
the baſe ABC to the baſe DEF, ſo are the two priſms in 
e pyramid ABCG to the two priſms in the pyramid DEFH : 
nd likewiſe if the pyramids now made, for example, the two 


UNNG, STYH be divided in the ſame manner; as the baſe 


y PMN is to the baſe 8 T, fo ſhall the two priſms in the py- 
ry md OMNG be to the two priſms in the pyramid 8TH: 
CC Pt the baſe M is to the baſe STY, as the baſe ABC to the 


ale DEF; therefore, as the baſe ABC to the baſe DEF, ſo 
the 


it; ſo is the priſm of which the baſe Þ is the parallelogram » 7. 5. 
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e baſe RVF; that is, as the triangle ABC to the triangle Book XII. 


4 ONN the triangle oppoſite to it, to the priſm of which the "I 32. 


— — — 
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— 


254 


Book XII. 


COD 


3. 12. 
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THE ELEMENT S 


the two priſms in the pyramid ABCG to the two priſms in 
pyramid DEFH ; and fo are the two priſms in the pyrany 
OMNG to the two priſms in the pyramid S'TYH ; and ſo a 
four to all four: And the fame thing may be ſhewn of ü. 
priſms made by dividing the pyramids AKLO and DPRS, x 
of all made by the ſame number of diviſions. Q. E. D. 


baſe I 
than 
demon 


be pyr 
d AB 


ran 
p. 
the {c 


the py 
F to t 


t as the 


PROP. V. THE OR. 


he > ONTO of the ſame altitude which have trin 
gular baſes, are to one another as their bales, 
| 


Let the pyramids of which the triangles ABC, DEF are th 
baſes, and of which the vertices are the points G, N, be of t 
ſame altitude: As the bate ABC to the baſe DEF, ſo is they 
ramid ABCG to the pyramid DEFH. 

For, if it be not ſo, the baſe ABC muſt be to the baſe DUE 
as the pyramid ABCG to a ſolid either Jeſs than the pyrami 
DEFH, or greater than it F. Firſt, let it be to a ſolid leis tha 
it, viz. to the ſolid Q: And divide the pyramid DEFH im 
two equal pyramids, ſimilar to the whole, and into two «qu 
priſms : Therefore theſe two priſms are greater * than the hi 
of the whole pyramid. And, again, let the pyramids made 
this diviſion be in like manner divided, and ſo on, until tl 
pyramids which remain undivided in the pyramid DEFH 
ail of them together, leſs than the exceſs of 48 pyramid DEF 
above the ſolid Q: Let theſe, for example, be the pyramic 
DPR, S$TYH : Therefore the priſms, which make the relt« 
the pyramid 1 EFH, are greater than the ſolid Q: Divide li 
wiſe the pyramid ABCG in the fame manner, and unto 2 
many parts, as the pyramid DEFH : Therefore, as the bi 
APC to the baſe DEF, ſo ® are the priſms in the pyraml 
ABCG to the priſms in the pyramid DEFH : But as the bal 
ABC to the bate DEF, fo, by hypotheſis, is the pyramid ABU 
to the ſolid Q; and therefore, as the pyramid ABCG to ti 
ſolid Q, ſo are the priſms in the pyramid ABCG to the priln 
in the pyramid DEFH : But the pyramid ABCG is great 
than the priſms contained in it; wherefore © alſo the ſolid C. 
greater than the priſms in the pyramid DEFH- But it 15% 


leſs, which is impoſlible. Theretore the bafe ABC is _ 


+ This may be explained the ſame way as at the note * in propolition 3. in (hes 


caſe, $ This m 
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EF, as the pyramid ABCG to any ſolid which is Book XII, 
a . DEFH. In the ſame manner it may WY 
ei emonſtrated, that the baſe DEF is not to the baſe ABC, 
e pyramid DEFH to 8 ſolid which is leſs than the p 
id ABCG. Nor can the baſe ABC be to the baſe DEF, as 
yramid ABCG to any ſolid which is greater than the py- 
k DEFH. For, if it be poſſible, let it be ſo to a greater, 
the ſolid Z. And becauſe the baſe ABC is to the baſe DEF, 
the pyramid ABCG to the ſolid Z; by inverſion, as the baſe 
F to the baſe ABC, ſo is the ſolid Z to the pyramid ABCG, 
tas the ſolid Z is to the pyramid ABCG, ſo is the pyramid 


FH to ſome ſolid t, which muſt be leſs * than the pyramid * 14. f. 
CG, becauſe the ſolid Z is greater than the pyramid DEFH. 
u therefore, as the baſe DEF to the baſe ABC, ſo is the py- 
md DEF IH to a ſolid leſs than the pyramid ABCG ; the con- 
to which has been proved. Therefore the baſe ABC is 
the baſe DF, as the pyramid ABCG to any ſolid which 
freater than the pyramid DEFH. And it has been proved 
* neither is the baſe ABC to the baſe DEF, as the 1 — 25 
DLG to any ſolid which is leſs than the pyramid DEFH. 
cure, as the baſe ABC is to the baſe DEF, ſo is the py- 
ud ABCG to the pyramid DEFH. Wherefore pyramids, 
„QE. D 


. 


PROP, 


| This way be explained the ſame way as the like at the mark + in prop 2. 


See N. 
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PROP. VI. THE OR. 


Yram1Ds of the ſame altitude which have py 


gons for their baſes, are to one another as th 
baſes. 


VE 
Let the pyramids which have the polygons ABCDF, FO vi 
for their baſes, and their vertices in the points M, N. be of be. 2 
ſame altitude: As the baſe ABCDE to the baſe FGHKL, { : 
the pyramid ABCDEM to the pyramid FGHK LN, Let th 
Divide the baſe ABCDE into the triangles APC, AC let I 
ADE; and the haſe FGHKL into the triangles FCH, MF) be 
FKL : And upon the baſes ABC, ACD, ADE let there . 
many pyramids of which the common vertex is the point Join Þ 
and vpon the remaining baſes as many pyramids having't which 
common vertex in the point N: Therefore, ſince the tin — 
rian 


ABC is to the triangle FGH, as * the pyramid ABC nt 
pyramid FGHN ; and the triangle AC D to the triangle I 
as the pyramid ACDM to the pyramid FGHN ; and alb 


id e 
int C 
eof u 
they 
id of 
int C, 
ple EB 


arallel: 


N 


7K 
H 


G 


triangle ADE to the triangle FGH, as the pyramid ADE 
the pyramid FGHN ; as all the firſt antecedents to their d 
men conſequent ; fo® are all the other antecedents to their 
mon conſequent; that is, as the baſe ABCDE to the 
FGH, ſo is the pyramid ABCDEM to the pyramid FCH 
Aud for the ſame reaſon, as the baſe FGHKL to the baſe! 
fo is the pyramid FGHKLN to the pyramid FGHN : And 
inverſion, as the baſe FGH to the baſe FGHKL, fo is tix 
ramid F GEN to the pyramid FGHKLN : Then, becauſe ® 
baſe AI CDE to the baſe FGH, ſo is the pyramid A BCD) 
to the pyramid FGHN ; and as the baſe FGH to the! 
FGHKL, fo is the pyramid FGEN to the pyramid FGBB- 


Contain 
dale is 


there 


ofore, ex acquali ©, as the daſe ABCDE to the baſe FGHKL, 
the pyramid ABCDEM to the pyramid FGHRLN. There- 
e pyramids, &c. Q. E. D. © 22. 5. 


FRO. VIL FREOR; 


VERY priſm having a triangular baſe may be di- 
vided into three pyramids that have triangular 
es, and are equal to one another, 


Let there be a priſm of which the baſe is the triangle ABC, 
let DEF be the triangle oppoſite to it: The priſm ABCDEF y bf 
be divided into three equal pyramids having triangular 1 
8. 

Join BD, EC, CD; and becauſe ABED is a parallelogram 

which BD is the diameter, the triangle ABD is equal to * 34. 1. 
triangle EBD; therefore the pyramid of which the baſe is 

triangle ABD, and vertex the point C, is equal ® to the b 6. 12. 
id of which the baſe is the triangle EBD, and vertex the 1 
nt C: But this pyramid is the fame with the pyramid the 1 
eof which is the triangle EBC, and vertex the point D; I: 
they are contained by the fame planes: Therefore the py- {| 
id of which the baſe is the triangle ABD, and vertex the 
int C, is equal to the pyramid tac baſe of which is the tri- | 
gle EBC, and vertex the point D: Again, becauſe FCBE is 1 
arallelogram of which the diameter is ; | 
, the triangle ECF is equal * to the F 


wele ECB; therefore the pyramid of 
i the baſe is the triangle LCB, and D DE 


V N 
5 . 8 1 
ner the point D, is equal to the pyra- J / | 1 
| the baſe of which is the triangle J "I! 
» 


— 


4 rr a 


f, and vertex the point D: But the 
amd of which the baſe is the triangle | 8 io 
b, and vertex the point D has been A Ss. B | 
wed equal to the pyramid of which the 1 
e is the triangle ABD, and vertex the point C. Therefore 
priſm ABC DEF is divided into three equal pyramids having 


10 angular bates, viz, into the pyramids ABDC, EBDC, ECED : 
„ becauſe the pyramid of which the bale is the triangle ABD, | 
And, FF vertex the point C, is the tame with the pyramid of which 1 
debate is the triangle ABC, and vertex the point D, for they 
(- WWF tained by the ſame planes; and that the pyramid of which 3 
CD! aſe is the triangle ABD, and vertex the point C, has been 1 
he In | da- 

F 


- 
— * — 
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demonſtrated to be a third part of the priſm the baſe of wi; 
is the triangle ABC, and to which DEF is the oppoſites 
angle; therefore the pyramid of which the baſe is the trim 
ABC, and vertex the point D, is the third part of the oi 
which has the ſame baſe, viz. the triangle ABC, and Dp 
the oppoſite triangle. Q. E. D. 

Cor t. From this it is manifeſt, that every pyramid is 
third part of a priſm which has the ſame baſe, and is of a 
qual altitude with it; for, if the baſe of the priſm be any of 
ſigure than a triangle, it may be divided into priſms having 
angular baſes. 

Con. 2. Priſms of equal altitudes are to one another as tht 
baſes; becauſe the pyramids upon the fame baſes, and of 
fame altitude, are © to one another as their baſes, 
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PROP. VIII. THEOR. 

pens pyramids having triangular baſes are 0 
to another in the triplicate ratio of that of the 

homologous ſides. 


Let the pyramids having the triangles ABC, DEF for th 
baſes, and the points G. H tor their vertices, be ſimilar and 
milarly ſituated; the pyramid ABCG has to the pyramid DE 
the triplicate ratio of that which the ſide BC has to the hom 
gous fide EF, 

Complete the parallelograms ABCM, GBCN, ABGK, : 
the ſolid parallelepiped BGML contained by theſe planes 


K L 


LY - N 0 
＋ W IG? 


NN HR 
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| M 
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theſe oppoſite to them : Aud, in like manner, complete the 
lid parallelepiped EHPO contained by the three paralle)og7 
DEFP, HEFR, DE HX, and thoſe oppoſite to them: And 


cauſe the pyramid AB CG is ſimilar to the pyramid DEH. 
a 
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dle ABC is equal * to the angle DEF, and the angle GBC Book XII. 
*"e angle HEF, and ABG to DEH: And AB is b to BC, WY 
Db to F; that is, the ſides about the equal angles are pro- x1, def. 
tionals z wherefore the parallelogram BM is ſimilar to EP: 11, 
vr the ame reaſon, the parallelogram BN is ſimilar to ER, d 1. def. 
ad BK to EX: Therefore the three parallelograms BM, BN, 6, 

are ſimilar to the three EP, ER, EX: But the three BM, 
N, BK, are equal and ſimilar © to the three which are oppo- © 24. It. 
e to them, and the three EP, ER, EX equal an ſimilar to 
e three oppolite to them: Wherefore the ſolids BGML, 
HPO are contained by the ſame number of fimilar planes; 
d their ſolid angles are equal 4; and therefore the ſolid 4 B. 11. 
ML is fimilar * to the folid EHPO: But fimilar ſolid pa- 
llelepipeds have the triplicate © ratio of that which their ho- e 33. 11. 
ologous ſides have: Therefore the ſolid BGMIL has to the 
id EH PO the triplicate ratio of that which the fide BC has 
the homologous ſide EH: But as the folid BGML is to the 
Id EH PO, to is f the pyramid CG to the pyramid DEFH }; f 15. 5. 
wſe the pyramids are the ſixth part of the ſolids, ſince the 
im, which is the half © of the ſolid parallclenipedy is triple h 28. 11. 
the pyramid. Wherefore likewiſe the pyramid ABCG has ® 7. 12. 
the pyramid DEFH, the triplicate ratio of that which BC has 
the homologous fide EF. Q. E. D. 

Cox. From this it is evident, that ſimilar pyramids which See N. 
we multangular baſes, are likewiſe to one another in the tri- 
cate ratio of their homologous ſides : For they may be di- 
ded into ſimilar pyramids having triangular baſes, becauſe 
te ſimilar polygons, which are their bates, may be divided 
to the ſame number of ſimilar triangles homologous to the 
ole polygons ; therefore as one of the triangular pyramids 
the firſt multangular pyramid is to one, of the triangular 
yramids in the other, fo are all the triangular pyramids in the 

to all the triangular pyramids in the other ; that is, fo is 
e firſt multangular pyramid to the other: But one triangu- 

pyramid is to. its ſimilar triangular pyramid, in the tripli— 
ite ratio of their homologous ſides 3 and therefore the tirth 
Wtangular pyramid has to the other, the triplicate ratio of 
t which one of the ſides of the firſt has to the homologous 
le of the other, 
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PROP. IX. THEOR. 


ramid 


{ is the 

1 HE baſes and altitudes of equal pyramids mid 
ving triangular baſes are reciprocally pro! 
tional: And triangular pyramids of which the h; 17 
and altitudes are reciprocally proportional, are e. DE 
to one another. le of tl 
e PYTal 

Let the pyramids of which the triangles ABC, DEF ref Th. fa 
baſes, and which have their vertices in the points G, H, e b⸗ 
qual to one another: The baſes and altitudes of the pynni . alrity 
ABCG, DEFH are reciprocally proportional, viz. the baſe 


ABC is to the baſe DEF, as the altitude of the pvramid Dm EE 


to the altitude of the pyramid ABCG. | tude 
Complete the parallelograms AC, AG, GC, DF, DH, MDG: 
and the ſolid parallclepipeds BGML, EHPO contained With the 
ude of 
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A B 8 
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ſolid 

e baſe. 
the alt 
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d the 
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thefe planes and thoſe oppoſite to them : And becauſe the 
ramid AC is equal to the pyramid DFH, and tort 


ſolid BGML is ſextuple of the pyramid ABCG, and the h. 
FHPO fextuple of the pyramid DEFH; therefore the Mich it 
BCML, is equal * to the ſolid KHPO : But the bales and: 

tudes of equal ſolid parallelepipeds are reciprocaly Pet . 
tional b; therefore as the baſe BM to the bate EF, ſo 5 W | ABC 
titude of the ſolid EPO to the altitude of the ſolid ÞG"! the cy 
But as the baſe BM to the baſe EP, ſo is © the triangle A r the 
to the triangle DEF; thereſcre as the triangle ABC to the ater t. 
angle DEV, ſo is the altitude of the folid EH! O to the than 
tude of the folid BGM L: But the altitude of the folid H * 


is the ſame with the altitude of the pyramid DEFH 3 af 


altitude cf the ſolid BGML is the fame with the alive 
1 
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amid ABC G: Therefore, as the baſe ABC to the baſe DEF, Leck XII 
is the altitude of the pyramid DEFH to the altitude of the CF YO 
amid ABCG : Wherefore the baſes and altitudes of the py- 

ids ABCG, DEFH are reciprocally proportional. 

Again, Let the baſes and altitudes of the pyramids ABCG, 

Ell be reciprocally proportional, viz. the baſe ABC to the 

e DEF, as the altitude of the pyramid DEFH to the alti- | 
de of the pyramid ABCG : The pyramid ABCG is equal to | 
e pyramid DEFH. | i 
The fame conſtruction being made, becauſe as the baſe ABC | 
the baſe DEF, ſo is the altitude of the pyramid DEFH to 
altitude of the pyramid ABC G; and as the baſe ABC to 
baſe DEF, fo is the parallelogram BM to the parallelo - 
m EP; therefore the parallelogram BM is to EP, as the 
tude of the pyramid DEFH to the altitude of the pyramid 
BCG : But the altitude of the pyramid DEFH is the ſame | 
th the altitude of the ſolid parallelepiped EHPO; and the al- vl 
ude of the pyramid ABCG is the {ame with the altitude of q 
ſolid parallelepiped BGML : As, therefore, the baſe BM to kt 
e baſe EP, fo is the altitude cf the ſolid parallelepiped EHPO | | 
the altitude of the ſolid parallelepiped BGML. But folid 1 
allelepipeds having their baſes and altitudes reciprocally 

pportional, are equal b to one another. Therefore the ſolid b 34. 11. 1 
allelepiped BGM is equal to the ſolid parallelepiped EH BO. | 1 
(the pyramid AB CG is the ſixth part of the ſolid BG ML, i 
( the pyramid DEFH the ſixth part of the ſolid EHPO, 
ereſore the pyramid ABCG is equal to the pyramid DEFH, 1 
tzrcfore the baſes, &c. Q. E. D. NM 


PROP... X. THEOR. 


the | 
tat WE VERY cone is the third part of a cylinder which 
* has the fame baſe, and is of an equal altitude 


ith it. 


eta cone have the ſame baſe with a cylinder, viz. the cir- 
0 ABCD, and the fame altitude. The cone is the third part 
„be cylinder; that is, the cylinder is triple of the cone. 

the cylinder be not triple of the cone, it mult either be 
te er than the triple, or leſs than it. Firſt, Let it be great- 
n the triple; and deſeribe the ſquare ABCD in the cir- 
1 this ſquare is greater than the half of the circle ABCD +. 
le ol! R 3 Upon 


. — - 
: Ls” aa D 
5 = — 


f As was ſhewn in prop. 2. of this book; 
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Book XIT. Upon the ſquare ABCD erett a priſm of the ſame altitude y 
| the cylinder; this priſm is greater than half of the cylinde 
becauſe, if a ſquare be deſcribed about the circle, and a pri 

erected upon. the ſquare, of the ſame altitude with the cylind 

the inſcribed ſquare is half of that circumſcribed z and uy 

theſe ſquare baſes are erected ſolid parallelepipeds, viz. t 

priſms, of the ſame altitude; therefore the priſm upon f 

ſquare ABCD is the half of the priſm upon the ſquare deſe 

4 bed about the circle; becauſe they are to one another as the 
| * 32+ 11. baſes*: And the cylinder is leis than the priſm upon the ſqua 
deſcribed about the circle ABCD: Therefore the priſm up 

the ſquare ABCD of the ſame altitude with the cylinder, 

greater than half of the cylinder. Biſect the circumterend 

AB, BC, CD, DA in the points E, F, G, H ; and join Al 
l EB, BF, FC, CG, GD, DH, HA: Then, each of the triangl 
AEB, BFC, CGD, DHA is greater than the half of the i 


CG, 
that 
FCG 
he cyl 
m is tl 
vertex 
pra 
2x Wit 
is the 
ined 
nder b. 
ible : F 
of th 
ſquare 
are AB 
e; thi: 


| ment of the circle in which it ſtands, x bef 
f as was ſhewn in Prop. 2. of this A le, the 
| Book. Erect priſms upon each of E 1 Wot it; a 
| theſe triangles of the ſame altitude e be © 
with the cylinder; each of theſe \ of the 


2 Whi 
m upe 
be tl 
n the { 
le; fol 
eir ba 
of t 


priſms is greater than half of the ſeg- B 
ment of the cylinder in which it is; 
becauſe, if, through the points E, F, 
G, H, parallels be drawn to AB, BC, F G 
CD, DA, and parallelograms be 

completed upon the ſame AB, BC, 3 
CD, DA, and folid parallelepipeds 


be erected upon the parallelograms; the priſms upon id, th 
triangles AEB, BFC, CGD, DHA are the halves of the re Al 
b 2. Cor. lid parallclepipeds d. And the ſegments of the cylinder wile ab, 


cone 
ire Al 
lan th 
CD, 
N. 
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le CLIC 
umds | 
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Is anc 
be ci: 


7. 12. are upon the ſegments of the circle cut off by AB, BY, ( 
DA, are leſs than the ſolid parallelepipeds which contain the 
"Therefore the priſms upon the triangles AEB, BFC, Cl 
DHA, are greater than half of the ſegments of the cylinde 
which they are; therefore, if each of the circumſerences be 6 
vided into two equal parts, and ſtraight lines be drawl {io 
the points of diviſion to the extremities of the circumferende 
and upon the triangles thus made priſms be ergcted of the (al 
altitude with the cylinder, and ſo on, there muſt at length f 

Lemma. main ſome ſegments of the cylinder which together ac Ich 
than the excets of the cylinder above the triple of the coll 
Let them bc thoſe upon the ſegments of the circle AE, Eo 


UFEUCLID. 


CG DH, and of which the altitude is the ſame with that 
Indie cylinder, is greater than the triple of the cone: But this 


vertex is the ſame with the-vertex of the cone; therefore 
n tl pyramid upon the baſe AEBFCGDH, having the fame 
-x with the cone, is greater than the cone, of which the 
is the circle ABCD: But it is alſo leſs, for the pyramid is 
ined within the cone; which is impoſſible. Nor can the 
ui der be leſs than the triple of the cone. Let it be lefs, if 
ble: Therefore, inverſely, the cone is greater than the third 
renal of the cylinder. In the circle ABCD deſcribe a ſquare ; 
on ſquare is greater than the half of the circle: And upon the 
ire ABCD erect a pyramid having the ſame vertex with the 
e; this pyramid is greater than the half of the cone; becauſe, 
3s before demonitrated, if a ſquare be deſcribed about the 
le, the ſquare ABCD is the 

of it; and if, upon theſe ſquares, ,—— H 
e be erected ſolid parallelepi · \ 


of the ſame altitude with the 
which are alſo priſms, the | 
m upon the ſquare ABCD 

1 the half of that which is k. 8 
(3 Wi the ſquare deſcribed about the 
le; for they are to one another B 
ar baſes !; as are alſo the third 
$ of them: Therefore the py- F 

ich the baſe of which is the | 
ue ABCD, is half of the pyramid upon the ſquare de— 
bed about the circle: But this laſt pyramid is greater than 
cone which it contains; therefore the pyramid upon the 
re ABCD having the ſame vertex with the cone, is great- 
un the half of the cone. Biſect the circumferences AB, 
CD, DA in the points E, F, G, H, and join AE, EB, 
e, CG, GD, DH, HA: Therefore each of the triangles 
„ BFC, CGD, DHA is greater than half of the ſegment 
ic circle in which it is: Upon each of theſe triangles erect 
ds having the fame vertex with the cone. Therefore each 
cle pyramids is greater than the half of the ſegment of 
done in which it is, as before was demonſtrated of the 
us and ſegments of the cylinder; and thus dividing each 
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R 4 points 


CG, GD, DH, HA. Therefore the reſt of the cylin- Book XII. 
that is, the priſm of which the baſe is the polygon "Vo 


mis triple 4 of the pyramid upon the ſame baſe, of which © 1. Cor. 


7. 12. 


e circumſerences into two equal parts, and joining the 
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Book XII points of diviſion and their extremities by ſtraight lines, 
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upon the triangles erecting pyramids having their vertices 
ſame with that of the cone, and ſo on, there muſt at len 
remain ſome ſegments of tne cone, which together ſhall be 
than the exceſs of the cone above the third part of the of 


dep. Let theſe be the ſegments upon AE, EB, BF, FC, CG, (| 
DH, HA. Therefore the reſt of the 


the cone, that is, the pyramid, of H TY 
which the baſe is the polygon | DH 
AEBFCGDH, and of which the. | \ 
vertex is the ſame with that of the \ 
cone, 18 greater than the third part W 
of the cylinder. But this pyramid | | 
is the third part of the priſm upon / 
the ſame baſe AEBrCGDH, and B 4 (| 
of the ſame altitude with the cylin- —— 
der. IJherefore this priſm is great- | 1 


er than the cylinder of which the 

baſe is the circle ABCD. But it is alſo leſs, for it is conti 
within the cylinder; which is impoſſible. Thereſore thee 
linder is not leſs than the triple of the cone. And it has b. 
demonſtrated that neither is it greater than the triple. Therdl 
the cylinder is triple of the cone, or, the cone is the third y 
ol the cylinder. Wherefore every cone, &c. Q. E. D. 


PROP. Xl. THEOR. 


6 and cylinders of the ſame altitude, are 
one another as their baſes, 


Let the cones and cylinders, of which the baſes are theo 
cles ABCD, EFGH, and the axes KL, MN, and AC, Ev! 
diameters of their baſes, be of the fame altitude. As the ot 
ABCD to the circle EFG H, fo is the cone AL to the cone! 

If it be not fo, let the circle ABCD be to the circle EIb 
ag the cone AL to ſome ſolid either leſs than the cone LN, 
greater than it. Firſt, let it be to a ſolid leſs than EN, vi 
the ſolid X; and let Z be the ſolid which is equal to the 0 
cis of the cone EN abore the ſolid X; therefore the cone 
is equal to the ſolids X, Z together. In the circle EFOH! 
ſeribe the ſquare EFG n, therefore this ſquare is greater u 
the half of the circle: Upon the ſquare EFGH erect af 
mid of the fame altitude with the cone; this pyramie 


greater than half of the cone. For, if a ſquare be deſdi 


„About the circle, and a pyramid be erected upon Ib ! 
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z the ſame vertex with the cone +, the pyramid inſcribed Book XIT, ; 
the cone is half of the pyramid circumſcribed about it, be- 

uſe they are to one another as their baſes *: But the cone is * 6, 12. 1 
than the circumſcribed pyramid; therefore the pyramid of N 
ich the baſe is the ſquare EFGH, and its vertex the fame 
Hh that of the cone, is greater than half of the cone: Divide 
 circumferences EF, FG, GH, HE, each into two equal 
ts in the points, O, P, R, 8, and join EO, OF, FP, PG, 
R, RH, HS, SE: Thereſore each of the triangles EOF, I 
PG, GRH, IIS E is greater than half of the ſegment of the 


4 


—_——— 


18 
of 


7 


Te 


— 
4 


the d ſehr NZ 

LG! q 
e ee in which it is: Upon each of theſe triangles erect a pyra- | 
ne id having the ſame vertex with the cone; each of theſe py- : 
Ae nas is greater than the half of the ſegment of the cone in } 
och it is: And thus dividing each cc theſe circumferences in- | 
zi, wo equal parts, and from the points of diviſion drawing 

the ught lines to che extremities of the circumferences, and 

ne On each of the triangles thus made erecting pyramids having '| 


t lame vertex with the cone, and ſo on, there mu't at length 


er in ſome ſegments of the cone which are together lets b bLemma, 

a the ſolid Z: Let theſe be the fegments upon LO, OF, FP, 

mid PG, | 
ci ö 


| f Vertex is put in place of altitude which is in the Greek, becauſe the pyra* 
in What follows, is ſuppoled to be circumſcribed about the cone, and f. muſt {4 
lame vertex, And the ſame change is made in ſome places following. | 1 


1 
1 
| 
14 
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Book XII. PG, GR, RH, HS, SE : Therefore the remainder of the cone, 
YM viz. the pyramid of which the baſe is the polygon EOFPGRHS 


1. 12. 


94. 12. 
4 11. 5. 


0 6. 12. 


14. 5. 
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and its vertex the ſame with that of the cone, is greater tha 
the ſolid X: In the circle ABCD deſcribe the polypa 
ATBYCVDUY ſimilar to the polygon EOFPGRHS, and upor 
it erect a pyramid having the ſame vertex with the cone Al, 
And becauſe as the ſquare of AC is to the ſquare of EG, {i 
the polygon ATBYCVDQ to the polygon EOFPGRHS; ant 
as the ſquare of AC to the ſquare of EG, ſo is ® the cirde 
ABCD to the circle EFGH ; therefore the circle ABCD is*n 
the circle EFGH, as the polygon ATB YCVDQ to the pals 
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cone, 
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gon EOFPGRHS : But as the circle ABCD to the circle EFGH 
ſo is the cone AL to the ſolid X; and as the polyg 
ATBYCVDQ to the polygon EOFPGRHS, fo is © the py 
mid of which the baſe is the firſt of thoſe polygons, and vel 
tex L, to the pyramid of which the baſe is the other polygal 


I Cone 


1X point 
and its vertex N: Therefore, as the cone AL to the ſoli - Gn, 
is the pyramid of which the bale is the polygon ATBYCV oke 
and vertex L, to the pyramid the baſe of which is the polyg® For, il 


EOFPGRHS, and vertex N: But the cone AL is greater that 
the pyramid contained in it; therefore the ſolid X 1s greatef 


__ 1 
than the pyramid in the cone EN: But it is leſs, as was „„ 
Wun 


lcate 
W have 


OF EUCLI1D: 


ich is abſurd : Therefore the circle ABCD is not to the cir- 
EFGH, as the cone AL to any ſolid which is leſs than the 
e EN. In the ſame manner it may be demonſtrated that 
circle EFG H is not to the circle ABCD, as the cone EN 
any ſolid leſs than the cone AL. Nor can the circle ABCD 
to the circle EFG H, as the cone AL to any ſolid greater 
n the cone EN: For, if it be poſſible, let it be fo to the ſolid 
which is greater than the cone EN: Therefore, by inverſion, 
the circle EFGH to the circle ABCD, fo is the ſolid I to 
cone AL: But as the ſolid I to the cone AL, ſo is the 
e EN to ſome ſolid, which muſt be leſs * than the cone 
L, becauſe the ſolid I 1s greater than the cone EN: There- 
e, as the circle EFGH is to the circle ABCD, ſo is the cone 
to a ſolid leſs than the cone AL, which was ſhewn to be 
poſſible ; Therefore the circle ABCD is not to the circle 
GH, as the cone Al, is to any ſolid greater than the cone 
And it has been demonſtrated that neither is the circle 
CD to the circle EFGH, as the cone AL to any folid leſs 
an the cone EN: Therefore the circle ABCD is to the circle 
GH, es the cone AL to the cone EN: But as the cone is to 
cone, fo d is the cylinder to the cylinder; becauſe the cy- 
ders are triple © bw, the cones, each of each. "Therefore, as 
circle ABC D to the circle EFGH, ſo are the cylinders 
on them of the ſame altitude. Wherefore cones 4 cylin- 
rs of the fame altitude are to one another as their baſes. 


E. D. 


PROP. XI. THE OR. 


'MiLAR cones and cylinders have to one another 
J the triplicate ratio of that which the diameters 
their bates have. 


Lit the cones and cylinders of which the baſes are the circles 


„eb, EFGH, and the diameters of the bafes AC, EG, 
a (RL, MN the axes of the cones or cylinders, be ſimilar : 
en e cone of which the baſe is the circle ABCD, aud vertex 
” (oF Point L, has to the cone of which the baſe is tone circle 


1 and vertex N, thc triplicate ratio of that which AC 

$10 EG. 

For, if the cone ABCDL has not to the cone EFGIIN the 

ate ratio of that which AC has to EG, the cone ABUDL 

qe the triplicate of that ratio to tome ſolid which is lets 
| or 
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XII. or greater than the cone EFGHN. Firſt, let it have it to 114 
Vis. to the ſolid X: Make the fame conſtruction as in the 
ceeding propoſition, and it may be demonſtrated the very fan 
way as in that propoſition, that the pyramid of which the k 
is the polygon EOFPGRHS, and vertex N, is greater than 
ſolid Deſcribe alſo in the circle ABCD the poly 
ATBYCVDQ fimilar to the polygon EOFPGRHS, upon whit 
erect a pyramid having the ſame vertex with the cone; and | 
LAQ be one of the triangles containing the pyramid uy 
the polygon ATBYCVDQ the vertex of which is L; and! 
NES he one of the triangles containing the pyramid upon þ 


fd 


ratio C 
e pyra 
oe 
ught 
K, ar 
mids b 
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polygon EOFPGRHS of which the vertex is N; and join N 

MS: Becauſe then the cone ABCDL is ſimilar to the ct 

* 24. def. EFGHN, AC is to EG, as the axis KL to the axis M 
11. and as AC to EG, ſo ® is AK to EM; therefore as Al 

„ 15. 5. EM, fois KL to MN; and, alternately, AK to KL, as 
to MN: And the right angles AKL, EMN are equal; tht 

fore, the ſides about theſe equal angles being proportions 

© 6. 6. the triangle AKL is ſimilar © to the triangle EMN. , Again, 


cauſe AK is to KQ, as EM to MS, and that theſe $195 
| ab 


— ᷣ v ˙— — 
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out equal angles AK Q, EMs, becauſe theſe angles are, 
ch of them, the ſame part of four right angles at the cen- 


ie HK, M; therefore the triangle AKQ 3s ſimilar * to the tri- 
ee EMS: And becauſe it has been ſhewn that as AK to KL, 
de Mis EM to MN, and that AK is equal to KQ, and EM to 
nan FS, as QK to KL, fo is SM to MN; and therefore the ſides 
ole out the right angles QKL, SMN being proportionals, the 


angle LKQ is ſimilar to the triangle NMS: And becauſe of 
e ſimilarity of the triangles AKL. EMN, as LA is to AK, 


uns NE to EM; and by the fimilarity of the triangles AK , 
and WMS, as KA to AQ, ſo ME to ES; ex aequali ®, LA is 
on AQ, as NE to ES. Again, becauſe of the ſimilarity of the 


angles LK, NSM, as LQ to OK, fo NS to SM; and 
om the ſimilarity of the triangles KAQ, MES, as K to 
A, ſo MS to SE; ex aequali®, LQ is to QA, as Ns to 
E: And it was proved that QA is to AL, as SE to EN; there - 
re, again, ex aequali, as Q to LA, to is SN to NE: Where- 
re the triangles LOA, NE, having the ſides about all their 
les proportionals, are equiangular © and ſimilar to one an- 
het: And therefore the pyramid of which the baſe is the tri- 
gle AK Q, and vertex L, is ſimilar to the pyramid the baſe 
which is the triangle EMS, and vertex N, becauſe their 
Id angles are equal d to one another, and they are contained 
the fame number of ſimilar planes: But ſimilar pyramids 
ich have triangular baſes have to one another the triplicate 
ratio of that which their homologous ſides have; therefore 
epyramid AK QL has to the pyramid E NSN the triplicate 
ao of that which AK has to EM In the ſame manner, if 
ight lines be drawn from the points D, V, C, X, B, T 
k, and from the points H, R, G, P, F, O to M, and py- 
mids be erected upon the triangles having the ſame vertices 


e firit cone has to each in the other, takin them un the fame 
ler, the triplicate ratio of that which the fie AK has to the 
Ie EM; that is, which AC has to EG: But as one antece- 
it to its conſequent, ſo are all the antecedents to all the 
nlequents (; therefore as the pyramid AKQL to the pyra- 
id EMSN, ſo is the whole pyramid the baie of which is the 
gon DAT BY CV, and vertex L, to the whole pyramid 
which the baſe is the polygon HSE: *FPGR, and vertex N. 


in K. 
je cot 
8 M 


AA berctore alſo the firſt of theſe two laſt nanicd pyramids has 
de other the triplicate ratio of that which AC has to EG. 
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th the cones, it may be demonſtrated that each pyramid in 
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Book XI! But, by the hypotheſis, the cone of which the baſe is the 
cle ABCD, and vertex L has to the ſolid X, the triple 


14. 5. 


ratio of that which AC has to EG; therefore, as the con: 
which the baſe is the circle ABCD, and vertex L, is to 
ſolid X, ſo is the pyramid the baſe of which is the poly 
DQATBYCY, and vertex L, to the pyramid the baſe of wh 
is the polygon HSEOFPGR and vertex N: But the ſiid a 


is greater than the pyramid contained in it, therefore the f 


X 1s greater“ than the pyramid the baſe of which is the 9 
gon HSEOFPGR, and vertex N; but it is alfo leſs ; Which 


impoſſible : Therefore the cone of which the baſe is the dn 
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ABCD, and vertex L, has not to any ſolid which is leſs that 
cone of which the baſe is the circle EFGH and vertex N, the 
plicate ratio of that which AC has to EG. In the fame ma 
it may be demonſtrated that neither has the cone EFGHN 
any ſolid which is leſs than the cone ABCDL, the trip! 
ratio of that which EG hasto AC. Nor can the cone AÞ 
have to any ſolid which is greater than the cone EFGBN 
triplicate ratio of that which AC has to EG: For, if it be 
lible, let it have it to a greater, viz. to the ſolid Z: 1 bet 
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erſely, the ſolid Z has to the cone ABCD the triplicate Book XIX. 
o of that which EG has to AC: But as the ſolid Z. is to 

cone ABCDL, ſo is the cone EFGHN. to ſome ſolid, 

ich muſt be leſs * than the cone ABCDL, becauſe the ſolid 14, f. 
i greater than the cone EFGHN : Therefore the cone EFGHN 

to a ſolid which is leſs than the cone ABCDL, the tripli- 
te ratio of that which EG has to AC, which was demon- 
ated to be impoſſible : Therefore the cone ABC DL has not 
any ſolid greater than the cone EFGHN, the triplicate ra- 

of that which AC has to EG; and it was demonſtrated 
t it could not have that ratio to any ſolid leſs than the cone 

GHN : Therefore the cone ABCD has to the cone EFGHN, 
triplicate ratio of that which AC has to EG: But as the 
ne is to the cone, ſo b the cylinder to the cylinder; for eve-d 15. 5. 
cone is the third part of the cylinder upon the ſame baſe, | 
d of the ſame altitude: Therefore alfo the cylinder has to the 
inder, the triplicate ratio of that which AC has to EG. 
herefore ſimilar cones, &c. Q. E. D. 2 


PROP. Ml. THEO R. 


F a cylinder be cut by a plane parallel to its oppo- See N. 
lite planes, or baſes; it divides the cylinder into 

o cylinders, one of which is to the other as the 

is of the firit to the axis of the other, 


Let the cylinder AD be cut by the 
ne GH parallel to the oppoſite | P 
nes AB, CD, meeting the axis 
in the point K, and let the line 
be the common ſection of the 
ne GH and the ſurface of the cy- 
der AD: Let AEFC be the paral- 
gram, in any poſition of it, by the 
viution of which about the ſtraight 
e E the cylinder AD is deſcribed; 
let GK be the common ſection 
the plane GH, and the plane 
IC: And becauſe the parallel 
nes AB, GH are cut by the plane 
KG, AE, KG, their corimon 
Ons with it, are parallel“; where- 
AK is a parallelogram, and GK 
a to EA the ſtraight line from 
Center of the circle AB : For the 
e realon, each of the ſtraight lines 


* 
- 
2 
5 — * —— * ww 2 rr Fe 
- - = — — 
8 2 „* — — — — — 4 * 
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Book XII. drawn from the point K to the line GH may be proved 

equal to thoſe which are drawn from the center of the on 
AB to its circumference, and are therefore all equal to one; 
* 15. def. other Therefore the line GH is the circumference of a ci 
of which the center is the point K: Therefore the plane ( 
divides the cylinder AD into the cylinders AH, GD; tors 
are the ſame which would be deſcribed by the revolution gf 
parallelograms AK, GF about the ftraight lines EK, KF: | 
it is to be ſhewn that the cylinder AH is to the cylinder f 


5 11. 
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as the axis EK to the axis KF, 


Produce the axis EF both ways; and take any numhe 
ſtraight lines EN, NL, each equal to EK; and any nun 


FX, XM, cach equal to FK; and let 


planes parallel to AB, CD paſs t 
the points L, N, X, M: There 


hro' 
fore 


the common ſections of theſe planes 


with the cylinder produced are cir 


the centers of which are the points 


L, N, X, M, as was proved of 


cles 


the 


plane GH; and theſe planes cut off 


the cylinders PR, RB, DT, T 
And becauſe the axes LN, NE, 


NR A 


are all equal; therefore the cylinders 
12. PR, RB, BG are b to one another as 


their baſes 3 But their baſes are equal, 
and therefore the cylinders PR, RB, 
BG are equal: And becauſe the axes 


LN, NE, EK are equal to one 


other, as allo the cylinders PR, RB, 
BG, and that there are 2s many axes 
therefore, whatever 
multiple the axis KL is of the axis 


as cylinders; 


C 
T 
V 


an- 


KE, the ſame multiple is the cylin- 


der PG of the cylinder GB; For the ſame reaſon, whatevr 
tiple the axis MK is of the axis KF, the fame multiple 18 the 
linder Q of the cylinder CD. And if the axis KL be equi 
the axis EM, the cylinder PG is equal to the cylinder GQ;? 
if the axis KL be greater than the axis KM, the cylinder l 
greater than the cylinder GQ; and 


tore there are four magnitudes, 


VIZ 


P 


* 


if leſs, leſs: Since ti 
the axes EK. KT.! 
the cylinders BG, GD, and that of the axis EK and cl 
BG there bas been taken any equimultiples whatever, M.! 


«KL and cylinder PG; and of the axis KF and cylinder Book XIL 
D, any equimultiples whatever, viz. the axis KM and cylin= - 
-GO.; and it bas been demonſtrated, if the axis KL be 

ter than the axis KM, the cylinder PG is greater than the 

inder GO ; and if equal, equal; and if lefs, leſs : Therefore | 
be axis EK is to the axis KF, as the cylinder BG to the cylin. 4 5. def. 
GD. Wherefore, if a cylinder, &c. Q. E. D. 5. 


PROP. XIV. THE OR. 


ONES and cylinders upon equal baſes are to 
one another as their altitudes, 


Let the cylinders EB, FD be upon the equal baſes AB, CD : 
the 2 EB to the cylinder FD, fo is the axis GH to 
axis KL. 


2 Produce the axis KL to the point N, and make LN equal 

de axis GH, and let CM be a cylinder of which the baſe is 

| ), and axis IN: and becauſe the cylinders EB, CM have 
eme altitude, they are to one another as their baſes * : But * It, 12. 


ir. baſes are equal, therefore alſo the cylinders EB, CM are 
ul. And becauſe the cylin- | 
r FM is cut by the plane 
) parallel to its oppoſite 
mes, as the cylinder CM to 
cylinder FD, ſo is d the 
s LN to the axis KL. But 
cylinder CM is equal to 
cylinder EB, and the axis 
to the axis GH : There- | 
as the cylinder EB to the 
nder FD, ſo is the axis A R 
to the axis KL: And as | 

cylinder EB to the cylinder FD, ſo is © the cone ABG to the © x 5. 35 
Ie CDR, becauſe the cylinders are triple 4 of the cones: d 10. 12. 
crelore alſo the axis GH is to the axis KL, as the cone ABG 


the cone CDK, and the cylinder EB to the cylinder FD. 
erelore cones, &c. Q. E. D. | ; 


PROP. 


* 19. 13 
A. . 


7 1 


413. 13. 
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PROP. XV. THE OR. 


1 baſes and altitudes of equal cones and ei. B. 
ders, are reciprocally proportional; and 5 4 
; th: 


baſes and altitudes be reciprocally proportional 


cones and cylinders are equal to one another, yh 
put le 


proca 
GH, 
is ec 
irſt, 
auſe 7 
de M 
refore 
but let 


Let the circles ABCD, EFGH, the diameters of which 
AC, EG, be the baſes, and KL, MN the axes, as allo 
altitudes, of equal cones and cylinders; and let ALC, 
be the cones, and AX, EO the cylinders : The baſes and 
tudes of the _—_—_ AX, EO are rectprocally proporti 
that is, as the baſe ABCD to the baſe EFGH, ſo is the ali 
MN to the altitude KL. 

Either the altitude MN is equal to the altitude KL, ort 
altitudes are not equal. Firſt, let them be equal; and 
eylinders AX, EO being alſo equal, and cones and cl 
of the ſame altitude being to one another as their baſes}, t 
fore the baſe ABCD is equal b to the baſe EFGH ; and x 
baſe ABCD is to the baſe EFGH, fo is the altitude M 
the altitude KL. 

But let the alti- R 
tudes KL, MN # 
be unequal, and / 
MN the greater 
of the — and L * 1 
from MN take 
MP equal to KL, 
and, through _ | 
oint P, cut the 9 
— EO by A. K C E M. 
the plane TY N 


parallel to the op- B 
poſite planes of the circles EFGH, RO; therefore the 


mon ſection of the plane TVS and the cylinder EO 1s 
cle, and conſequently ES is a cylinder, the baſe of which 
circle EFGH, and altitude MP : And becauſe the cylinde 
is equal to the cylinder EO, as AX is to the cylinder 

© js the cylinder EO to the ſame ES. But as the cylinde 
to the cylinder ES, fo * 1s the baſe ABCD to the baſe EP 
for the cylinders AX, ES are of the fame altitude; * 
cylinder EO to the cylinder ES, fo 4 is the altitude 
the altitude MP, becauſe the cylinder EO is cut b) the| 


MX 
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s parallel to its oppoſite planes. Therefore as the baſe Book XII. | 
CD to the baſe EFGH, ſo is the altitude MN to the altitude WWW 

| cl b But MP is equal to the altitude KL; wherefore as the 

| {WW 4BCD to the EFGH, ſo is the altitude MN to the altitude 

WT. that is, the baſes and altitudes of the equal cylinders AX, 

are reciprocally proportional. | 

£ But let the baſes and altitudes of the cylinders AX, EO, be 

\ {Whrocally proportional, viz. the baſe ABCD to the baſe 

chen, as the altitude MN to the altitude KL: The cylinder 

allo WK is equal to the cylinder EO. 2 

Ci, let the baſe ABCD be equal to the baſe EFGH ; then, 

aufe as the baſe ABCD is to the baſe EFGH, fo is the al- 

0088 MN to the altitude KL; MN is equal ® to KL, and“ A. 5. 

e uWefore the cylinder AX is equal * to the cylinder EO. * II. 12. 
But let the baſes ABCD, EFGH be unequal, and let ABCD 

e lhe greater; and becauſe, as ABCD is to the baſe EFGH, fo 

te altitude MN to the altitude KL; therefore MN is great- 

qu than KL. Then, the ſame conſtruction being made as be- 

 '» 8. becauſe as the baſe ABCD to the baſe EFGH, fo is the al- 

nd e MN to the altitude KI.; and becauſe the altitude KL 

e Mal to the altitude MP; therefore the baſe ABCD is * to 

NJ Wl baſe EFGH, as the cylinder AX to the cylinder ES; and 

e altitude MN to the altitude MP or KL, ſo is the cylinder 

to the cylinder ES: Therefore the cylinder AX is to the 

nder ES, as the cylinder EO 1s to the fame ES: Whence the 

p nder AX is equal to the cylinder EO: And the ſame reaſons» 

| holds in cones. Q. E. D. | 


PROP. XVI. PROB. 


1 

p O deſcribe in the greater of two circles that have 
7 the ſame center, a polygon of an even number 
0 ö eual fades, that ſhall not meet the leſſer circle. 
hich! 


ind ABCD, EFGH be two given circles having the fame cen- 
der K: It is required to inſcribe in the greater circle ABCD 
nde FP 7gon of an even number of equal ſides, that ſhall not meet 
e H leſſer circle. | 

| ""ugh the center K draw the ſtraight line BD, and from 
de bet G, where it meets the circumference of the leſſer 
y the] 8 2 circle, 
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Book XII. circle, draw GA at right angles to BD, and produce it to( 


© 16. 3 
Lemma. 


Therefore LD is equal to PN; 


28. 3. 


cauſe the ſtraight lines AB, DC are reſpeCtively greater! 


THE ELEMENTS 


therefore AC touches the circle EFGH : Then, if the cin 
ference BAD be biſected, and the half of it be again biſct 
and fo on, there muſt at length remain a circumference lg 
than AD: Let this be LD; and 
from the point L draw LM per- 
pendicular to BD, and produce 
it to N; and jom LD, DN. 


and becauſe LN is parallel to AC, 
and that AC touches the circle 
EFGH ; therefore LN does not 
meet the circle EFGH : And 
much leſs ſhall the ſtraight lines 
LD, DN meet the circle EFGH : 
fo that if ſtraight lines equal to LD be applied in the c 
ABCD from the point L around to N, there ſhall be defer 
in the circle a polygoh of an even number of equal ſides | 
meeting the leffer circle. Which was to be done. 


L EMMA HI. 


F two trapeziums ABCD, EFGH be inſcribed 
the circles, the centers of which are the points 
L; and if the fides AB, DC be parallel, as alſo } 
HG; a d the other four ſides AD, BC, EH, FG 
all equal to one another ; but the fide AB gra 
than FF, and IC greater than HG, The {tray 
line Ka from the center of the circle in which 
greater ſides are, is greater than the ſtraight line 
drawn from the center to the circumference ot 
other circle, 


If it be poſſible, let KA be not greater than LE; then! 
muſt be either equal to it, or leſs. Firſt, let KA be e 
to LE: Therefore, becauſe in two equal circles, AD, BC" 
one are equal to EH, FG in the other, th. eircumfem 
AD, BC are equal * to the circumferences EH, FG; bu 


EF, GH, the circumferences AB, DC are greater than 
HG : Therefore the whole circumference ABCD is 8* 


than the whole EFGH ; but it is alſo equal to it, vw 
10 po 
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«(ſible : Therefore the ſtraight line KA is not equal to Book XII. 
— 


zut let KA be leſs than LE, and make LM, equal to KA, 
i fom the center , and diſtance LM deſcribe the circle 
OP, meeting the ſtraight lines LE, LF, LG. LH, in M, 
0, P; and join MN, NO, OP, PM which are reſpective- 
parallel * to, and leſs than EF, FG, GH, HE: Then, be- 
e EH is greater than MP, AD is greater than MP; and 


* 23; . 


circles ABCD, MNO are equal; theref f 
3 efore the circum- 
bed 3 1 greater than MP; for the ſame reaſon, the cir- 
ol * oa prong 15 N and 3 — ſtraight 
o a an which is greater than MN, much 
VG * 0 PRO than MN: Therefore the circumference 
orea LC cr than MN; and for the fame reaſon, the circum- 
n AB bao nas than PO: Therefore the whole circumfe- 
„ ontyagafarexy than the whole MNOP ; but it is like- 
IC . o it, which is impoſſible: Therefore KA is not leſs 
in . rl a 1 OM it 1 ſtraight line KA mult 
an 
Cor. And if there be an iſolce es trian j 
| ; gle the ſides of which 
2 AD, BC, but its baſe leſs than AB the greater of 
hen | us : = AB, DC ; the ſtraight line KA may, in the ſame 
R gene to be greater than the ſtraight line 
Wo) i > a 0 ker an the circumference of the circle de- 


than 8 3 PROP. 


, 


See N, 


ficies of which ſhall not meet the lefler ſphere. 


115. 3. 


16. 12. 


of the ſphere in the point X; and let-planes paſs tho: 


© 19, 11. 
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PROP. XVII. PROB. 


$ by deſcribe in the greater of two ſpheres vt 
have the ſame center, a ſolid polyhedron, thef 
perficies of which ſhall not meet the leſſer ſphere, 


Let there be two ſpheres about the ſame center A; it h. 
quired to deſcribe in the greater a ſolid polyhedron, the ſux 


Let the ſpheres be cut by a plane paſſing thro! the cent 
the common ſections of it with the ſpheres ſhall be cir 
becauſe the ſphere is deſcribed by the revolution of a ſemi 
cle about the diameter remaining unmoveable fo that in uh 
ever poſition the ſemicircle be conceived, the common ſcch 
of the plane in which it is with the ſuperficies of the ſphere 
the circumference of a circle z and this is a great circle oft 
ſphere, becauſe the diameter of the ſphere, which is like 
the diameter of the circle, is greater“ than anv ſtraight | 
in the circle or ſphere : Let then the circle made by the let 
of the plane with the greater ſphere be BCDE, and with 
lefler, ſphere be FGH ; and draw the two diameters BD, \ 
at right angles to one another: And in BCDE, the great 
the two circles, deſcribe d a polygon of an even number d 
qual ſides not meeting the leſſer circle FGH ; and let its ft 
in BE, the fourth part of the circle, be BK, KL, LM, 
join KA and produce it to N; and from A draw AX at! 
angles to the plane of the circle BCDE meeting the ſuperic 


and each of the ſtraight lines BD, KN, which, from 
has been ſaid, ſhall produce great circles on the ſupertis 
the ſphere, and let BXD, KXN be the ſemicircles thus 0 
upon the diameters BD, KN: Therefore, becauſe XA is at" 
angles to the plane of the circle :CDE, every plane vb 
pailes thro' X A is at right © angles to the plane of the d 
BCDE ; wherefore the ſemicircles BXD, KXN are at "y 


angles to that plane: And becauſe the ſemicircles BED, Þ tt 
KXN, upon the equal diameters BD, KN, are equal tv WW: 4 
another, their halves BE, BX, KX, are equal to on: WWW is 
other: Therefore, as many ſides of the polygon as are 1 "N at 
jo many, there are in X, KN equal to the ſides Val! 


KL, LM, ME: Let theſe polygons be delcribed, and tl 
ſides be BO, OP, PR, RX; Kd, ST, TY, IX, and | 


Whi 
the 
here. 
. J 
tis 
ie {un 


cents 
cird 
ſemic 
in wh 
1 ſech 


C 


le oft 

like 
igbt! 
e lech 
with! 


| 


| 


ſphere H 


* a. hs 


— 
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PT, RY ; and from the points O, S draw OV, SQ ,perpen- Book XII. 
rs to AB, AK: And becauſe the plane BOXD is at right SW 
les to the plane BCDE, and in one of them BOXD, OV 
wn perpendicular to AB the common ſection of the planes, 
fore OV is perpendicular * to the 
e realon SQ is perpendicular to the ſame plane, becauſe 11. 
plane KS XN is at right angles to the plane BCDE. 
and becauſe in the equal ſemicircles BXD, KXN the 


X 


plane BC DE. For the * 4. def, 


Join 


R 


3P, 0 
reatet 
er d 
its lid 
M, M 
A2 lg 
peri 
hro'; 
2M N 
rhicts 
us M 


F 


, 


4 


| 


| 


8 at 
le wh 
he Cl 
at n 
„ BY 
| to 
one 
in! 
les ) 
nd tl 
ind | 


BV equal to K 


ulel f to S 


1 


umferences BO, KS are equal, and OV, SQ are perpen- 
uar to their diameters, therefore 4 QV is equal to SQ , 4 26, x. 
: But the whole BA. is equal to the whole 

therefore the remainder VA is equal to the remainder 

a: As therefore BV is to VA, ſo is KQ to QA, wherefore 

Lis parallel e to BK: And becauſe OV, 8 
m at right angles to the plane of the circle BCDE, OV 1s 

| ; and it has been proved that it is alſo equal f6 11. 
t; therefore QV, SO are equal and parallel 5 : And becaute s 
is parallel to SO, and alſo to KB; OS is parallel to BK ; » 9 
therefore BO, KS which join them are in the ſame plane 


4 


In 


are each of e , 6. 
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Book XTI. in which theſe parallels are, and the quadrilateral figure KB 


* 9. 11. wherefore * TB is parallel to SO, and the quadrilateral figw 
d 2.11, TPRY is in one plane: And the figure VR is alſo in one pland 


THE ELEMENTS 


is in one plane; And if PB, TK be joined, and perpendicy 
be drawn from the points P, T to the ſtraight lines AB, 4 
it may be demonſtrated that TP is parallel to KB in the; 
ſame way that SO was ſhewn to be parallel to the ſame I 


SOPT is in one plane: For the ſame reaſon, the quadrilat 


Therefore, if from the points, O, 8, P, T, R, X there ” *. 
ſtraight lines to the point A, there thall be formed a 10 1 2410 
lyhedron between the circumferences BX, KX compa he 
yramids the baſes of which are the quadrilaterals | | 
SOPT, TPRY, and the tringle YRX, and of which AY 
mon vertex is the point A: And if the ſame conſtruc * * 
made upon each of the ſides KL, LM, ME, as has WY f 
upon BK, and the like be done alſo in the other t * jy 
drants, and in the other hemiſphere z there Bod "I 
med a ſolid polyhedron deſcribed in the ſphere, . 
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4 of pyramids the baſes of which are the aforeſaid qua- Book XII. 
lateral figures, and the triangle YRX, and thoſe formed in 
like manner in the reſt of the ſphere, the common vertex 

them all being the point A: And the ſuperficies of this ſo- 

j polyhedron does not meet the leſſer ſphere in which is the 

ide FGH 3 For, f-om the point A draw * AZ perpendicular xx, 11. 
the plane of the quadrilateral KBOS meeting it in Z, and 
in BZ, ZK: And becauſe AZ is perpendicular to the plane 

BOS, it makes right angles with every ſtraight line meeting 

in that plane; therefore AZ is perpendicular to BZ and ZK: 

nd becauſe AB is equal to AK, and that the ſquares of AZ, 

B, are equal to the ſquare of AB; and the ſquares of AZ, 

K to the ſquare of AK d; therefore the ſquares of AZ, ZB 47+ f. 
e equal to the ſquares of AZ, ZK: Take from theſe equals 
e ſquare of AZ, the remaining ſquare of BZ is cqual to the 

maining ſquare of ZK; and therefore the ſtraight line BZ 

equal to ZK: In the like manner it may be demonſtrated, 

t the ffraight lines drawn from the point Z to the points O, 

ae equal to BZ or ZK : Therefore the circle deſcribed from 

e center Z, and diſtance ZB ſhall paſs through the points K, O, 

and KBOS ſhall be a quadrilateral figure in the circle: And 

cauſe KB is greater than QV, and QV equal to 80, there- 

eKB is greater than SO: But KB is equal to each, of the 

ught lines BO, KS; wherefore each of the circumterences 

toff by KB, BO, KS is greater than that cut off by OS; and 

le three circumferences together with a fourth equal to one 

them, are greater than the ſame three together with that cut 

I by OS; that is, than the whole circumference of the cir- 

; therefore the circumference ſubtended by KB is greater 

an the fourth part of the whole circumference of the circle 

08, and confequently the angle BZK at the center is great- 

than a right angle: And becauſe the angle BZK is obtuſe, i 

 {quare of BK is greater © than the ſquares of BZ, ZK; 12. 2. 
i 1s, greater than twice the ſquare of BZ. Join KV, and 

ule in the triangles KBV, OBV, KB, BY are equal to OB, 

and that they contain equal angles; the angleKVB is e- 

I" to the angle OVB: And OVB is a right angle; there- 4+ I» 
ealo KVB is a right angle; And becauſe BD is lets than 

ce DV, the rectangle contained by DB, BV is leſs than 

* the rectangle DVB; that is ©, the ſquare of KB 1s leis © 8, 6, 
a twice the ſquare of KV: But the ſquare of KB is greater 

u Wice the ſquare of BZ; therefore the ſquare of KV 1s 

greater 
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Book. XII, preater than the ſquare of BZ: And becauſe BA is equil 
XR, and that the ſquares of BZ, ZA are equal together to it 
ſquare of BA, and the ſquares of KV, VA to the ſquare 

AK; therefore the ſquares of BZ, ZA are equal to the ſquay 

of KV, VA; and of theſe the ſquare of KV 1s greater than i 

ſquare of BZ; therefore the ſquare of VA is leſs than 6 

ſquare of ZA, and the ſtraight line AZ greater than V4; 

Much more then is AZ greater than AG; becauſe, in the yr 
ceeding propoſition, it was ſhewn that KV falls without the 

circle FGH : And A is perpendicular to the plane KBOS, ai 

is therefore the ſhorteſt of all the ſtraight lines that can be draw 

from A the center of the ſphere to that plane. Therefore th 

plane KBOS does not meet the leſſer ſphere. 

And that the other planes between the quadrants BX, N 

fall without the leſſer ſphere, is thus demonſtrated : From the 

point A draw Al perpendicular to the plane of the quadri 

teral SOPT, and join IO; and, as was demonſtrated of thy 

plane KBOS and the point Z, in the fame way it may be ſhem 

that the point I is the center of a circle deſcribed about SOPT 

and that OS is greater than PT; and PT was ſhewn to hep 

rallel to OS: Therefore, becauſe the two trapeziums KBO 

SOPT inſcribed in circles have their ſides BK, OS parallel, 

alſo OS, PT; and their other ſides BO, KS, OP, ST all equ 

to one another, and that BK is greater than O8, and d 

2. Lem. greater than PT, therefore the ſtraight line ZB is great 
12. than 10. Join AO which will be equal to AB; and becau 
AIO, AZB are right angles, the ſquares of Al, IO are equ 

to the ſquare of AO or of AB; that is, to the ſquares ct 4 

| ZB; and the ſquare of ZB is greater than the ſquare of 1 
therefore the ſquare of A is leis than the ſquare of Al; a 
the ſtraight line AZ leſs than the ſtraight line Al: And it v 

proved that AZ is greater than AG; much more then | : 

greater than AG: Therefore the plane SOPT falls wholly wi 

out the lefler ſphere: In the ſame manner it may be dend 

ſtrated that the plane 'TPRY falls without the ſame fphen 

as alſo the triangle YRX, viz. by the Cor, of 2d Lemma. 4 

after the ſame way it may be demonſtrated that all the play 

which contain the ſolid polyhedron fall without the {il 

ſphere. Therefore in the greater of two ſpheres which have! 

ſame center, a ſolid polyhedron is deſcribed, the ſuperficiss | 

which does not meet the lefler ſphere. Which was to be A 
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But the ſtraight line AZ may be demonſtrated to be greater Book XII. 
Mn AG otherwiſe and in a ſhorter manner, without the help vv 
Prop. 16. as follows. From the point G draw GU at right 
ales to AG and join AU. If then the circumference BE be 
ted, and its half again biſeCted, and ſo on, there will at 

h be left a circumference leſs than the circumference 
hich is ſubtended by a ſtraight line equal to GU inſcribed in 
te circle BCDE + Let this be the circumference KB: Therefore 
te ſtraight line KB is leſs than GU : And becauſe the angle 
ZK is obtuſe, as was proved in the preceeding, therefore BK 
greater than BZ : But GU is greater than BK; much more 
hen is GU greater than BZ, and the ſquare of GU than the 
ware of BZ: And AU is equal to AB; thereſore the ſquare 
A, that is, the ſquares of AG, GU are equal to the ſquare 
AB, that is, to the ſquares of AZ, ZB; but the ſquare of BZ; | 
s leſs than the ſquare of GU; therefore the ſquare of AZ is 
reater than the ſquare of AG, and the ſtraight line AZ conſe- 
vently greater than the ſtraight line AG. 
Cor. And if in the lefler ſphere there be deſcribed a ſolid 
alybedron by drawing ſtraight lines betwixt the points in 
hich the ſtraight lines from the center of the ſphere drawn 
all the angles of the ſolid polyhedron in the greater ſphere 
ſet the ſuperficies of the leſſer; in the fame order in which 
e joined the points in which the ſame lines from the center 
et the ſuperficies of the greater ſphere ;z the ſolid polyhe- 
on in the ſphere BCDE has to this other ſolid polyhedron 


e equate triplicate ratio of that which the diameter of the iphere 
of Mek has to the diameter of the cther ſphere : For, if theſe 
of e folids be divided into the ſame number of pyramids, and 
1; he ſame order; the pyramids {hall be ſimilar to one ano— 


her, each to each: Becauſe they have the ſolid angles at their 
pmmon vertex, the center of the ſphere, the ſame in each py» 
mid, and their other iolid angles at the baſes equal to one 
other, each to each a, becauſe they ate contained by three ® B. 11. 
lane angles equal each to each; and the pyramids are contained 
the tame number of ſimilar planes; and are therefore ſimilar b 11. de 
d one another, each to each: But fimilar pvramids have to 11. 
ne another the triplicate © ratio of their homologous ſides, © Cor. 
licrefore the pyramid of which the baſe is the quadrilateral 12. 
508, and vertex A, has to the pyramid in the other ſphere 
| tne ſame order, the triplicate ratio of their homologous 

| | ſides; 


f. 


Book XII. ſides; that is, of that ratio which AB from the center of f. 


THE ELEMENTS 


greater ſphere has to the ſtraight line from the ſame center y 
the ſuperficies of the lefler ſphere. And in like manner, eg 


pyramid in the greater ſphere has to each of the fame order in 


the leſſer, the triplicate ratio of that which AB has to the { 
midiameter of the lefler ſphere. And as one antecedent is toi 
conſequent, ſo are all the antecedents to all the conſequent 
Wherefore the whole ſolid polyhedron in the greater ſphere hy 
to the whole ſolid polyhedron in the other, the triplicate rati 
of that which AB the ſemidiameter of the firſt has to the ſeni 
diameter of the other; that is, which the diameter BD of & 
greater has to the diameter of the other ſphere. 


PROP. XVIII. THEOR. 


QPHERES have to one another the triplicate ratioq 
that which their diameters have, 


Let ABC, DEF be two ſpheres of which the diameters; 
BC, EF. The ſphere ABC has to the ſphere DEF the triplica 
ratio of that which BC has to EF. 

For, if it has not, the ſphere ABC ſhall have to a ſphere 
ther leſs or greater than DEF, the triplicate ratio ef 
which BC has to EF. Firſt, let it have that ratio to a leſs, v 
to the ſphere GHK ; and let the ſphere DEF have the fan 


* 17. 12, Center with GHK ; and in the greater ſphere DEF deſerit 


L 


12. 


17. ſphere DEF, the triplicate ratio b of that which BC has! 


a ſolid polyhedron, the ſuperficies of which does not met 
leſier ſphere GHK ; and in the ſphere ABC deſcribe mw 
ſimilar to that in the ſphere DEF: "Therefore the ſolid pot 
dren in the ſphere ABC has to the ſolid polyhedion , 


Eut the iphere ABC has to the ſphere GHK, the triplicate 
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of th \of that which BC has to EF; therefore as the ſphere ABC Book XII. 
"he ſphere GH K, ſo is the ſolid polyhedron in the ſphere ABC 
. \ the ſolid polyhedron in the ſphere DEF: But the ſphere 

In 


the ſphere GHK is greater than the ſolid polyhedron in the 
here DEF: But it is alſo leſs, becauſe it is contained within 
which is impoſſible : Therefore the ſphere ABC has not to 

ſphere leſs than DEF, the triplicate ratio of that which 
Cas to EF. In the ſame manner, it may be demonſtrated, 
hat the ſphere DEF has not to any ſphere leſs than ABC, the 
riplicate ratio of that which EF has to BC. Nor can the 
pherce ABC have to any ſphere greater than DEF, the tripli- 
ate ratio of that which BC has to EF: For, if it can, let it 
ave that ratio to a greater ſphere LMN : Therefore, by inver- 
on, the ſphere LMN has to the ſphere ABC, the triplicate 
tio of that which the diameter EF has to the diameter BC, 
ut, as the ſphere LMN to ABC, fo is the ſphere DEF to ſome 
here, which muſt be leſs © than the ſphere ABC, becauſe the 
phere LMN is greater than the ſphere DEF: Therefore the 
phere DEF has to a ſphere leſs than ABC the triplicate ratio 
f that which Ek has to BC; which was ſhewn to be impoſ- 
ile: Therefore the ſphere ABC has not to any ſphere greater 
an DEF the triplicate ratio of that which BC has to EF: And” 
t was demonſtrated, that neither has it that ratio to any ſphere 
ls then DEF. Therefore the ſphere ABC has to the ſphere 
VEF, the triplicate ratio of that which BC has to EF. Q. E. D. 
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DEFINITION I- BO OR I. 


T 1s neceſſary to confider a ſolid, that is, a magnitude which 

has length, breadth, and thickneſs, in order to underſtand 
right the definitions of a point, line, and ſuperficies; for theſe 
[| ariſe from a ſolid, and exiſt in it: The boundary, or boun- 
aries which contain a ſolid are called ſuperficies, or the boun- 
ary which is common to two ſolids which are contiguous, or 
phich divides one ſolid into two contiguous parts, is called a 
perficies : Thus, if BCGF be one of the boundaries which 
ontain the folid ABCDEFGH, or which is the common 
joundary of this ſolid, and the ſolid BELCENMG, and is there- 
pre in the one as well as the other folid, is called a ſuperſicies, 
nd has no thickneſs: For it it have any, this thickneſs muſt 


ther be a part of the thickneſs 
the folid AG, or the ſolid EY G NM 


M, or a part of the thickneſs of | 
ach of them. It cannot be 2E . E N 


art of the thickneſs of the ſolid 
M; becauſe, if this ſolid be re- 


noved from the ſolid AG, the D 2 L. 
uperficies BCGF, the boundary ; 

if the folid AG, remains {till the 

ume as it was, Nor can it be aA B K 


t of the thickneſs of the ſolid AG; becaule, if this be re- 
ored from the ſolid BM, the ſuperficies BCG“, the boundary 
{ the ſolid BM, does nevertheleſs remain; therefore the ſuper- 
ces BCG F has no thickneſs, but only length and breadth. 
The boundary of a ſuperſicies is called a line, or a line is the 
ommon boundary of two ſuperſicies that are contiguous, or 
lich divides one ſuperficies into rwo contiguous parts: Thus, 
be one of the boundaries which contain the ſuperficies 
WED, or which is the common boundary of this ſuperficies, 
l of the tuperhcies KBC!t. which is contiguous to it, this 
dundary BC is called a line, and has no breadth :. For, if it 
Fur any, this muſt be pat cither of the breadth of the ſuper- 
es ABCD, or of the ſuperficies KBCL, or part of each of 
em. It is not part of the breadth of the ſuperiicies KBCL; 
i if this ſuperficies be removed from the ſuperticies n 
"* tag 


G 


the line BC which is the boundary of the ſuperſicies Abche 


mains the ſame as it was: Nor can the breadth that BC js He. 


poſed to have, be a part of the breadth of the ſuperſicics ARc)Wirec 
becauſe, if this be removed from the ſuperficies KBCL, the＋r- N 
BC which is the boundary of the ſuperficies KBCL docs nn 
theleſs remain: Therefore the line BC has no breadth : Ames 
cauſe the line BC is ina ſuperſicies, and that a ſuperſicies H 
no thickneſs, as was ſhewn ; therefore a line has neither bre g 
nor thickneſs, but only length. ne a 
The boundary of a line is called a point, or a point is © * 
common boundary or extremity H G ls | 
of two lines that are contiguous : $91 wh Tt 
Thus, if B be the extremity of the F N wer! 
line AB, or the common extre 
mity of the two lines AB, KB, | 
this extremity is called a point, 
and has no nach For, if i have 2 — 8 L Th 
any, this length muſt either be | | var 
part of the length of the line AB, 13 
or of the line KB. It is not part A B K 172 
of the length of KB; for, if the line KB be removed trom Mea 
the point B which is the extremity of the line AB remains tl pp 
{ame as it was: Nor is it part of the length of the line eh. 
tor, if AB be removed from the line KB, the point B, which Wt be 
the extremity ol the line KB, does nevertheleſs remain: T. p. 
fore the point B has no length: And becaule a point is in a % whi 
and a line has neither breadth nor thickneſs, therefore a ede. 
tas no length, breadth, nor thicknets. And in this mannerti 
definitions of a point, line, and ſuperficies are to be underlioat 
DEF. NM: 
| ; This 
Inſtead of this definition as it is in the Greek copies, amd ue © 
diſtinct one is given from a property of a plane {uperticies, wal nb 
is manifeſtly ſuppoſed in the elements, viz. that a {traight in "my 
drawn from any point in a plane to any other in it, is wholly! * 
that planc. 7 
V; th 
p DEF. Vi. B. I. lot 
; 91S El 
It ſeems that he who made this definition deſigned tr 
ſhould! comprehend not only a plane angle contained by bi 
ſtraight lines, but likewiſe the angle which ſome conceive BA! 
be made by a ſtraight line and a curve, or by two curve lng ore 


G . anime! 
which meet oue another in a plane: Put, cho' the mea 


r. 


ſrection, be plain, when two ſtraight lines are ſaid to be in a 
macht line, it does not appear what ought to be underſtood 
© theſe words, when a ſtraight line and a curve, or two curve 
nes, are ſaid to be in the ſame direction; at leaſt it cannot be 
waned in this place; which makes it probable that this defi- 
tion, and that of the angle of a ſegment, and what is ſaid of 
he angle of a ſemicircle, and the angles of ſegments, in the 
6. and 31. propoſitions of book 3. are the additions of ſome 
& ſkilful editor: On which account, eſpecially ſince they are 
wite uſeleſs, theſe definitions are diſtinguiſhed from the reſt by 
werted double commas! 4 


DEF. XVII. B. I. 


The words, © which alſo divides the circle into two equal 
pats,” are added at the end of this definition in all the copies, 
t are now left out as not belonging to the definition, being 
ly a corollary from it. Proclus demonſtrates it by conceiving 
ne of the parts into which the diameter divides the circle, to 
applied to the other; for it is plain they muſt coincide, elſe 
e naight lines from the center to the circumference would 
it be all equal: The ſame thing is eaſily deduced from the 
. prop. of book 3. and the 24 of the fame; from the firſt 
which it follows that ſemicircles are ſimilar ſegments of a 
ce, And from the other, that they are equal to one another. 
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DEF. XXXIII. B. I. 


ule every quadrilateral figure which has its oppoſite ſides equal 


5 a m0 ” > 

8 wich one another, has likewiſe its oppolite angles equal; and on 
aight lu . : : 

whole © ABCD be a quadrilateral figure, of which the oppoſite 


& AB, CD : 
are equal to one an A — D 


ft; as allo AD and BC: Join | 
D; the two ſides AD, DB are e- 
alto the two CB, BD, and the baſe 


v5 equal to the baſe CD; there- B C 


cd * N by prop. 8. of book 1. the angle 

0 1 + equal to the angle CED; and by prop. 4. B. 1. the an- 
wy AD is equal to the angle DCB, and ABD to BDC; and 
1rve 


Fore allo the angle ADC 1s equal to the angle ABC, 
| T 2 And 


neaning! 


This definition has one condition more than is neceſſary; be- 


291 


de words ea tete, that is, in a ſtraight line, or in the ſame Book I. 


Book T, 


aud the angle ABC to ADC; the oppoſite ſides are equal 


was added upon account of prop. 7. but gives a ridiculous 


r 


And if the angle BAD be equal to the oppoſite angle Bcy, 


Becauſe, by prop 32. B. 1. all the angles of the quadrilater 
figure ABCD are together equal to wk 
four right angles, and the two angles 2 I 


BAD, ADC are together equal to | / A 

the two angles BCD, ABC: Where- Fe 

fore BAD, ADC are the half of all B C 

the four angles; that is, BAD and j 
r 


ADC are equal to two right angles: And therefore AB, C) 
are parallels by prop. 28. B. 1. In the ſame manner AD, 90 
are parallels : Therefore ABCD is a parallelogram, and its q 
poſite ſides are equal by 34. prop. B. 1, 


PROP. VII. 


B. I. 


There are two cafes of this propoſition, one of which is n 
in the Greek text, but is as neceſſary as the other: And that! 
caſe left out has been formerly in he text appears plainly fro 
this, that the ſecond part of prop. 5 which is neceſſary to f 
demonſtration of this cafe, can be of no uſe at all in the et 
ments, or any where elſe, but in this demonſtration ; becz 
the ſecond part of prop. 5. clearly follows from the firſt pat 
and prop. 13. B. 1. This part mult therefore have been addedt 
prop. 5- upon account of ſome propoſition betwixt the 5 at 
13. but none of theſe ſtand in need of it except the 7. pt 
poſition, on account of which it has been added: Beſides, 6 
tranſlation from the Arabic has this caſe explicitly demonſtratct 
And Proclus acknowledges that the ſecond part of prop. 


ſon for it, “that it might aſtord an anſwer to objections ma 
** againſt the 7.“ us if the cate of the 7. which is left out, vt 
as he expreſsly makcs it, an objection againſt the prepolit 
itſelt. Whoever is curious may read what Proclus ſays oi tl 
in his commentary on the 5. and 7. propoſitions ; for it 151 
worth while to relate his trifles at full length. ä 

It was thovght proper to change the enuntiation of this 
prop. ſo as to preſerve the very fame meaning; the literal til 
lation from the Greek being extremely harſh, and difficult c 
underſtood by beginners, 


PRO 


. 


PROP. XL. B. I. 


A corollary is added to this propoſition, which is neceſſary to 
prop. 1. B. 11. and otherwiſe. 


PROP. XX. and XXI. B. I. 

Proclus, in his commentary, relates that the Epicureans de- 
ded this propoſition, as being manifeſt even to aſſes, and need- 
ng no demonſtration ; and his anſwer is, that, though the truth 
ff it be manifeſt to our ſenſes, yet it is ſcience which muſt give 
hereaſon why two ſides of a triangle are greater than the third: 
ut the right anſwer to this objection againſt this and the 21. 
nd ſome other plain propoſitions, is, that the number of axioms 
pueht not to be encreaſed without neceſſity, as it muſt be if theſe 
- F'opolitions be not demonſtrated, Mont. Clairault, in the pre- 
ce to his elements of geometry, publiſhed in French at Paris, 
n. 1741, ſays, That Euclid has been at the pains to prove, 
to bat the two ſides of a triangle which is included within another 


he ee together leſs than the two fides of the triangle which in- 
decul ludes it; but he has forgot to add this condition, viz. that the 
lt pu engles muſt be upon the fame baſe; becauſe, unleſs this be 
ded ed, the ſides of the included triangle may be greater than the 


des of the triangle which includes it, in any ratio which is 
ls than that of two to one, as Pappus Alexandrinus has de- 
des, dP oltrated in prop. 3. B. 3. of his mathematical collections. 


PROP, XXII. B. I. 


dome authors blame Euclid becauſe he does not demon- 


a . f 

at, " nte that the two circles made uſe of in the conſtruction of 
1 problem muſt cut one another: But this is very plain from 
11 » determination he has given, viz. that any two of the ſtraight 


DF, FG, GH mult be great- 
as than the third: For, who is ſo 
, W, tho' only beginning to learn 
e elements, as not to perceive 
lt the circle deſcribed — the 
ter F, at the diſtance FD, — | W e L 
ut meet FH betwixt F and H, D M F G H 
Qule FD is leſs than FH; and | 

a for the like reaſon, the circle deſcribed from the center 
wu the diſtance GH or GM, muſt meet DG betwixt D 
13 and 


. 


Book f. and G; and that theſe circles muſt meet one another, lc; 
Pb and GH are together greater 

than FG ? And this determinati- 

on is eaſter to be underſtood than 

that which Mr Thomas Simpſon 

derives from it, and puts inſt-ad 


of Euclid's, in the 49. page of — 
his elements of geometry, that he I F 6 i 
may ſupply the omiſſion he blames 

Euclid for; which determination is, that any of the thry 
ſtraight lines muſt be Jeſs than the ſum, but greater than th 
difference of the other two: From this he ſthews the circles nu 
meet one another, in one caſe; and ſays that it may be proxe 
after the ſame manner in any other cafe : But the ſtraight lin 
GM which he bids take from GF may be greater than it, 38. 
the figure here annexed, in which cate his demonſtration mu 
be changed into another. 


PROP. XXIV. B. I. 


To this is added 4 of the two ſides DE, DF, let DE e! 
« that which is not greater than the other ;“ that is, take th 
fide of the two DE, DF which is not greater than the other, ! 


the 

order to make with it the angle EDG D near 

equal to BAC: Becauſe, without this Way: 

reſtriction, there might be three diffe- F. 

rent caſes of the propoſition, as Cam- er tc 

panus and others make. from 

Mr Thomas Simpſon, in p. 262. of B, a 

| the ſecond edition of his elements of toth; 
! geometry, printed ann. 1760, obſerves, the ſ 
| in his notes, that it ought to have been E. 1 tr, 
| ſhewn that the point F falls below the F not g 
line EG ; this probably Euclid omitted, H, c 


| as it is very eaſy to perceive that DG being equal to DF, a 
"FE . ©] . . * 4 - 1% > by” 
point G 1s in the circumference of a circle deſcribed from 


center Dat the diſtance PF, and muſt be in that 1 If 
q | which is above the ſtraight line EF, becauſe DG tak "a to th; 
Il DF, the angle EDG being greater than the angle LD? by thi 
| Point 
| PROP, XXIX. B. I. * 
| 
! 1 a . . o ſtulate, lun | 
The propofition which is uſually called the 5. polen 
11. axiom, by ſome the 12, on which this 29. depend, 


|\ 
0 


OD. 


ccni giren a great deal to do, both to ancient and modern geome- 


ters: It ſeems not to be properly placed among the Axioms, 
s, indeed, it is not ſelf- evident; but it may be demonſtrated 


thus. 
DEFINITION . 
The diſtance of a point from a ſtraight line, is the perpen- 
dicular drawn to it from the point. 


D E F. 2. 

One ſtraight line is ſaid to go nearer to, or further ſrom 
another ſtraight line, when the diſtance of the points of the 
firſt from the other ſtraight line become leſs or greater than 
they were; and two ſtraight lines are faid to keep the fame di- 
ſtance from one another, when the diſtance of the points of one 
of them from the other is always the ſame. 


„ 

A ſtraight line cannot firſt come nearer to another ſtraight 
line, and then go furthex from A 
it, before it cuts it; and, in like . 


manner, a ſtraight line cannot 
go further from another ſtraight — — E. 
line, and then come nearer to 
it; nor can a ſtraight line keep F G H 
the fame diſtance from another ſtraight line, and then come 
nearer to it, or go further from it; for a ſtraight line keeps al- 
ways the ſame direction. 

For example, the ftraight line ABC cannot firſt come near- 
er to the ſtraight line DL, as 
from the point A to the point A B C 
B, and then, from the point B * 
tothe point C, go further from D OE A E 
the ſame DE: And, in like man- F (x H 
ner, the ſtraight line FGH can- 
not go further from DE, as from F to G, and then, from G to 
ty come nearer to the ſame DE: And ſo in the laſt caſe, as in 
8.2. 


Ne. 

If two equal ſtraight lines AC, BD be each at right angles 
to the ſame ſtraight line AB; if the points C, D be joined 
iy the ſtraight line CD, the ſtraight line EF drawn from any 
pant E in AB unto CD, at right angles to AB, ſhall be equal 
0 AC, or BD. 

It EF be not equal to AC, one of them mult be greater 
tan the other; let AC be the greater ; then, becauſe FE is 


ſtulate, 
1 4 lets 


I- K 

ends; h 
VI 
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See the f 
gure above» 
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une Az at the point F than at the 


4. 1. 


SS. I, 


© 10. def. 
5 


N O r ES. 
leſs than CA, the ſtraight line CFD is nearer to the ſtraight Mes / 


int C, that is, CF comes nearer | | 
to AB from the point C to F: But C 
becauſe DB is greater than EE, D 
the ſtraight line CFD is further F 
from AB at the point D than at E, 
that is, FD goes further from AB 
from F to D: Therefore the ſtraight A 
line CFD firſt comes nearer to the E B 
ſtraight line AB, and then goes further from it, before it cu 
it, which is impoſſible. If FE be ſaid to be greater than CA, 
or DB, the ſtraight line CFD firſt goes further from the ſtraight 
line AB, and then comes nearer to it, which is alſo impoſſihle, 
Therefore FE is not unequal to AC, that is, it is equal to it. 


Nr. 
If two equal ſtraight lines AC, BD be each at right angles t 
the ſame ſtraight line AB; the ſtraight line CD which jous 
their extremities makes right angles with AC and BD. 
Join AD, BC; and becauſe, in the triangles CAB, DB! 
CA, AB are equal to DB, BA, and the angle CAB equal u 
the angle DBA; the baſe BC is equal“ to the baſe AD: An 
in the triangles ACD, BDC, AC, CD are equal to BD, I 


and the baſe AD is equal to the baſe F Dio 
BC; therefore the angle ACD is e- | equ: 
qual d to the angle BDC: From any A 


point E in AB draw EF unto CD, 
at right angles to AB; therefore, by 
Prop. 1. EF is equal to AC, or BD; — 
wherefore, as has been juſt now A E B 
ſhewn, the angle ACF is equal to 

the angle EFC : In the tame manner, the angle BDF is equ 


a 
to the angle EFD: but the angles ACD, BDC are equi . 
therefore the angles EFC and EFD are equal, and iA 


angles ; wherefore alſo the angles ACD, BDC are right u 


gies. 


Cor. Hence, if two ſtraight lines AB, CD be at ff | 
angles to the ſame ſtraight line AC, and if betwixt them! 
ſtraight line BD be drawn at right angles to either of them, A 
to AB; then B)) is equal to AC, and BDC is a right ange. * 


If AC be not equal to BD, take BG equal to AG, ® 
join CG: "Therefore, by this Propoſition, the angle ACC 
2 right angle; but AC) is alſo a right angle; whereſore the® 

| oe 


r 


cies ACD, ACG are equal to one another, which is impoſſible, 


right angle. 


n 


If two ſtraight lines which contain an angle be produced, 
ere may be found in either of them a point from which the 
pendicular drawn to the other ſhall be greater than any given 
ught line. 


e another, and let AD be the given ſtraight line; a point 
y be found either in AB or AC, as in AC, from which the 
pendicular drawn to the other AB ſhall be greater than AD. 
In AC take any point E, and draw EF perpendicular to 
B; produce AE to G, fo that EG be equal to AE; and 
oduce FE to H, and make EH equal to FE, and join HG. 
cauſe, in the triangles AEF, GEH, AE, EF are equal to 


: Draw GK perpendicular to AB; and becauſe the {traight 

t right an- A F | © B M 

s to FH, and — * 
at right an- N ee 

sR; KG OL E 

qual to FH, H 1 
Cor. Pr. 2. 

It is, to the P | 


uble of FE. 

the ame manner, if AG be produced to L, ſo that GL be 
Wl to AG, and LM be drawn perpendicular to AB, then 
| is double of GK, and fo on. In AD take AN equal to 


is eg and AQ equal to KG, that is, to the double of FE, or 

equa 3 allo take AP equal to LM, that is, to the double of KG, 
d o; and let this be done till the ſtraight line taken be great+ 
ight Within AD ; Let this ſtraight line ſo taken be AP, and becauſe 


18 equal to LM, therefore LM is greater than AD. Which 


1 PROP. 4. 
© wo ſtraight lines AB, CD make equal angles EA3, 
N with another ſtraight line LAC towards the ſaine parts ot 


and CD are at right angles to ſome ſtraight line. 
Biſect 


Let AB, AC be two ſtraight lines which make an angle with 


L. EH, each to each, and contain equal * angles, the angle * 
Eis therefore equal b to the angle AFE which is a right an- ® 
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ereſore BD is equal to AC; and by this Propoſition BDC is 


Is. 1. 
4. 1. 
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Book I. 


416. 1. 
9 4. 1. 


© 13. 1. 
4 14. 1. 


23. Is 


43. 1. 


. 


Biſect AC in F, and draw FG perpendicular to AR; + 
CH in the ſtraight line CD equal to AG, and on the con 
ſide of AC to that on which AG is, and join FH: Ther 
in the triangles AFG, CFH the ſides FA, AG are equl 
FC, CH, each to each, and the angle 


FAG, that“ is, EAB is equal to the E 
angle FCH; wherefore d the angle 6G A A 
E. 


1s pe 
B it 
Co 
les 
pen 
hich 
K 18 
nſeq 
raigh 


mtr a! 


AGF is equal to CHF, and AFG to 
the angle CFH: :o theſe laſt add the 
common angle AFH ; therefore the 
two angles AFG, AFH are equal to 
the two angles CFH, HFA, which C * 
two laſt are equal together to two 

right angles ©, therefore alſo AFG, MH DN”: 
AFH are equal to two right angles, and conſequently *( 
and FH are in one ſtraight live. And becauſe AGF is an 
angle, CHF which is equal to it is alſo a right angle: Therd 
the ſtraight lines AB, CD are at right angles to GH. 


ECAO-P.. 


If two ſtraight lines AB, CD be cut by a third ACE s 
to make the interior angles BAC, AC, on the ſame fide 
it, together Jeſs than two right angles; AB and CD being 
duced ſhall meet one another towards the parts on which ar 
two angles which are leſs than two right angles, 

At the point C in the ſtraight line CE make * them 
ECF cqual to the angle EAB, and draw to AB the {tz 
line CG at right angles to CF: Then, becauſe the angles! 
EAB are cqual to one an- . 
other, and that the angles E. 

TCF, FCA are together e- 
qual ® to two right angles, 
the angles EAB, FCA” are M C | 
cqual to two right angles. 


But, by the hypotheſis, the N D 
angles EAB, ACD are to- | N th 
gcther leis than two right . 


angles; therefore the angle A () (> B 


FCA is greater than ACD, I 
and CU) falls between CF and AB: And becauſe CF ad! 
make an angle with one another, by Prop. 3. a point na 
found in either of them CD from which the perpend 
drawn to CF thall be greater than the ſtraight line CO. 


E 


Bin L: And becauſe AB, CF contain equal angles with 
C on the ſame fide of it, by Prop. 4. AB and CF are at right 
les to the ſtraight line MNO which biſects AC in N and is 
rpendicular to CF: Therefore, by Cor. Prop. 2 CG and KL 
hich are at right angles to CF are equal to one another: And 
Kis greater than CG, and therefore is greater than KL, and 
nſequently the point H is in KL produced. Wherefore the 
might line CDH drawn betwixt the points C, H which are on 
ntzary fides of AL, muſt neceffarily cut the ſtraight line 
B. 

% Nor. . Bk 

Dne demonſtration of this Propoſition is changed, becauſe, if 
e method which is uſed in it was followed, there would be 
ner caſes to be ſeparately demonſtrated, as is done in the 
anſation from the Arabic; for, in the Elements, no caſe of a 
yopoſition that requires a different demonſtration, ought to 
omitted On this account, we have choſen the method 
hich Monſ. Clairault has given, the firſt of any, as far as I 
ou, in his Elements, page 21. and which afterwards Mr 
mpſon gives in his, page 32. But whereas Mr Simpſon makes 
e of Prop. 26. B. 1. from which the equality of the two 
angles does not immediately follow, becauſe, to prove that, 
e 4. of B. 1. muſt likewiſe be made uſe of, as may be ſeen, 
the very ſame caſe, in the 34. Prop. B. 1. it was thought bet- 
to make uſe only of the 4. of B. 1. 


tly © 
18 2 f. 


Ther 


FROP. ALY. DB; 


The ſtraight line KM is proved to be- parallel to FL from 
e23, Prop.; whereas KH is parallel to FG by conſtruction, 
U KHM, FGL have been demonſtrated to be ſtraight lines. 


corollary is added from Commandine, as being often uſed, 


PROP. XIII. B. II. 


d, whereas it holds true of every triangle: And the de- 
f nitrations of the caſes omitted are added; Commandine and 
aus have likewiſe given their demonſtrations of theſe caſes. 
F aud 

nt wy FROP. XIV. BI 

py 


- h the demonſtration of this, ſome Greek editor has ig- 


ny inferted the words, © but 7 not, one of the two BE, 
« ED 
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;s point be H, and draw HK perpendicular to CF meeting Bock I. 


N this Propoſition only acute angled triangles are mention. Book IT. 


Book II. & ED is the greater; let BE be the greater, and produce it! 
„ F, as if it was of an conſequence whether the Rena 


K 


ere wi 
ins. 

leſſer be produced: erefore, inſtead of theſe words, th 
ought to be read only, “ but if not, produce BE to F.“ 


The co 
jg, tho! 1 
th in thi 
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be grea 
night lir 
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ich Thi 
very 2 


PROP. I. B. III. 
EVERAL authors, eſpt cially among the modern math 


maticians and logicians, inveigh too ſeverely againſt ind 
rect or Apagogic demonſtrations, and ſometimes ignorant 
enough; not being aware that there are ſome things that ca 
not be demonſtrated any other way: Of this the preſent pr 
poſition is a very clear inſtance, as no direct demonfſtrati 
can be given of it: Becauſe, beſides the definition of a cite 
there is no principle or property relating to a circle antecede 
to this problem, from which either a direct or indirect d 
monſtration can be deduced : Wherefore it is neceſſary thatt 
point found by the conſtruction of the problem be proved 
be the center of the circle, by the help of this definition, 
ſome of the preceeding propoſitions: And becauſe, in the d 
monſtration, this propoſition muſt be brought in, viz. ſtraig 
lines from the center of a circle to the circumference are equ 
and that the point found by the conſtruction cannot be aff 
med as the center, for this is the thing to be demonſtrated; 
is manifeſt ſome other point muſt be aſſumed as the cente 
and if from this aſſumption an abſurdity follows, as Euclid d 
monſtrates there muſt, then it is not true that the point zfſum 


In this 
ion liter 
e propoſ! 
that wl 
wwe to be 
u right 
les have f 
ern ge 
quences 
which 1 


is the center; and as any point whatever was aſſumed, it tollog” we h; 
that no point, except that found by the conſtruction, can be nonin 
center, from which the neceſſity of an indirect demonſtiatin WS" \ 
this caſe is evident. e 396. p 
FPR OP. XIII. B. III. the f. 

As it is much eaſier to imagine that two circles may toughſ**)4*% 
one another within in more points than one, upon the la Er 
tide, than upon oppoſite ſides; the figure of that caſe ou de“ R 
not to have been omitted; but the conſtruction in the Gre ls faid 
text would not have ſuited with this figure ſo well, becauſe en a ſt: 
centers of the circles muſt have been placed near to the "ly" he 
cumferences : On which account another conſtruction and « "gle V 
monſtration 1s given, which is the ſame with the ſecond p C from 
of that which Campanus has tranſlated from the Ara detwix 


Wi 


r 


arts. 


PN. VV. B. . 


The converſe of the ſecond part of this propoſition is want- 
is, tho in the preceeding, the converſe is added, in a like caſe, 
"hin the enunciation and demonſtration ; and it is now add- 
in this. Beſides, in the demonſtration of the firſt part of 
b 15th, the diameter AD (fee Co nmandine's figure) is proved 
be greater than the ſtraight line BC by means of another 
night line MN; whereas it may be better done without it: 
which accounts, we have given a different demonſtration, like 
that which Euclid gives in the preceeding 14th, and to that 
ich Theodoſius gives in prop. 6. B. 1. of his Spherics, in 
ö very affair. 


PROP. XVI. B. III. 


In this we have not followed the Greek nor the Latin tranſ- 
jon literally, but have given what is plainly the meaning of 
e propoſition, without mentioning the angle of the ſemicircle, 
that which ſome call the cornicular angle which they con- 
re to be made by the circumference and the ſtraight line which 
u right angles to the diameter, at its extremity ;z which an- 
ls have furniſhed matter of great debate between ſome of the 
dern geometers, and given occaſion of deducing ſtrange con- 
quences from them, which are quite avoided by the manner 
which we have expreſſed the propoſition. And in like man- 
1 we have given the true meaning of prop. 31. b. 3. without 
| . the angles of the greater or leſſer ſegments: Theſe 
apes, Vieta, with good reaion, ſuſpects to be adulterated, in 
e 386. page of his Oper. Math. 


r WS 


The firſt words of the ſecond part of this demonſtration, 
ers n rev,” are wrong tranſlated by Mr Briggs and 
Gregory „ Rurſus inclinetur ;” for the tranſlation ought 
| be « Rurſus inflectatur, as Commandine has it: A ſtraight 
K 1s ſaid to be inflected either to a ſtraight, or curve line, 
a a ſtraight line is drawn to this line from a point, and 
dm the point in which it meets it, a ſtraight line making 
langle with the former is drawn to another point, as is evi- 
1 from the 90. prop. of Euclid's Data for thus the whole 
detwixt the firſt and laſt points, is inflected or broken at 
the 
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; ion is divi i Book III. 
re without any reaſon _ demonſtration is divided into two 
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Book TIT. the point of inflection, where the two ſtraight lines meet. 4, 

in the like ſenſe two ſtraight lines are ſaid to be inſſected in 
two points to a third point, when they make an angle at 4 
point; as may be ſeen in the deſcription given by Pappus! 
lexandrinus of Apollonius's Books de Locis planis, in the p 
face to his 7. Book: We have made the expreſſion ſuller fr; 
the go. prop. of the data. 


As the 2 
this 35. 

pit be fl 
y; as he 
m all, v 
center: 
nſtrates 
ter, and 
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PROP. XXI. B. III. 


There are two cafes of this propoſition, the ſecond of whid 
viz. when the angles are in a ſegment not greater than a ſen 
circle, is wanting in the Greek: And of this a more ſing 
demonſtracion is given than that which is in Commanding, 
being derived only from the firſt caſe, without the help of 1 
angles. 


PROP. XXIII. and XXIV. B. III. 


In Propoſition 24. it is demonſtrated, that the ſegment Al 
muſt coincide with the ſegment CD (fee Commanaine's 
gure) and that it cannot fall otherwiſe, as CG, ſo as to 
the other circle in a third point G, from this, that, if it did, 
circle could cut another in more points than two: But tl 


lt the er 
de demor 
tion of 


ought to have been proved to be impoſſible in the 23. Prop D 
well as that one of the ſegments cannot fall within the othe: 

This part then is left out in the 24. and put in its proper plac HI 

the 23d Propoſition. pu 

1 or in 

PROP. XXV. B. III. 44 

; SEL RE" 0 WT n a ſtrai 

This propoſition is divided into three caſes, of which ti e 

have the ſame conſtruction and demonſtration ; therefore! deer pn 

now divided only into two caſes, ha of -F 

5 be um l 

PROP. XXXIN. B. III. AA 

This alſo in the Greek is divided into three caſes, of will * conting 

two, Viz, one, in which the given angle is acute, and the other Name ch; 

which it is obtuſe, have exactly the ſame conſtruction and ens 11. 

monſtration; on which account, the demonſtration ot the Mit {vr tl 
caſe is left out as quite ſuperfiuous, and the addition of 11 
uni{kilful editor; beſides the demonſtration of the caſe when! 

angle given is a right angle, is done a round about Way, aug; 4. 

theretore changed to a more ſimple one, as was done by C 2 

e chang rc imple one, as was done b! demon] 

b Where 


PRO 


4 lame 


1. 


PROP. XXXV. B. III. 


As the 25 and 33. propoſitions are divided into more caſes, 

this 35. 18 divided into fewer caſes than are neceſſary. Nor 

t be ſuppoſed that Euclid omitted them becauſe they are 

; as he has given the caſe, which, by far, is the eaſieſt of 

m all, viz. that in which both the ſtraight lines paſs through 

center: And in the following propoſition he ſeparately de- 

aſtrates the caſe in which the ſtraight line paſſes through the 

ter, and that in which it does not paſs thro? the center: So 

tit ſeems Theon, or ſome other, has thought them too long 

nſert ; But caſes that require different demonſtrations, ſhould 

be left out in the elements, as was before taken notice of: 

Wei caſes are in the tranſlation from the Arabic, and are now 
into the text. 


PROP. XXXVII. B. III. 


t the end of this the words, “ in the fame manner it may 
e demonſtrated, if the center be in AC,” are left out as the 
on of ſome ignorant editor. 


DEFINITIONS of BOOK IV. 


HEN a point is in a ſtraight, or any other line, this 
point is by the Greek geometers ſaid a77:79z, to be 
n, or in that line, and when a ſtraight line or circle meets 
cle any way, the one is ſaid e to meet the other: But 
n a ſtraight line or circle meets a circle ſo as not to cut it, 
laid «PzTT+9 344, to touch the circle; and thefe two terms 
never promiſcuouſly uſed by them: Therefore, in the 5. de- 
lon of B. 4. the compound ««7rar: mult be read, inſtead 
de imple @r74ra;: And in the 1. 2. 3. and 6 definitions 
mmandine's tranſlation, “ tangit,” muſt be read inſtead 
*contingit;” And in the 2. and 3. definitions of Book 3- 
lame Change mult be made: But, in the Greek text of pro- 
dens 11. 12. 13. 18. 19. B. 3. the compound verb is to 
ut ior the limple. 


| ti 
e It 


FROM IV. MI, 

this, as alſo in the 8. and 13. propoſitions of this book, 

demonſtrated indirectly, that the circle touches a ſtraight 

whereas in the 17. 33. and 37. propoſitions of book 

be ſame thing is directly demonſtrated ; And this way we 
have 


Book IV. 
YN 
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Book IV. have choſen to uſe in the propoſitions of this book, à ; litude 
morter. pur po 
gener. 
PROP. v. B. Iv. whole 
tics d. 
The demonſtration of this has been ſpoiled by ſome un blow 
hand: For he does not demonſtrate, as is neceſſary, that the doctri 
ſtraight lines which biſeCt the ſides of the triangle at right ang third, 
muſt meet one another; and, without any reaſon, he ini loſs to 
the propoſition into three cafes ; whereas, one and the ſame a oe 
ſtruction and demonſtration ſerves for them all, as Campy and tr 
has obſerved 3 which uſeleſs repetitions are now left out: of nun 
Greek text alſo in the corollary is manifeſtly vitiated, wi il to 
mention is made of a given angle, though there neither is, 1 _ 
can be any thing in the propoſition relating to a given ang Sig 
PROP. XV. and XVI. B. IV. lich 
In the corollary of the firſt of theſe, the words equilat 12 
and equiangular are wanting in the Greek: And in prop. fully be 
inſtead of the circle ABCD, ought to be read the circumfereWited by 
ABCD: Where mention is made of its containing fifteen e 
parts. 
Bock V. rr. . . It was 
WY Portion 
MIt. of the modern mathematicians reject this def of | 
Ihe very learned Dr Barrow has explained it at lag After t 
the end of his third lecture of the year 1666, in which aloompounc 
anſwers the objections made againſt it as well as the ud triplie 
would allow: And at the end gives his opinion upon the vis made 
as follows: | Mtirely ut 
« I ſhall only add, that the author had, perhaps, Mee plac: 
<« ther deſign in making this definition, than (that he s book, 
« more fully explain and embelliſh his ſubject) to give 2 prop 
ral and ſummary idea of ratio to beginners, by pre like 
« this metaphyſical definition, to the mote accurate lit to h 
« tions of ratios that are the fame to one another, of dl 
„ which is greater, cr leſs than the other: I call it a 
„ phylical, 2 it is not properly a mathematical def 
* tlince nothing in mathematics depends on it, or js 0 Th; 
nor, as | judge, can be deduced from it: And the & "my 5 
tion of analogy, which follows, viz, Analogy 18 te "Ip 
| z 


N © TE: ©. 


 litude of ratios, is of the ſame kind, and can ſerve for no 
; purpoſe in mathematics, but only to give beginners ſome 
eneral, tho* groſs and confuſed notion of analogy : But the 
whole of the doctrine of ratios, and the whole of mathema-— 
tics depend upon the accurate mathematical definitions which 
follow this: To theſe we ought principally to attend, as the 
doctrine of ratios is more perfectly explaine by them; this 
third, and others like it, may be intirely ſpared without any 
loſs to geometry : As we ſee in the 7th book of the elements, 
where the proportion of numbers to one another is defined, 
and treated of, yet without giving any definition of the ratio 
of numbers; tho” ſuch a definition was as neceſſary and uſe- 
ful to be given in that book, as in this: But indeed there is 
ſcarce any need of it in either of them: Though I think that 
a thing of ſo general and abſtracted a nature, and thereby the 
more difficult to be conceived, and explained, cannot be more 
commodioufly defined, than as the author has done: Upon 
which account I thought fit to explain it at large, and defend 
it againſt the captious objections of thoſe who attack it. Io 
his citation from Dr Barrow I have nothing to add, except that 
fully believe the 3. and 8. definitions are not Euclid's, but 
ded by ſome unſkilful editor. 


DEF. XI B. v. 


It was neceſſary to add the word “ continual” before © pro- 
portionals”' in this definition; and thus it is cited in the 33. 
op. of book 11. 

After this definition ought to have followed the definition of 
pmpound ratio, as this was the proper place for it; duplicate 
d triplicate ratio being ſpecies of compound ratio. But Lheon 
$ mace it the 5. def. of B. 6. where he gives an abſurd and 
Iticely uſcleſs definition of compound ratio: For this reaſon we 
ve placed another definition of it betwixt the 11, and 12, of 
ls book, which, no doubt, Euclid gave; for he cites it expreſs- 
mn prop. 23. B. 6. and which Clavius, erigon, and Barrow 
de tkewiſe given, but they retain alſo Theon's, which they 
pit to have left out of the elements. 


DEF. XIII. B. V. 


Ibis and the reſt of the definitions following, contain the ex- 
"ation of ſome terms which are uſed in the 5. and following 
Ws ; which, except a ſew, are eaſily enough underſtood from 

* the 


—— — — 


306 WD: th 


Book V. the propoſitions of this book where they are firſt mentions! 
They ſeem to have been added by Theon, or ſome other Hy 
ever it be, they are explained ſomething more diſtinQly fort 
ſake of learners. 
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PROF. N. N. 


In the conſtruction preceeding the demonſtration of 


the words 4 «T»xs, any whatever, are twice wanting in d 
Greek, as alſo in the Latin tranſlations ;- and are now added, 


being wholly neceſſary. « holly 1 
Ibid. in the demonſtration; in the Greek, and in the K be 
tranſlation of Commandine, and in that of Mr Henry Brig G, ! 
which was publſhed at London in 1620, together with ook, w 
Greek text of the firſt ſix books, which tranſlation in this ple giv 
is followed by Dr Gregory in his edition of Euclid, there iH other 
ſentence following, viz. “ and of A and C have been taken ; and 
« quimultiples K, L; and of B and D, any equimultn\ook. 


« whatever (4 rπιfν ; M, N;“ which is not true, the wr 
“ any whatever,” ought to be left out: And it is ſtrange t 
neither Mr Briggs, who did right to leave out theſe words 
one place of prop 13. of this book, nor Dr Gregory, who cha 


ged them into the word “ ſome” in three places, and leſt th In the 
out in a fourth of that ſame prop. 13. did not alſo leave tix , ns 
out in this place of prop. 4 ard in the ſecond of the two pla x 
where they occur in prop. 17. of this book, in neither of v ay 
they can ſtand conſiſtent with truth: And in none of all the 3 5 
places, even in thoſe which they corrected in their Latin ta 5 15 
lation, have they cancelled the words & ervzz in the Greek t 115 * 
as they ought to have done ry vin 
The ſame words & «7»s are found in four places of pit "= 5 
11. of this book, in the firſt and laſt of which, they are nf - 
fary, but in the ſecond and third, though they are true Mich. 0 
are quite ſuperfluous z as they likewiſe are in the ſecond oft a 5 « 
two places in which they are found in the 12. prop. and in! = 
like places of prop. 22. 23. of this book: But are wane the tra. 
the laſt place of prop. 23. as alſo in prop- 25. Book 11. 133 
e there 
COR W. PRO H. BV. bo was tl 
: this err, 
This corollary has been un{kilfully annexed to this f ediuon 
ſition, and has been made inſtead of the legitimate dem tlays, h 
ſtration, which, without doubt, Theon, or ſome other curen or 


has taken away, not from this, but from its proper place 


N O T E 8. 


© —— 


lis book: The author of it deſigned to demonſtrate, that if four 
menitudes E, G, F, H be proportionals, they are alſo pro- 
200 inverſely; that is, G is to E, as H to F; which is 
we, but the demonſtration. of it does not in the leaſt depend 
non this 4th pre p. or its demonſtration : For, when he ſays, 
{ becauſe it is demonſtrated that if K be greater than M, L 1s 
greater than N, &c. This indeed is thewn in the demon— 
tion of the 4th prop. but not from this that E, G, F, H are 
roportionals 3 for this laſt is the concluſion of the propoſition. 
Vherefore theſe words, „ becauſe it is demonſtrated,” &c. are 
holy foreign to his defign : And he ſhould have proved, that 
K be greater than M, L is greater than N, from this, that 
G, F, H are proportionals, and from the 5th def. of this 
ook, which he has not; but is done in propoſition B, which we 
we given, in its proper place, inſtead of this corollary; And 
other corollary is placed after the qth prop. which is often of 
ſe; and is neceſſary to the demonſtration of prop. 18, of this 
90k. | 


PROP. YDB. Vs 


In the conſtruction which precedes the demonſtration of 
is propoſition, it is required that EB may be the ſame 
ultiple of CG, that AE is of CF; that is, that EB be di- 
ded into as many equal parts, as there are parts in AL e- 
ual to CF: From which it is evident, that this conſtruction is 
ot Euclid's; for he does not thew the way of tividing ſtraight 
es, and far Jets other magnitudes, into any number of e- 
al parts, until the th propolition of B. 6. and he never re- 
ures any thing to be done in the conſtruction, of which he 
d not before given the method of doing: For this A 
on, we have changed the conſtruction to one, | G 
bich, without doubt, is Euclid s, in which no- 


Ing is required but to add a magnitude to itſelf a 
tan number of times; and this is to be found 
| the tranſlation from the Arabic, tho' the enun- 
on of the propoſition and the demonſtration 
e there very much ſpoiled. Jacobus Peletarius, 
bo was the firſt, as far as I know, who took notice 
this error, gives allo the right conſtruction in 


pro 
gem 
ealt 


* 


lac v2 


3 


B 


C. 
F. 


D 


＋ 


| 


edition of Euelid, aſter he had given the other which he blames: | 
tlays, he would not leave it out, becauſe it was fine, and might 
pe one's genius to invent others like it; whereas there 


18 


| 
x 
l 
| 
: 
4 


. 


is not the leaſt difference between the two demonſtrations, «. 
cept a ſingle word in the conſtruction, which very probably hy 
been owing to an unſkilful Librarian. Clavius likewiſe ging 
both the ways; but neither he nor Peletarius takes notice of th 


om th 
th an 
gon ir 


reaſon why the one is preferable to the other. * 
$ very « 
P R O P. VI. B. V. : 7 io 


n anſw 
There are two cafes of this propoſition, of which only th ery brit 


firſt and ſimpleſt is demonſtrated in the Greek: And it is phie of 
ble Theon thought it was ſufficient to give this one, ſince he w ally de 
to make uſe of neither of them in his mutilated edition of nett 
5th book; and he might as well have left out the other, as li 
the 5th propoſition for the ſame reaſon : The demonſtration 
the other caſe is now added, becauſe both of them, as alſo th 
5th propoſition, are neceſſary to the demonſtration of the i8 
propoſition of this book. The tranſlation from the Arabic gire This 
both caſes briefly. re is p 


corolla 
hat core 


PROP. A. B. V. 

This propoſition 1s frequently uſed by geometers, and it! 
neceflary in the 25th prop. of this book, 31. of the 6. a 
34. of the 11 and 15. of the 12th book: It ſeems to have ben 
taken out of the elements by Theon, becauſe it appeared en This i 
dent enough to him, and others who ſubſtitute the confu e the 5t 
and indiſtinct idea the vulgar have of proportionals, in puis notes 
of that accurate idea which is to be got from the 5th det. ily in r 
this book. Nor can there be any doubt that Eudoxus or LyWook, in 
clid gave it a place in the elements, when we ſee the 7th aytinitior 
gth of the ſame book demonſtrated, tho? they are quite as callWroperty 
and evident as this. Alphonſus Borellus takes occaſion trogook : A 
this propoſition to cenſure the 5th definition of this book at four 
ſeverely, but moſt unjuſtly: In page 126. of his Euclid tech def, 
red, printed at Pita in 1658, he ſays, „ Nor can even Pei. of 5: 
« Jeaſt degree of knowledge be obtained from the fo Firſt, 
« property,” viz. that which is contained in 5th def. 5. © 114Wnupnitud 
« if four magnitudes be proportionals, the third mutt nevWme mu 
« farily be greater than the fourth, when the firſt is grew, which 
« than the fecond; as Clavius acknowledges in the 16th e propo; 
« of the 5th book of the elements.” But though Clavius med in pr 
no ſuch acknowledgement expreſsly, he has given Borch Second 
handle to ſay this of him; becauſe, when Clavius, in the Ame part 
cited place, cenſures Commandine, and that very jel!) H; in 
demonſtrating this propoſition by help of the 16th of derb, as F 
yet he himſelf gives no demonſtration of it, but thinks mp 
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m the nature of proportionals, as he writes in the end of the Book v. 
4th and 16th prop. B. 5. of his edition, and is followed by He- 
no gon in Schol. 1. prop. 14. B. 5. as if there was any nature of 
wportionals antecedent to that which is to be derived and un- 

Lritood from the definition of them: And indeed, though it 

very eaſy to give a right demonſtration of it, no body, as far 

;1 know, has given one, except the learned Dr Barrow, who, 

n anſwer to Borellus's objection, demonſtrates it indirectly, but 

ery briefly and clearly, from the 5th definition, in the 322d 

age of his Let. Mathem. from which definition it may alſo be 

ily demonſtrated directly: On which account we have placed 

| next to the propoſitions concerning equimultiples, 


„ PROP. B. BOOK V. 


This alſo is eaſily deduced from the 5th def. B. 5. and there- 
re is placed next to the other, for it was very ignorantly made 
corollary from the 4th prop. of this book, See the note on 
hat corollary. 


PROP. C. B. V. 


This is frequently made uſe of by geometers, and is neceſſary 
o the 5th and 6th propoſitions of the roth book. Clavius in 
ls notes ſubjoined to the 8th def. of book 5. demonſtrates it 
. ay in numbers, by help of ſome of the propoſitions of the 7th 
Eon, in order to demonſtrate the property contained in the 5th 
1 nWctinition of the 5th book, when applied to numbers, from the 
; calliWroperty of proportionals contained in the 20th def. of the 7th 
wok: And molt of the commentators judge it difficult to prove 
ect four magnitudes which are proportionals according to the 
reluWoth def. of 7th B, are alſo proportionals according to the 5th 
e. of 5th book: But this is eaſily made out, as follows: 

Fiſt, If A, B, C, D be four 

apnitudes, ſuch that A is the F 
me multiple, or the ſame part of B | H 
„ which C is of D; A, B, C, D 
e proportionals: This is demonſtra- 
ed in propolition C. 

decondly, If AB contain the K L 
ne parts of CD that EF does of | | 


H; in this caſe likewiſe AB is to 
D, as EF to GH. A C E G M 


U 3 Le: 


| 
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Book V. Let CK be a part of CD, and GL the ſame part of tert 

and let AB be the fame multiple of n this © 
CK, that FF is of GL : Therefore, Fi {Won 
by prop. C. of 5th book, AB is to B | H iſe of 1 
CK, as EF to GL: And CD, GH D | hanged 


that 
s the fir 
H; fol 


hat mul 


are equimultiples of CK, GL the 
ſecond and fourth; wherefore, by Fa 
Cor. prop. 4. Book 5. AB is to CD, K Ly 
as EF to Gl. | 


| 
| 
| 
| 
| 
| 
| 


And if four magnitudes be pro- | chat 
portionals according to the 5th det of A C E G ) 1 I 
g: 


Book 5. they are alſo proportionals according to the 20th def, 
Book 7. 
Firſt, If A be to B, as C to D; then if A be any multip 


bi K : 
both c 


r part of B, C is the ſame multipl £ on, for 
= 7 5 5 ple or part of D, by prop. 1. wa 
nonſtrat 


Next, If AB be to CD, as EF to GH; then if AB contain 
any parts of CI), EF contains the ſame parts of GH: For le 
CK be a part of CD, and GL the ſame part of GH, and] 
Ab be a multiple of CK; EF is the ſame multiple of Gl 
Take M the ſame multiple of GL that AB is of CK; then 
fore by prop. C. of B. 5. ABis to CK, as M to GL; and(D 
GH are cquimultiples of CK, GL ; wheretore by Cor. pry 
4. B. 5. AB is to CD, as M to GH: And, by tte hypothels 
AB is to CD, as EF to GH; therefore M is equal to IF b 
prop. 9. Book 5. and contequently EF is the fame multiple 
GL that AB is of CK. 


hird cal 
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This is not unfrequently uſcd in the demonſtration of oth 
propoſitions, and is neceſtary in that of prop. 9. B. C. It ſcen 
'Theon has leit it out for the feaſon mentioned in the notes! 
prop. A. | 


It wa 
polition 
ther ed 
Ir equal 
0 magn 
mitions 
monſtra 
have t 
than 
But 
woult 
fore . 
bis, if 
ay eq: 


PROP, VIII. 3. v. 


In the demonſtration of this, as it is now in the Greel 
there are two caſes, (ſee the demonſtration in Hervagius 0 
Dr Gregory's edition), of which the firſt is that in which A 
is leſs than EB; and in this, it neceſſarily follows that N 
the multiple of EB is greater than ZH the fame multipie ( 
AE, which laſt multiple, by the conſtruction, is greater tha 
A; whence af Ho mult be greater than A: Bur, in the {eco 
cale, Viz. that in which EB is leis than AE, tho' ZH be gre 
than a, yet Ho may be leſs than the ſame A; fo that the 
cannot be taken a multiple of A which is the firſt that 1 

grean 


N 


reater than K, or Ho, becauſe A itſelf is greater than it: Up- 
n this account, the author of this demonſtration found it ne- 
effary to change one uu of the conſtruction that was made 
iſe of in the firſt caſe: But he has, without any neceſſity, 
hanged alſo another part of it, viz. when he orders ta take 
| that multiple of A which 2 

$ the firſt that is greater than Z | 
H; for he might have taken I 

hat multiple of A which is the 

Iſt that is greater than Io, H+ A A 
K, as was done in the firſt | 
aſe: He likewiſe brings in 

his K into the demonſtration E II. 
f both caſes, without any rea- Ex 
on, for it ſerves to no pur- 
joſe but to lengthen the de- 0 BA O BB A 
nonſtration. I here is alſo a 

bird caſe, which is not mentioned in this demonſtration, viz. 
hat in which AE in the firſt, or EB in the ſecond of the two 
ther caſes, is greater than D; and in this any equimultipler, 
s the doubles, of AE, KB are to be taken, as is done in this 
dition, where all the cafes are at once demonſtrated : And from 
his it 18 plain that Theon, or ſome other unſkilful editor has vi- 
lated this propoſition. 


2 


— 


PROP. K. BFV. 
Of this chere is given a more explicit demonſtration than that 
which is now in the elements. 


PROP. X= B. V. 

t was neceſſary to give another demonſtration of this pro- 
polition, becauſe that which is in the Greek and Latin, or 
ther editions, is not legitimate: For the words greater, the ſame 
Ir equal, leſſer have a quite different meaning when applied 
0 magnitudes and ratios, as is plain from the 5th and 7th de- 
mitions of Book 5. By the help of theſe let us examine the de- 
monſtration of the 1oth prop. which proceeds thus: © Let A 
hure to Ca greater ratio, than B to C: I ſay that A is greater 
wan B. For if it is not greater, it is either equal, or leſs, 
But A cannot be equal to B, becauſe then cach of them 
would have the ſame ratio to C; but they have not. There- 
tore A is not equal to B.“ The force of which reaſoning is 
Ws, if A had to C, the fame ratio that B has to C, then if 
af equimultiples whatever of A and B be taken, and any 
U4 multiple 
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Book V. 
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doubt th 
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e abo! 
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multiple 
1s grea 
$ alſo g 


ecauſe . 


oC, A 


multiple whatever of C; if the multiple of A be greater thy 
the multiple of C, then, by the 5th def. of Book 5. the mult 
of B is alſo greater than that of C: But, from the hypothe 
that A has a greater ratio to C, than B has to C, there my 
by the 7th def. of Book 5. be certain equimultiples of A aud! 
and ſome multiple of C ſuch, that the multiple of A is prexe 
than the multiple of C, but the multiple of B is not grey 
than the ſame multiple of C: And this propoſition diredl 
contradicts the preceeding; wherefore A is not equal to} 
The demonſtration of the 1oth prop. goes on thus: “ But ng 
ce ther is A leſs than B; becauſe then A would have ale n 
« tio to C, than B has to it: But it has not a leſs ratio, ther 
« fore A is not lefs than B,“ &c. Here it is ſaid that «4 
« would have a lefs ratio to C, than B has to C,“ or, whid 
is the ſame thing, that B would have a greater ratio to 

than A to C; that is, by 7th def. Book 5. there muſt be {ont 


equimultiples of B and A, and ſome multiple of C ſuch, tf B. 5. 
the multiple of B is greater than the multiple of C, but H greate 
multiple of A is not greater than it: And it ought to h And E 


been proved that this can never happen if the ratio of A eore D 


C be greater than the ratio of B to C; that is, it ſhould ha 
been proved, that, in this caſe, the multiple of A is always gret 
er than the multiple of C, whenever the multiple of Bi 
greater than the multiple of C: for, when this is demonſtrate 
it will be evident that B cannot have a greater ratio to C, th 
A has to C, or, which is the fame thing, that A cannot hae 
leſs ratio to C, than B has to C: But this is not at all prom 
in the 10th propoſition ; but if the 1oth were once demonſtrate 
it would immediately follow from it, but cannot without | 
be eaſily demonſtrated, as he that tries to do it will find. Where 
fore the 1oth propoſition is not ſufficiently demonſtrated. An 
it ſeems that he whe has given the demonſtration of the 10t 
propolition as we now have it, inſtead of that which Eudow 
or Euclid had given, has been deceived in applying what | 
manifeſt, when underſtood of magnitudes, unto ratios, Viz, th 
a magnitude cannot be both greater and leſs than another 
That thoſe things which ate equal to the ſame arc equal tf 
one another, is a moſt evident axiom when underſtood d 
magnitudes z yet Euclid does not make uſe of it to infer that 
thoſe ratios which are the ſame to the ſame ratio, are the land 
to one another ; but explicitly demonſtrates this in prop. I. 


of Book 5. The demonſtration we have given of the oth pid. 
| nd 
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doubt the fame with that of Eudoxus or Euelid, as it is im- 
Intely and directly derived from the definition of a greater 


, viz the 7. of the 5. 


de above mentioned propoſition, viz. If A have to Ca 


ter ratio than B to C, and if of A and 
re be taken certain equimultiples, and 
multiple of C; then if the multiple 
de greater than the multiple of C, the 
tiple of A is alſo greater than the ſame, 
us demonſtrated. 


t D, E be equimultiples of A, B, and 


multiple of C, ſuch, that E the multiple 
is greater than F; D the multiple of 


; alſo greater than F. 


ecauſe A has a greater ratio to C, than 
oC, A is greater than B, by the 10. 
5. therefore D the multiple of 
s greater than E the ſame multiple of 
And E is greater than F; much more 


b. B. 


core D is greater than F. 


Commandine's, Briggs's, and Gregory's tranſlations, at the 

ration, it is ſaid, © And the multi- 
e of C is greater than the multiple of D; but the multi- 
le of E is not greater than the multiple of F;“ which 
(s are a literal tranſlation from the Greek : But the ſenſe 
ently requires that it be read, © fo that the multiple of C 
greater than the multiple of D; but the multiple of E be 
t greater than the multiple of F.“ And thus this place was 
red to the true reading in the firſt editions of Comman- 
$Luclid printed in 8vo at Oxford; but, in the later edi- 
at leaſt in that of 1747, the error of the Greek text was 
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PROP. AM BY. 


lere is a corollary added to Prop. 13. as it is neceſſary to 
o. and 21. Prop. of this book, and is as uſeful as the 


PROP, XIV; B. V. 


© two cafes of this, which are not in the Greek, are add- 
ue demonſtration of them not being exactly the ſame with 
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PROP. XVII. B. V. 


uledges 


he ma 
The order of the words in a clauſe of this is changed g of it le 
more natural: As was alſo done in prop. 11. N 
e 
| ſt are 
Roof enn . ne kin 
a New ind witl 
The demonſtration of this is none of Euclid's, nor isit unh D, 
timate; for it depends upon this hypotheſis, that to any the fir 
magnitudes, two of which, at leaſt, are of the fame WW. fe 
there may be a fourth proportional; which if not proved, fk. 
demonſtration now in the text is of no force: But this vii Ficher 
ſumed without any proof; nor can it, as far as I am and 
diſcern, be demonſtrated by the propoſitions preceeding Me poll! 
ſo far is it from deſerving to be reckoned an axiom, à WMrrth D 
vius, after other commentators, would have it, at the t A, 
the definitions of the 5th book. Euclid does not demon other ; 
it, nor does he ſhew how to find the fourth proportional, MH of t 
fore the 12th prop. of the 6th Book: And he never aſſume WW, or ſu 
thing in the demonſtration of a propoſition, which he hal kt: hap 
before demonſtrated ; at leaſt, he aſſumes nothing the eue. if 
of which is not evidently poſſible ; for a certain concluſion quality. 
never be deduced by the means of an uncertain propoitifM found] 
Upon this account, we have given a legitimate demonſraWaniſelt i 
of this propoſition inſtead of that in the Greek and obaWhat is 
ditions, which very probably Theon, at leaſt ſome other, ie dem 
put in the place of Euclid's, becauſe he thought it too ,d, 
And as the 17th prop. of which this 18th is the converle, s to ! 
monſtrated by help of the 1ſt and 2d propoſitions of this ii to D 
ſo, in the demonſtration now given of the 18th, the ind uy 
and both cafes of the 6th are neceflary, and theſe two le, as 
ſitions are the converſes of the 1it and 2d. Now the zü en nc: 
6th do not enter into the demonſtration of any propolitoMuclid's 
this book as we now have it: Nor can they be of ule u hs to 
propoſition of the Elements, except in this 18th, and tis as G 
manifeſt proof, that Euclid made uſe of them in his d LM 
ſtration ot it, and that the demonſtration now given, we happ 
exactly the converſe of that ot the 17th, as it ought to A the 
fers nothing from that of Eudoxus or Euclid: For the zh eliple 
6th have undoubtedly been put into the 5th Book tor tlic l utiple 
ſon:e propoſitions in it, as all the other propoſitions about er lie, 
multiples have been. 118 gre 
Hicronymus Saccherius, in his book named Euclides , An 


ni nacvo vindicatus, printed at Milan Ann. 1733, 146 
Lag 
10% 


NS S. 


wedges, this blemiſh in the demonſtration of the 13. and 
he may remove it, and render the demon!'iration we now 
of it legitimate, he endeavours to demonſtrate the following 
oftion, which is in page 115. of his book, viz, 

Let A, B, C, D be four magnitudes, of which the two 
@ re of one kind, and alſo the two others either of the 
me kind with the two firſt, or of fome other the ſame 
nd with one another. I ſay the ratio of the third C to the 
th D, is either equal to, or greater, or leis than the ratio 
the firſt A to the ſecond B.” 

nd after two propoſitions premiſed as Lemmas, he proceeds 


Fither among all the poſhble equimultiples of the firſt 
J and of the third C, and, at the fame time, among all 
e poſſible equimultiples of the fecond B, and of the 
arth D, there can be found ſome one multiple EF of the 
ſt A, and one IK of the ſecond B, that are equal to one 
other; and allo (in the ſame cale) ſome one multivle 
Hof the third C equal to LM the multiple of the fourth 
„ or ſuch equality is no where to be found, If the firſt 


al We happen, | 47 

l W — » - 

ute. ce, it ſuch * © 1. 4 
quality is to 5 5 
foundJit is + 1 R 
anifelt from 
ui be G —— © | 


re demon- 


rated, that 5 13 | M 


Iss to B, as 
to D: But if ſuch ſimultaneous equality be not to be 


ih und upon both ſides, it will be found either upon one 
ple, as upon the tide of A [and B z] or it will be found 
en neither ſide ; if the firſt happen; therefore (from 


uclids definition of greater and leſſer ratio foregoing) 


: 10 bes to B, a greater or leſs ratio than C to D; accord- 
muess GH the multiple of the third C is lets, or greater 
deen LM the multiple of the fourth D: But if the tecond 


le happen; therefore upon the one fide, as upon the ſide 
A the firſt and B the ſecond, it may happen that the 
uitp!e EF, (viz. of the firſt] may, be leſs than & the 
utiple cf the tecond, while, on the contrary, upon the o- 
er lide, ['viz, of C and Di the multiple GH [ot the third 
11 greatzr than the other multiple LM [ot the fourth 
'N And then (from the ſame definition of Kuclid) the ra- 
© tio 


„„ 


Bock V. «& tio of the firſt A to the ſecond B, is leſs than the ratio g 
„ third C tothe fourth D; or on the contrary, 


„Therefore the axiom, [1. e. the propoſition before ſet d 
©« remains demonſtrated,” &c. 
Not in the leaſt ; but it remains ſtill undemonſtrated: 


what he fays may happen, may, in innumerable caſes, i 


happen; and therefore his demonſtration does not hold: 


example, if A be the fide, and B the diameter of a {qu 
and C the fide, and D the diameter of another ſquare; 


can in no caſe be any multiple of A equal to any of); 
any one of C equal to one of D, as is well known; 


yet it can never happen that when any multiple of A is giz 
than a multiple of B, the multiple of C can be leſs than then 
tiple of D, nor when the multiple of A is leſs than that d 
the multiple of C can be greater than that of D, viz, ta 


equimultiples of A and C, and equimultiples of B and 
For A, B, C, D are proportionals ; and ſo if the multy 
A be greater, &c. than that of B, ſo muſt that of C be gr 
&c. than that of D; By 5th Def. B. 5. 


The ſame objection holds good againſt the demonltn 
which ſome give of the iſt prop. of the 6th book, which vel 


made againſt this of the 18th prop. becauſe it depends upa 
lame inſufficient foundation with the other. 


PROP. XIX. B. V. 


A corollary is added to this, which is as frequently ul 
the propoſition itſelf. The corollary which is ſubjoinel 
in the Greek, plainly ſhews that the 5th book has been vi 
by editors who were not geometers: For the converhot 
ratios does not depend upon this 19th, and the demon 
which ſcveral of the commentators on Euclid give of c- 
ſion, is not legitimate, as Clavius has rightly obſerved, 
has given a good demonſtration of it which we have put i 
poſition E; but he makes it a corollary from the 19th, and 
gins it wich the words, “Hence it eaſily follows,” thou 
does not at all follow from it. 


PROP. XX. XXI. XXII. XXIII. XXIV. B.. 


The demonſtrations of the 20th and 21ſt propoſition 
ſhorter than thoſe Euclid gives of eaſier propoſitions, * 
in the preceeding, or following books: Wherefore it u 
per to make them more explicit, and the 22d and 230} 
ſitions are, as they ought to be, extended to any my 
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e of in a corollary z and another corollary is added, as 
| as the propoſition, and the words © any whatever are ſup- 
| near the end of prop. 23. which are wanting in the Greek 
and the tranſlations from it. 

ja paper writ by Philippus Naudaeus, and publiſhed, after 
teath, in the hiſtory of the Royal Academy of Sciences of 
in, ann. 1745, Page 50. the 23d prop. of the 5th book is 
ured as being obſcurely enunciated, and, becauſe of this, 
iy demonſtrated : The enunciation there given is not Eu- 
5 but Tacquet's, as he acknowledges, which, though not ſo 
expreſſed, is, upon the matter, the ſame with that which 
w in the Elements. Nor 1s there any thing obſcure in 
ough the author of the paper has ſet down the propor- 
ils in a diſadvantageous order, by which it appears to be 
ure: But, no doubt, Euchd enunciated this 23d, as well as 
22d, fo as to extend it to any number of magnitudes, which, 
n two and two, are proportionals, and not of ſix only; and 
lis general caſe the enunciation which Naudaeus gives, can- 
be well applied. 

e demonſtration which is given of this 23d, in that paper, 
uite wrong; becauſe, if the proportional magnitudes be 
e or folid figures, there can no rectangle (which he im- 
jerly calls a product) be conceived to be made by any two 
em: And it it ſhould be ſaid, that in this caſe ſtraight lines 
to be taken which are proportional to the figures, the de- 
tration would this way become much longer than Eu- 


But even, tho' his demonſtration had been right, who 
. $ not ſee that it could not be made uſe of in the 5th Book ? 
rhot | 
{tr 


PROP. F, G, H, k. B. v. 


[leſe propoſitions are annexed to the 5th Book, becauſe they 
frequently made uſe of by both antient and modern geome- 
And in many cafes compound ratios cannot be brought 
demonſtrations, without making uſe of them. 

Whoever deſires to ſee the doctrine of ratios delivered in 
5th Book ſolidly defended, and the arguments brought a- 
ſt it by And. Tacquet, Alph. Borellus, and others, fully 
lted, may read Dr Barrow's mathematical lectures, viz. the 
and 8th of the year 1666. 

ſhe 5th book being thus correCted, I moſt readily agree to 


vc in 


"des: And, in like manner, may the 24.J[be, as is taken Bock V. 
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Book V. (ein the whole body of the Elements, of a more ſubtile inen 
„ nothing more ſolidly eſtablithed and more accurately hand 
e“ than the doctrine of proportionals.” And there i; f 

ground to hope, that geometers will think that this cou}! 


8 q Kat: o this : 
have been ſaid with as good reaſon, ſince 'Cheon's time 1 


tration 


preſent. 

: | ſeems 

Book VI. D E F. Ih. and V. of B. VI. 8 
on that 
wr jonitrate 
HE 2. defmition does not ſeem to be Euclid's but M&-rricul, 
unſkilſul editor's: For there is no mention made by Wortiona 
clid, nor, as far as I know, by any other geometer, of c 4. pri 
cal figures: It is obſcurely ' expreſſed, which made it H anſlati 


to render it more diſtinct: It would be better to put the (all 
ing definition in place of it, viz. 
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DEF. H 

Two magnitudes are ſaid to be reciprocally proportioni 
two others, when one of the firſt is to one of the other 

nitudes, as the remaining one of the laſt two 1s to the remai 

one of the firſt, 

ut the 5. definition, which, ſince Theon's time, has | 

kept in the elements, to the great detriment of learnere, is1 


joſtly thrown out of them, for the reaſons given in the nets editor a 
the 23. prop. of this book. of * 
meral at 


PR O P. I. and I. B. VI. 
To the firſt of theſe a corollary is added which is oſten u 


And the enunciation of the ſecond is made more genetal, 1 
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A ſecond caſe of this, as uſeſul as the firſt, is given in g 
A, viz. the caſe in which the exterior angle of a triangle x 
tected by a ſtraight line: The demonſtration of it is very li 
that of the firſt caſe, and upon this account may, probably, 
been left out, as alſo the enunciation, by fome un{kiltul ed 
At leaſt, it is certain, that Pappus makes ute of this calc, © 
elementary propoſition, without a demonitration ot it, 11 Þ 


39. of his 7. book of Mathematical Collections. 
PRO 


IE S. 


PROP. VII. B. VL 


o this a caſe is added which occurs not unfrequently in de- 
trations» 


PRO FP. VHL. B. V. 


ſeems plain, that ſome editor has changed the demon- 
on that Euclid gave of this propoſition : For, after he has 
onſtrated, that the triangles are equiangular to one another, 
particularly ſhews that their ſides about the equal angles are 
ortionals, as if this had not been done in the demonſtration 
e 4. prop. of this book: This ſuperfluous part is not found in 
tan{lation from the Arabic, and is now leſt out. 


PROF. K. VI. 


is is demonſtrated in a particular caſe, viz. that in which 
third part of a ſtraight line is required to be cut off; 
ch is not at all like Euclid's manner: Beſides, the author 
he demonſtration, from four magnitudes being propor- 
als, concludes that the third of them 1s the ſame multiple 
he fourth, which the firſt is of the ſecond 3 now this is no 
re demonſtrated in the 5. book, as we now have it : But 
editor aſſumes it from the confuſed notion which the vulgar 
of proportionals : On this account, it was neceſſary to give 
neral and legitimate demonſtration of this propoſition. 


POF. XMII. B. VI. 


he demonſtration of this ſeems to be vitiated : For the 
potion is demonſtrated only in the caſe of quadrilateral 
es, without mentioning how it may be extended to figures 
ve or more ſides : Beſides, from two triangles being equi- 
lar, it is inferred, that a fide of the one is to the homolo- 
lide of the other, as another fide of the firit is to the 
homologous to it of the other, without permutation of 
Proportionals 3 which is contrary to Euclid's manner, as 


tin the concluſion, where the ſides about the equal angles 
wt ſhewn to be proportionals; by reaſon of again ne- 
ng permutation : On theſe accounts, a demonſtration is 
an Euclid's manner, like to that he makes uſe of in the 
29. prop. 


ear from the next propoſition: And the ſame fault occurs 
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Book VI. 20. Prop. of this book; and it is extended to five ſidel 6 
by which it may be ſeen how to extend it to figures of t 
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PROP. XXIII. B. VI. 


ly to fi 

Nothing is uſually reckoned more difficult in the ex : place 
of geometry by learners, than the doctrine of compound and 
tio, which Theon has rendered abfurd and ungeometricy, rs fro: 
ſubſtituting the 5. definition of the 6. book in place oe, in! 
right definition, which without doubt Eudoxus or Euclid itions. 
in its proper place, after the definition of triplicate ofM&nuſcri 
&c. in the 5. book. Thcon's definition is this; a raifftnition 
ſaid to be compounded of ratios er&» 4: Twy Moywr i, the 
£0 t FOAM TINariacrltioas mow, rf: Which Comma er the 
thus tranſlates, “ quando rationum quantitates inter ſe ml tripli 
% plicatae aliquam efficiunt rationem;” that is, when {Wſtudes 1 
quantities of the ratios being multiplied by one another nWratio o 
a certain ratio. Dr Wallis tranſlates the word {iii to 
«© rationum exponentes,” the exponents of the ratios: lde tri 
Dr Gregory renders the laſt words of the definition by o o. 
“facit quantitatem,” makes the quantity of that ratio: Ne <q! 
in whatever ſenſe the “ quantities” or exponents obere b 
&« tios,” and their © multiplication” be taken, the delngWOwnother 
will be ungeometrical and uſeleſs : For there can be no d to 
plication but by a number; now the quantity or exponentermed! 
a ratio (according as Eutocius in his Comment. on edit. 
book 2. of Arch. de Sph. et Cyl. and the moderns explain be firl 
term) is the number which multiplied into the conſequent of the 
of a ratio produces the antecedent, or, which is the ſame tine dup 
the number which ariſes by dividing the antecedent by W's inte 
conſequent ; but there are many ratios ſuch, that no nulWwother 
can ariſe from the diviſion of the antecedent by the conſequhourid!: 
ex. gr. the ratio which the diameter of a iquare has 0 em v 
ſide of it; and che ratio which the circumference of a6 Plicatio 
has to its diameter, and ſuch like. Beſides, there 1s e equ 
leaſt mention made of this definition in the writings dos, 
clid, Archimedes, Apollonius, or other antients, tho they tu; 
quently make uſe of compound ratio: And in this 23 | bis Li 
of the 6. book, where compound ratio is firſt mem expre 
there is not one word which can relate to this definition ett 


nz but 


here, if in any place, it was neceſſary to be brought1 But 


right definition is expreſsly cited in theſe words : | 
« ratio of K to M is cempounded of the ratio of K! 


NOTE 8s. 321 


ind of the ratio of L to M.“ This definition therefore of Book VI. Ll 
eon is quite uſeleſs and abſurd : For that Theon brought it | 
the elements can ſcarce be doubted ; as it is to be found 1 
his commentary upon Ptolomy's Msyzan Eurrets, page 62. 

ere he alſo gives a childith explication of it, as agreeing 
ly to ſuch ratios as can be expreſſed by numbers; and from 
ö place the definition and explication have been exactly co- 
d and prefixed to the definitions of the 6th book, as ap- 
s from Hervagius's edition: But Zambertus and Comman- 
ke, in their Latin tranſlations, ſubjoin the ſame to theſe de- 
tions. Neither Campanus, nor, as it ſeems, the Arabic 
anuſcripts, from which he made his tranſlation, have this 
fnition Clavius, in his obſervations upon it, rightly judges 
at the definition of compound ratio might have been made 
er the fame manner in which the definitions of duplicate 
{ triplicate ratio are given, viz. That as in ſeveral magni- 
tudes that are continual proportionals, Euclid named the 
ratio of the firſt to the third, the duplicate ratio of the 
firſt to the ſecond 3 and the ratio of the firſt to the fourth, 
the triplicate ratio of the firſt to the ſecond ; that is, the 
ratio compounded of two or three intermediate ratios that 
ae equal to one another, and ſo on; ſo, in like manner, if 
there be ſeveral magnitudes of the ſame kind, following one 
mother, which are not continual pro-ortionals, the firſt is 
lad to have to the laſt the ratio compounded of all the in- 
mediate ratios, —-—only for this reaſon, that theſe inter- 
mediate ratios are interpoſed betwixt the two extremes, Viz. 
the firſt and laſt magnitudes z even as, in the oth definition 
of the 5th book, the ratio of the firſt to the third was called 
he duplicate ratio, merely upon account of two ratios be- 
Ing interpoſed betwixt the extremes, that are equal to one 
mother: So that there is no difference betwixt this com- 
pounding of ratios, and the duplication or triplication of 
hem which are defined in the 5th book, but that in the du- 
plication, triplication, &c. of ratios, all the interpoſed ratios 
ae equal to one another; whereas, in the compounding of 
os, it is not neceſſary that the intermediate ratios ſhould 
be equal to one another.” Allo Mr Edmund Scarburgh, 
bis Englith tranſlation of the firſt fix books, page 238. 
 exprelsly affirms, that the 5th definition of the 6th book, is 
Foltitious, and that the true definition of compound ratio 
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PROP. XXIII. B. VI. 


Nothing is uſually reckoned more difficult in the c 


of geometry by learners, than the doctrine of compound and 
tio, which Theon has rendered abſurd and ungeometriey, Wars fror 
ſubſtituting the 5. definition of the 6. book in place M, in t 
Tight definition, which without doubt Eudoxus or Euclid Mitions. 
in its proper place, after the definition of triplicate M nuſcri; 
&c. in the 5. book. Theon's definition is this; a raMfinition 
ſaid to be compounded of ratios 6rav A, Twy Moya» ν˖ͤk e the 
£0 £4&UuTX5 e Nm NT te TH; Which Comma er the 
thus tranſlates, “ quando rationum quantitates inter ſe M tripli 
e plicatae aliquam efficiunt rationem;“ that is, when {Wtudes t 
quantities of the ratios being multiplied by one another nratio © 
a certain ratio. Dr Wallis tranſlates the word πñ ir to 
rationum exponentes,” the exponents of the ratios: Wiſthe tri 
Dr Gregory renders the laſt words of the definition by tio c. 
“facit quantitatem,” makes the quantity cf that ratio: Nie eq 
in whatever ſenſe the “ quantities” or “ exponents obere b 
&« tios,” and their “ multiplication” be taken, the def other 
will be ungeometrical and uſeleſs : For there can be no Hd to 
plication but by a number; now the quantity or exponentermed! 
a ratio (according as Eutocius in his Comment. on progſQmediate 
book 2. of Arch. de Sph. et Cyl. and the moderns explain ve firft 
term) is the number which multiplied into the conſequent ſo! the 
of a ratio produces the antecedent, or, which is the ſame be dup 
the number which ariſes by dividing the antecedent by ns inte 
conſequent ; but there are many ratios ſuch, that no nulſWnother 
can ariſe from the diviſion of the antecedent by the conſe undi: 
ex. gr. the ratio which the diameter of a 1quare has 0 them v 
ſide of it; and the ratio which the circumference of a MFPlicatio 
has to its diameter, and ſuch like. Beſides, there 1s ne equ 
leaſt mention made of this definition in the writings dos, } 
clid, Archimedes, Apollonius, or other antients, tho they ee <q u; 
quently make uſe of compound ratio: And in this 2; | bis En 
of the 0. book, where compound ratio is firſt men expre 
there is not one word which can relate to this definition iWholtiti 


here, if in any place, it was neceſſary to be brought in; but 
right definition is expreſsly cited in theſe words: 0 I 
ratio of K to M is compounded of the ratio of f 
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heon is quite uſeleſs and abſurd: For that Theon brought it 
o the elements can ſcarce be doubted ; as it is to be found 
his commentary upon Ptolomy's M, Euvrat, page 62. 
ere he alſo gives a childith explication of it, as agreeing 
ly to ſuch ratios as can be expreſſed by numbers; and from 
s place the definition and explication have been exactly co- 
d and prefixed to the definitions of the 6th book, as ap- 
rs from Hervagius's edition: But Zambertus and Comman- 
ne, in their Latin tranſlations, ſubjoin the ſame to theſe de- 
tions. Neither Campanus, nor, as it ſeems, the Arabic 
pnuſcripts, from which he made his tranſlation, have this 
fnition Clavius, in his obſervations upon it, rightly judges 
at the definition of compound ratio might have been made 
er the ſame manner in which the definitions of duplicate 
d triplicate ratio are given, viz. ** That as in ſeveral magni» 
tudes that are continual proportionals, Euchd named the 
ratio of the firſt to the third, the duplicate ratio of the 
firſt to ghe ſecond 3 and the ratio of the firſt to the fourth, 
the triplicate ratio of the firſt to the ſecond ; that is, the 
ratio compounded of two or three intermediate ratios that 
are equal to one another, and ſo on; ſo, in like manner, if 
there be ſeveral magnitudes of the ſame kind, following one 


ld to have to the laſt the ratio compounded of all the in- 
termediate ratios, only for this reaſon, that theſe inter- 
mediate ratios are interpoſed betwixt the two extremes, viz. 
the firſt and laſt magnitudes z even as, in the ioth definition 
of the 5th book, the ratio of the firſt to the third was called 
the duplicate ratio, merely upon account of two ratios be- 
ng interpoſed betwixt the extremes, that are equal to one 
mother: So that there is no difference betwixt this com- 
pounding of ratios, and the duplication or triplication of 
hem which are defined in the 5th book, but that in the du- 
flication, triplication, &c. of ratios, all the interpoſed ratios 
ue equal to one another; whereas, in the compounding of 
mos, it is not neceſſary that the intermediate ratios ſhould 
de cqual to one another.” Alſo Mr Edmund Scarburgh, 
bis Englith tranſlation of the firſt fix books, page 238. 
 exprelsly affirms, that the 5th definition of the 6th book, is 
Fobtitious, and that the true definition of compound ratio 
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NOTE 5s. 


is contained in the roth definition of the 5th book, viz, 
definition of duplicate ratio, or to be underſtood from i, 
wit, in the fame manner as Clavius has explained it in the pre 
ceeding citation. Yet theſe, and the reſt of the moderng, ( 
notwithſtanding retain this 5th def. of the 6th Book, and illuſn 
and explain it by long commentaries, when they ought rh 
to have taken it quite away from the elements. 

For, by comparing def. 5th, Book 6th, with prop. th, Bo 
8. it will clearly appear that this definition has been put intot 
elements in place of the right one which has been taken 
of them: Becauſe, in prop. 5. Book 8. it is demonſtrated t 
the plane number of which the ſides are C, D has to the ply 
number of which the fides are E, Z (fee Hervagius' 
Gregory's edition), the ratio which is compounded of the 
tios of their ſides; that is, of the ratios of C to E, and D 
J.: And by det. 5. Book 6. and the explication given of it 
all the commentators, the ratio which is compounded of the 
tios of C to E, and D to Z, is the ratio of the proauct n 
by the multiplication of the antecedents C, D to the prod 
of the conſequents E, Z; that is, the ratio of the plane num 
of which the ſides are C, D to the plane number of wh 
the ſides are E, Z. Wherefore the propoſition which is the 
det. of Book 6. is the very fame with the 5th prop. of Book 
and therefore it ought neccflarily to be cancelled in one of ti 
places; becaule it is abſurd that the ſame propoſition {ho 
tand as a definition in one place of the elements, and be. 
menſtrated in another place of them. Now there is now 
chat prop. 5- Look 8. {ſhould have a place in the elements 
the lame thing is demonſtrated in it concerning plane 1 
bers, which is demonſtrated in prop. 23. Book 6. of equial 
lar paralelograms z wherefore det. 5. Book 6. ought not! 
in the elements. And from this it is evident that this dein 
is not Euclid's, but 'Lheon's, or ſome other unſkilful geomet 

But no body, as far as I know, has hitherto ſhewn the! 
uſe of compound ratio, or for what purpole it has veel 
troduced into geometry; for every propoſition in V 
compound ratio is made uſe of, ma without it be both en 
ciated and demonſtrated. Now the ule of compound 
cenſiſts wholly in this, that by means of it, circumlocit 
may be avoided, and thereby propoſitions may be more | 
ly either enunciated or demonſtratæd, or both may be 6 
for inſtance, if this 23d propoſition of the 6th book uch 
be cnunciated, without mentioning compound ratio, U 
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done as follows. If two parallelograms be equiangular, and 
xs a fide of the firſt to a ſide of the ſecond, ſo any aſſumed 
night line be made to a ſecond ſtraight line; and as the o- 
er ſide of the firſt to the other fide of the ſecond, ſo the ſe- 
md ſtraight line be made to a third. The firft parallelogram 
to the ſecond, as the firſt ſtraight line to the third. And the 
monſtration would be exactly the ſame as we now have it. 
ut the antient geometers, when they obſerved this enuncia- 
on could be made ſhorter, by giving a name to the ratio 
hich the firſt ſtraight line has to the laſt, by which name the 
termediate ratios might likewiſe be ſignified, of the firſt. to 
eſecond, and of the ſecond to the third, and ſo on, if there 
xe more of them, they called this ratio of the firſt to the 
h the ratio compounded of the ratios of the firſt to the ſe- 
nd, and of the ſecond to the third ſtraight line; that is, in 
e preſent example, of the ratios which are the fame with 
e ratios of the ſides, and by this they expreſſed the propo- 
on more briefly thus: If there be two <quiangular paralle- 
rams, they have to one another the ratio which 1s the 
e with that which is.compounded of ratios that are the 
ne with the ratios of the ſides. Which is ſhorter than the 
ceeding enunciation, but has preciſely the fame meaning. 
et ſhorter thus: Equiangular parallelograms have to one 
ther the ratio which is the ſame with that which is com- 
unded of the ratios of their ſides And theſe two enuncia— 
is tae firſt eſpecially, agree to the demonſtration which is 
in the Greek. The propoſition may be more brieſiy de- 
nſtrated, as Candalla does, thus: Let ABCD, CEFQ be 
d equiangular parallelograms, and complete the paralleio- 
m CDHG ; then, becauſe there are three parallelograms 
, CH, CF, the firſt AC (by the definition of compound 
0) has to the third CF, the ratio D . 
ich is compounded of the ratio ot * El 
int AC to the ſecond CH, andof | 

ao of CH to the third CH; but | 1 8 
prallelogram AC is to the pa- B | 

wogram CH, as the ſtraight line | 

* Co; and the parallelogram | Hs | 
* t9 CF, as the ſtraight line 

Ne therefore the Parallelogram AC has to CF the 
x 10 18 compounded oi ratlos that are the fame with the 
ay lides, And to this demonſtration agrees the enun- 
2 which is at preſent in the text, viz. Equiangular paralle- 
Ps have to ons another the ratio which is compounded or 
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Book Vl. the ratios of the ſides: For the vulgar reading, « which is co 


„ poundecd of their ſides,” is abſurd. But, in this edition a 
have kept the demonſtration which is in the Greek text, thoyg e in 
not ſo ſhort as Candalla's ; becauſe the way of finding the n enim 
which is compounded of the ratios of the ides, that is, of find te tit 
ing the ratio of the parallelograms, is thewn in that, but no erripli 
Candalla's demonſtration ; whereby beginners may learn, in l ace fig 
caſes, how to find the ratio which is compounded of two oi ein 
more given ratios. ; | of K 1 

From what has been ſaid, it may be obſerved, that in u and th 
magnitudes whatever of the fame kind A, B, C, D, & t ve the 
ratio compounded of the ratios of the firſt to the ſecond, el 
the ſecond to the third, and fo on to the laſt, is only a m id. 
or expreſſion by which the ratio which the firſt A has to prom | 
laſt D is ſignified, and by which at the ſame time the ratios the ;el 
all the magnitudes A to B, B to C, C to D from the firſt 18 
the laſt, to one another, whether they be the ſame, or be . expl; 
the ſame, are indicated; as, in magnitudes which are contin 
proportionals A, B, C, D, &c. the duplicate ratio of the fl 
to the ſecond is only a name, or expreſſion by which the 
of the firſt A to the third C is ſignified, and by which, 2 "BE 
fame time, is ſthewn that there are two ratios of the ma don 2 
tudes from the firſt to the laſt, viz. of the firſt A to the * 
cond B, and of the ſecond B to the third or laſt C, which ok: Fo. 
the ſame with one another; and the triplicate ratio of land pe 
firſt to the ſecond is a name or expreſſion by which the rai #4 
of the firſt A to the fourth D is ſignified, and by which, at 8 . imm 
ſame time, is ſhewn that there are three ratios of the map les we 
tudes from the firft to the laſt, viz. of the firſt A to the Book | 
cond B, and of B to the third C, and of C to the fourti les an 
laft D, which are all the ſame with one another; and | j by | 
the caſe of any other multiplicate ratios. Aud that * luces tl 
the right explication of the meaning of theſe ratios 18 pi compol 
from the definitions of duplicate and triplicate ratio in vi ings are 
Euclid makes uſe of the word aiysre:, is ſaid to be, or ical en fron 

which word, he no doubt made uſe of alſo in the defini lation 
of compound ratio, which Theon, or ſome other, has Of tion; 
ged from the elements; for the very ſame word is (till re ew! 
in the wrong definition of compound ratio which is no ber the 
5th of the 6th book: But in the citation of theſe definition 
is ſometimes retained, as in the demonſtration of prop. f 
Boe is v. 
den of 
ud: Fo 
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eK 6, © the firſt is ſaid to have, xe ayer, to the third the Book VI. 
duplicate ratio,” 8&c. which is wrong tranſlated by Comman - YI 
ge and others, © has” inſtead of “ is ſaid to have;” and 

metimes it is left out, as in the demonſtration of prop. 33. 

the 11th Book, in which we find © the firſt has, ge, to the third 

etriplicate ratio; but without doubt t«, has, in this 

ce ſignifies the ſame as xe Myra, is ſaid to have: So like- 

ſe in prop. 23. B. 6. we find this citation, “ but the ratio 

of K to M is compounded, evyx«74:, of the ratio of K to I., 

and the ratio of L to M.“ which is a ſhorter way of expreſ- 

be the fame thing, which, according to the definition, ought 

have been expreſſed by gvyz4io9z:; atyirar, is faid to be com- 

unded. 

From theſe remarks, together with the propoſitions ſubjoined 

the 5th book, all that is found concerning compound ratio 

ther in the ancient or modern geometers may be underitood 

d explained. 
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It ſeems that ſome unſkilful editor has made up this demon- 

ation as we now have it, out of two others; one of which may 

made from the 2d prop. and the other from the 4th of this 

ok: For after he has, from the 2d of this book, and compoſiti- 

Land permutation, demonſtrated that the ſides about the angle 

mmon to the two parallelograms are proportionals, he might 
ne immediately concluded that the fides about the other equal 
les were proportionals, viz. from prop. 34. B. 1. and prop. 

book 5. This he does not, but proceeds to ſhew that the tri- 

les and parallelograms are equiangular; and in a tedious 

5 by help of prop. 4. of this book, and the 22d of Book 5. 

luces the ſame concluſion: From which it is plain that this 

compoled demonſtration is not Euclid's : Theſe ſuperfluous 

ngs are now left out, and a more ſimple demonſtration is 

en from the 4th prop. of this book, the ſame which is in the 

alation from the Arabic, by help of the 2d prop. and com- 

Ittion; but in this the author neglects permutation, and does 

t ſhew the parallelograms to be equiangular, as is proper to 

tor the ſake of beginners. 


PROP. XXV. B. VI. 


It is very evident that the demonſtration which Euclid had 
en of this propoſition has been vitiated by ſome unſkilful 
ud; For, after this editor had demonſtrated that “ as the 
Kctilineal figure ABC is to the rectilineal KG H, ſo is the 
X 3 parallelogranz 
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woo VI. cc parallelogram BE to the parallelogram EF ;” nothing niet it 
ſhould have been added but this, “ and the rectilineaf fon with | 
&« ABC is equal to the parallelogram BE; therefore the 10 the fi 
6 lineal K GH is equal to the parallelogram EF,” viz . 
prop. 14. Book 5. But betwixt theſe two ſentences he ha 4 
n this; © wherefore, by permutation, as the rechlinen { 
gure ABC to the parallelogram BY, ſo is the reCtilineal KG 
" to the parallclogiam EF ;” by which, it is plain, he thoug Theſe 
it was not ſo evident to conclude that the ſecond of fom 1 eceſſary 
portionals is equal to the fourth from the equality of the f Le 
and third, which is a thing demonſtrated in the 14th prop. the ſo 
B. 5. as to conclude that the third is equal to the fourth, fra ply le! 
the equality of the firſt and ſecond, which is no where lend rl 
ſtrated in the elements as we now have them: But, tho th s of th 
prepoſition, viz. the third of four proportionals is equal to " þ 222 
fourth, if the fiſt be equal to the ſecond, had been gen ne eit 
the elements by Euclid, as very probably it was, yet he woll rectan 
not have made ule of it in this place z becauſe, as was aid, tl bicht! 
concluſion could have been immediately deduced without th jade uf 
{uperſiuous ſtep by permutation : This we have fſhewn at t Foper, | 
greater length, both becauſ it affords a certain proof of hi dolle. 
vitiation of the text ot Euclid, for the very ſame blunder! . Te 
found twice in the Greck text of prop. 23. Book 11. and tic =o 
in prop. 2. B. 12. and in the 5. 11. 12. and 18th of that book * 
in which places of Book 12. except the laſt of them, it is right - 
left out in the Oxford edition of Commandine's tranilation Let / 
And alſo that geomerers may beware of making uſe of perz 4 
tation in the like cafes, for the moderns not untrequently comm plied : 
this miſtake, and among oihers Commandine himſelf in his can not 
mentary on prop. 5 Bock 3. p. 6. b. of Pappus Alexandrinu biſccl 
and in other places: Ihe vulgar notion of proportionals has de {qua 
ſeems, preoccupied many ſo much, that they do not ſullictent qual tc 
underſtand the true nature of them. þ cater 
: Beſides, though the rectilineal figure ABC, to which anotic = de 
is to be made ſimilar, may be of any kind whatever, yet in ü Eat 
demonſtration the Greek text has “ triangle” inſtead of rc Jud ma 
« neal figure, which error is corrected in the above na rue 
Oxſord edition, be e 
and fror 
Ihe diſt 
PROP. XXVII. B. VL cle n 
. : Ind upo 
Ihe ſecond caſe of this has aax3;, otherwile, prefixed raang 
it, as if it was a different demonſtration, which probadiy 1 n D, t 
becn done by ſome unſkilful Librarian. Dr Gregory has 1g) b equal 


S 


ett it out: The ſcheme of this ſecond caſe ought to be mark. B VE 
| with the ſame letters of the alphabet which are in the ſcheme WY 
the firſt, as is now done. 
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Theſe two problems, to the firſt of which the 27th prop. is 
xeſſary, are the moſt general and uſeful of all in the elements, 
dare moſt frequently made uſe of by the ancient geometers 
the ſolution of other problems; and therefore are very 1gno- 
ntly left out by Tacquet and Dechales in their editions of the 
ements, who pretend that they are ſcarce of any uſe : The ca- 
s of theſe problems, wherein it is required to apply a rectan- 
e which ſhall be equal to a given ſquare, to a given ſtraight 
ne, either deficient or exceeding by a ſquare; as alſo to apply 
rectangle which ſhall be equal to another given, to a given 
tight line, deficient or exceeding by a ſquare, are very often 
made uſe of by geometers : And, on this account, it is thought 
roper, for the ſake of beginners, to give their conſtructions, 
s follows. 

1. To apply a rectangle which ſhall be equal to a given ſquare, 
ba given ſtraight line, deficient by a ſquare: But the, given 
quare muſt not be greater than that upon the half of the given 
le. | 

Let AB be the given ſtraight line, and let the ſquare upon 
e given ſtraight line C be that to which the rectangle to be 
pplied muſt be equal, and this ſquare, by the determination, 
not greater than that upon half of the ſtraight line AB. 

Biſect AB in D, and if the ſquare upon AD be equal to 
e ſquare upon C, the thing required is done: But if it be not 
qual to it, AD muſt be 

rater than C, according L H K. 

dthe determination: Draw j 

E at "git angles to AB, $ F | 
make it equal to C; 

00 duce ED 15 F. ſo that A G 
EF be equal to AD or DB, — Fran 

nd from the center E, at C 

te diſtance EF, deſcribe a | E 

ice meeting AB in G, | 

nd upon GB deſcribe the ſquare GBKH, and complete the 
angle AGHL ; alſo join EG: And becauſe AB is biſected 
5 n, the rectangle AG, GB together with the ſquare of DG 
ei <9val to (the ſquare of DB, that is, of EF or EG, that is, a 
NX 4 to) 
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to) the ſquares of ED, DC: Take away the ſquare cf 
from each of theſe equals ; therefore the remaining rech 
AG, GB is equal to the ſquare of ED, that is, of C: By; 
rectangle AG, GB is the rectangle AH, becauſe GH is « 
to GB : Therefore the rectangle AH is equal to the given {qu 
upon the ſtraight line C. Wherefore the rectangle AH, c 
to the given ſquare upon C, has been applied to the gy 
ſtraight line AB, deficient by the ſquare GK. Which wx 
be done. 

2. To apply a rectangle which ſhall be equal to a given fqu 
to 2 given ſtraight line, exceeding by a ſquare, 


Let AB be the given ſtraight line, and let the ſquare uy 


the given ſtraight line C be that to which the rectangle t 
applied muſt be equal. 

Biſect AB in D, and draw BE at right angles to it, 61 
BE be equal to C; and having joined DE, from the center 
at the diſtance DE deſcribe a circle meeting AB produced 
G; upon BG deſcribe the ſquare 
BGHRK, and complete the rect- 
angle AGHL. And becauſe 
AB is viſected in D, and pro- 
duced to G, the rectangle AG, 
GB together with the ſquare of 
DB is equal“ to (the ſquare of 
DG, or DE, that is, to) the 
ſquares of EB, BD. From: each 
ol theſe equals take the ſquare of 
DB, therefore the remaining rectangle AG, GB is equal tot 
ſquare ot BI that is, to the ſquare upon C. But the rech 
AG, GB is the reQtangle AH, becauſe GH is equal to 6 
Therefore the rectangle AH is equal to the ſquare upon 
Whercfore the rectangle AH, equal to the given ſquare uf 
C, has been applica to the given ſtraight line AB, exceed! 
by the ſquare GK. Which was to be done. 

3. To apply a rectangle to a given ſtraight line which fl 
be equal to a given rectangle, and be deficient by a ſquare. 5 
the given reCtangle muſt not be greater than the {quare i 


the half of the given ſtraight line. 


Let AB be the given ſtraight line, and let the given rect 
be that which is contained by the ſtraight lines C, D, whid 
not greater than the ſquare upon the half of AB; it is requl 
to apply to AB a rectangle equal to the rectangle C, D, & 
cient by a ſquare, ; : 


Draw 
d mak 
G; an 
eting 
(GL 
Becau! 
ple E 7 
allels 
„ Al 
tangle 
d AF, 
bd EK | 
ermin: 
AB; 
ſquar 
KE; 1 
ares o. 
n the 
alequer 
' 
m GE. 
ual to C 
ches A 


refore t 
Ihe poin 
plete t 
L it ha: 
[ is eq 
ple | 
ple | 
; becau 
ual to 
given x 


AB, « 
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Dar AE, BF at right angles to AB, upon the ſame ſide of it, Book VI. 
{mike AE equal to C, and BF to D: Join EF and biſect it WYV 
G: and from the center G, at the diſtance GE, deſeribe a circle 

eting AE again in H; join HF and draw GK parallel to it, 

1G parallel to AE meeting AB in . 

Becauſe the angle EHF in a ſemicircle is equal to the right 

ple FAB, AB and HF are parallels, and AH and BF are 

allels ; wherefore AH is equal to BF, and the rectangle 

„Al equal to the rectangle EA, BF, that is to the 

tngle C, D: And becauſe EG, GF are equal to one another, 

| AE, LG, BF parallels, therefore AL and LB are cqual ; 

b EK is equal to KH *, and the rectangle C, D, from the“ 3. 3. 
ermination, is not greater than the ſquare of AL the half 

AB; wherefore the rectangle EA, AH is not greater than 

> ſquare of AL, that is of KG: Add to each the ſquare 


EB; therefore the ſquare d of AK is not greater than the » 6, 2. 
ares of EK, KG, that 1s, 


n the ſquare of EG; and a e 3 


— — 


iſquently the ſtraight line N 

or GL is not greater 13 — 
n GE. Now, if GE be 
al to GL, the circle EHF 
ches AB in L, and there- 
e the ſquare of AL is © e- 
| to the rectangle EA, 
that is, to the given rect · 
le C, D; and that which 
required is done: But if 
; GL be unequal, EG 
it be the greater; and 
relore the circle EHF cuts the ſtraight line AB; let it cut it 
de points M, N, and upon NB deſcribe the ſquare NBOP, and 

aplete the rectangle AN PQ; Becauſe ML is equal to 4 LN, d 3. 3. 
n has been proved that AL is equal to LB; therefore 

Lis equal to NB, and the rectangle AN, NB equal to the 

agle NA, AM, that is, to the rectangle © EA, AH or thee Cor. 36 
angle C, D: But the rectangle AN, NB is the rectangle ; 
becauſe PN is equal to NB: Therefore the rectangle AP 5 

ual to the rectangle C, D; and the rectangle A, P equal to 

wen rectangle C, D has been applied to the given ſtraight 

ab, deficient by the ſquare BP. Which was to be done. 

4. 10 
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A 
4. To apply a rectangle to a given ſtraight line that ſh 


equal to a given rectangle, exceeding by a ſquare. 

Let AB be the given ſtraight line, and the rectangle (. 
the given rectangle, it is required to apply a reCtangle u 
equal to C, D, exceeding by a ſquare. 

Draw AE, BF at right angles to AB, on the con 
ſides of it, and make AF. equal to C, and BF equal tg 
Join EF, and biſect it in G; and from the center G, x 
diſtance GE, deſcribe a circle meeting AE again in H; 
HF, and draw GL parallel to 
AE; let the circle meet AB E 
produced in M, N, and upon 
BN deſcribe the ſquare 
NBOP, and complete the 
rectangle ANPQ :becauſe the 
angle EHF in a ſemicircle is Q 
equal tothe right angle EAB, A 
AB and HF are parallels, and 
therefore AH and BF are e- 
qual, and the rectangle EA, 
AH equal to the rectangle 
EA, BF, that is, to the rectangle C, D: And becauſe N 
equal to LN, and AL to LB, therefore MA is equal to BN, 
the rectangle AN, NB to MA, AN, that is, * to the rect 
EA, AH, or the rectangle C, D: Therefore the reCtangl: ! 
NB, that is, AP, is equal to the rectangle C, D; and to the 
ven ſtraight line AB the rectangle AP has been applied equ 
the given rectangle C, D, exceeding by the ſquare BP. Wi 
was to be done. 

Willebrordus Snellius was the firſt, as far as I know, 
gave theſe conſtructions of the 3d and 4th problems in bis 
pollonius Batavus: And afterwards the learned Dr Halley 
them in the Scholium of the 18th prop, of the 8th B, of Apt 
nius's conics reſtored by him. 

The 3d problem is otherwiſe enunciated thus: Toe 
given itraight line AB in the point N, fo as to make the! 
angle AN, NB equal to a given ſpace : Or, which 8 
ſame thing, having given AB the ſum of the ſides of 2 
2 and the magnitude of it being likewiſe given, to Wk 
des, 


And the 4th problem is the fame with this, To find a} 


the g 
angle / 
thing 
le, and 


the d 
e negle 
matel 
done. 


Ie anc 
ate an 
: And 
nelore t 
e AFG 
tore. / 
de 26t] 
two 111 
mmoi 
ae in t] 


NO TE. 5s 331 


the given ſtraight line AB produced, ſo as to make the Book VI. 
gle AN, NB equal to a given ſpace: Or, which is tbe 
thing, having given AB the difference of the ſides of a rect» 

e and the magnitude of it, to find the ſides, 


PROP. XXXI. B. VI. 


the demonſtration of this, the inverſion of proportionals is 
eneglected, and is now added, that the concluſion may be 
matcly made by help of the 24th prop. of B. 5. as Clavius 


done. 


PRO FP. XXIII. B. VI. 


de enuncĩation of the preceeding 26th prop. is not general e- 


a; becauſe not only two ſimilar parallelograms that have 


ale common to both, are about the ſame diameter; but like- 
two ſimilar parallelograms that have vertically oppoſite an- 
have their diameters in the ſame ſtraight line: But there 
to have been another, and that a direct demonſtration of 
caſes, to which this 32d propoſition was needful: And the 
may be otherwiſe aud ſomething more briefly demonſtrated 
LOWS, 


PROP. MAI. B. YL 


two triangles which have two ſides of the one, &c. 

« GAF, HFC be two triangles which have two ſides AG, 
proportional to the two ſides FH, HC, viz. AG to GY, as 
o HC; and let AG be paral- G TN 


v FH, and GF to HC; AF A 

Care in a ſtraight line. | n 
pray CK parallel * to FH, and E 1 E 1 . 
t mect G produced in K: | 

aſe AG, KC are each of them 
ul to FH, they are parallel d 
me another, and therefore the B — 
mate angles AGF, FK C are e- K C 
: And AG is to GF, as (FH to HC, that is *) CK to KF; e 34. 1. 
telore the triangles AGF, CKPF are equiangular d, and the 4 6. 6. 
AF qual to the angle CFK: But GF is a ſtraight line, 

gore AF and FC are in a ſtraight line ©, . 
de 26th prop. is demonſtrated from the 3 2d, as follows. 

wo ſimilar and ſimilarly placed parallelograms have an an— 

ammon to both, or vertically oppoſite angles; their diame- 

e in the ſame ſtraight line. 


230. 1. 
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Book VI, 
Wy 


2 Cor. 19. 
5. 


d 32. 6. 


0 r 


Firſt, Let the parallelograms ABCD, AEF G have the » 
BAD common to both, and be fimilar, and ſimilarly pad 
ABCD, AEF G are about the ſame diameter. 

Produce EF, GF, to H, K, and join FA, FC: Then 


x HE fi 
cauſe the parallelograms ABCD, AEFG are ſimilar, | 


uali 
is to AB, as GA to AE; where- G = 
fore the remainder DG is to the A — res Of 
remainder EB, as GA to AE : But ade 
DG is equal to FH, EB to HC, E F ithe fa 
and AE to GF : therefore as FH \ cont 
to HC, ſo is AG to GF; and \ each 
FH, HC are parallel to AG, GF; r lid 
and the triangles AGF, FHC are B K (6 : 
Joined at one angle, in the point | figur 
F; wherefore Ab, FC are in the ſame ſtraight line b. jr plan: 
Next, Let the parallelograms KFHC, GFEA, which are WM. magn 
lar and ſimilarly placed, have their angles KFH, GFE veridMenonſt 
oppoſite; their diameters AF, FC, are in the fame ſtraight WW :ccour 
Becauſe AG, GF are parallel to FH, HC; and that AW, fig 
to GF, as FH to HC; therefore AF, FC are in the ſame eit: 
line d. tly pla; 
lul editc 
M 
The words © becauſe they are at the center, are left ou 

the addition of ſome unſkilful hand. 4 Fnce th 
In the Greek, as alſo in the Latin tranſlation, the Willkih)eq 
& rut, any whatever,” are left out in the demonlirati Ne 
both parts of the propoſition, and are now added as quite 1 35 
ſary; and, in the demonſtration of the ſecond part, where the —_— 
angle BGC is proved to be equal to CGK, the illative ps Edito 
&e in the Greek text ought to be omitted. : e demc 
The ſecond part of the propoſition is an addition of IH, ou 
as he tells us in his commentary on Ptolomy's Mey Ze, . «1 
p. 50. axiom, 
bone a 
PFROE LCD KV or thi 
lity o 
Theſe three propoſitions are added, becauſe they are fee pre, 
ly made ute of by gœometers. 1 Uügure 
tl the 
ch thel 
6 {rom 


45 frog 
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Book XI. 
DEF. IX. and XI. B. XI. 9 


HE ſimilitude of plane figures is defined from the e- 
quality of their angles, and the proportionality of the 
about the equal angles; for from the proportionality of 
des only, or only from the equality of the angles, the 
tude of the figures does not follow, except in the caſe 
the C:gures are triangles: The ſimilar poſition of the ſides, 
contain the figures, to one another, depending partly 
each of theſe: And, for the ſame reaſon, thoſe are ſi- 
jr ſolid figures which have all their ſolid angles equal, each 
ach, and are contained by the fame number of ſimilar 
e figures : For there are ſome ſolid figures contained by ſi- 
plane figures, of the ſame number, and even of the 
magnitude, that are neither ſimilar nor equal, as ſhall 
kmonſtrated after the notes on the 1oth definition: Upon 
gt account it was neceſſary to amend the definition of ſi mi- 
t Ai figures, and to place the definition of a ſolid angle 
mare it: And from this and the 1oth definition, it is ſuffi- . 
ty plain, how much the elements have been ſpoiled by un- | 
ul editors. | 


—— 
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DEF, X. 8. 


nce the meaning of the word “ equal” is known and 
ſhed before it comes to be uſed in this definition; 
ore the propoſition which is the 1oth definition of this 
bis a theorem, the truth or falſehood of which ought to 
demonſtrated, not aſſumed ; ſo that Theon, or ſome o- 
Editor, has ignorantly turned a theorem which ought 
e demonſtrated into this 10th definition: That figures are 
ar, ought to be proved from the definition of ſimilar 
rs; that they are equal ought to be demonſtrated from 
xiom, „ Magnitudes that wholly coincide, are equal 
done another 3” or from Prop. A. of Book 5 or the gth 
} or the 14th of the ſame book, from one of which the 
ity of all kind of figures muſt ultimately be deduced. 
lie preceeding books, Euclid has given no definition of e- 
 agures, and it is certain he did not give this : For what is 
the 1ſt def. of the 3d book, is really a theorem in 
@ theſe circles are ſaid to be equal, that have the ſtraight 
rom their centers to the circumferences equal, which is 
L tom the definition of a circle; and therefore has by 1 
ſome 1 


freq 
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Book x. ſome editor been improperly placed among the definition, rang! 
WYL equality of figures ought not to be defined, but demon are t 
Therefore, though it were true, that ſolid figures com eles, 
the ſame number of ſimilar and equal plane figures are lich is 
one another, yet he would juſtly deſerve to be blamed wh C4 
make a definition of this propoſition which ought to be ich it 
ſtrated, But if this propoſition be not true, muſt it not 1 CA : 
efled, that geometers have, for theſe thirteen hundred years, es the 
miſtaken in this elementary matter ? And this ſhould * CA; 
modeſty, and to acknowledge how little, through the wellfies is 
of our minds, we are able to prevent miſtakes even in the M$ BC, 
ciples of ſciences which are juſtly reckoned among! the comme 
certain; for that the propoſition is not univerſally true, ¶ N of t! 
ſhe wn by many examples: Ihe following is ſufficient. e other 
Let there be any plane rectilineal figure, as the tu eiore t 
* 12. 11. ABC, and from a point D within it draw * the ſtraight and 
DE at right angles to the plane ABC; in DE take D vecau 
equal to one another, upon the oppoſite ſides of the it is 
and let G be any point in EF; join DA, DB, DC; Hined 
EB, EC; FA, FB, FC; GA, GB, GC: Becauſe the en. F 
line EDF is at right angles to the plane ABC, it makes offi be ce 
angles with DA, DB, DC which it meets in that plane; or the 
in the triangles EDB, FDB, ED and DB are equal to FJ les EB 
DB, each to each, and they contain right angles; thera the | 
> 4. 1. the baſe EB is equal d les FB. 
to the baſe FB ; in the G : Anc 
ſame manner EA 1s e- ch are 
qual to FA, and EC to ez as 
FC: And in the triangles able ſo 
EBA, FBA, EB, BA E.. dem e. 
are equal to FB, BA N „ each 
and the baſe EA is e- tioned 
qual to the baſe FA; Equal. 
wherefore the angle D nd th; 
c8 2. EBA is equal © to the | one al 
angle FBA, and the tri- B plan 
angle LBA equal “ to [1 l the | 

the triangle FEA, and 

the other angles equal to 

975 6. the other angles; there- T 

«< 1, def. fore theſe triangles are | „ice 
e 6. ſimilar 4: In the ſame manner the triangle EBC is in, tat 


Let I 
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triangle FBC, and the triangle EAC to FAC; therefore Book XI. 
ate two ſolid figures each of which is contained by fix CLYYW | 
gles, one of them by three triangles, the common vertex | i! 
ich is the point G, and their baſes the ſtraight lines AB, | 1 
CA ; and by three other triangles the common vertex 11 
hich is the point E, and their baſes the ſame lines AB, 
CA: The other ſolid is contained by the ſame three tri- 
es the common vertex of which is G, and their baſes AB, 
CA; and by three other triangles of which the common 
xx is the point F, and their baſes the ſame ſtraight lines 
BC, CA: Now the three triangles GAB, GBC, GCA 
common to both ſolids, and the three others EAB, EBC, 
A of the firſt ſolid have been ſhewn equal and ſimilar to the 
e others FAB, FBC, FCA of the other folid, each to each; 
gore theſe two ſolids are contained by the fame number of 
| and ſimilar planes: But that they are not equal is mani- 
| becauſe the firſt of them is contained in the other: There 
it is not univerſally true that ſolids are equal which are 


e g 

ei ined by the ſame number cf equal and fimilar planes. 
eon. From this it appears that two unequal ſolid angles 
es Wy be contained by the fame number of equal plane angles. 


or the ſolid angle at B which is contained by the four plain 
les EBA, EBC, GBA, GBC is not equal to the folid an- 
at the ſame point B which 1s contained by the tour plane 
les FBA, FBC, GBA, GBC; for this laſt contains the o- 
: And each of them is contained by four plane angles, 
ch are equal to one another, each to each, or are the ſelf 
e; as has been proved: And, indeed, there may be innu- 
able ſolid angles all unequal to one another, which are each 
hem contained by plane angles that are equal to one ano- 
„ each to each: It is likewiſe maniteſt that the before 
ntioned ſolids are not ſimilar, fince their ſolid angles are not 
equal. | 

nd that there may be innumerable ſolid angles all unequal 
one another, which are each of them contained by the 
e plane angles diſpoſed in the ſame order, will be plain 
i the three following propoſitions. 


NE 


PROP.1IPROBDBLEM 


ik * magnitudes A, B, C being given, to find a fourth 
0, that every three ſhall be greater than the remaining one, 
kt I) be the fourth; therefore D mult be 1:5 than A, B, 

C together : 
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Book XI. C together: Of the three A, B, C, let A be that which z 
ess than either of the two B and C: And firſt, let B 


r 
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D, E 


together be not Jeſs than A: therefore B, C, D typ 
are greater than A; and becauſe A is not leſs than F. 
E. 5 together are greater than B: In the like manner 
B, D together are greater than C: Wherefore in the cn 
which B and C together are not leſs than A, any man 
D which is leſs than A, B, C together will anſwer the! 
blem. | 

But if B and C together be leſs than A; then, becauſe 
required that B, C, D together be greater than A, from 
of theſe taking away B, C, the remaining one D my 
greater than the exceſs of A above B and C: Take then 
any magnitude I) which is leſs than A, B, C together, 
greater than the exceſs of A above B and C: Then 3,0 
together are greater than A; and becauſe A is greater 
either Bor C, much more will A and D, together with e 
of the two B, C be greater than the other: And, by the 
ſtruction, A, B, C are together greater than D. 

Cor, If beſides it be required, that A and B tog 
ſhall not be leſs than C and D together; the exceſs of A 
B together above C muſt not be leis than D, that is, D 
not be greater than that exceſs. | 


PROP. II. PROBLEM. 


ere 
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Four magnitudes A, B, C, D being given, of which A 
B together are not leſs than C and D together, and fuch 
any three of them whatever are greater than the fourth 
is required to find a fifth magnitude E ſuch, that any tw 
the three A, B, E ſhall be greater than the thirc, and 
that any two of the three C, D, E ſhall be greater that 
third. Let A be not leſs than B: And C not leſs than D. 

Firſt, Let the exceſs of C above D be not leſs than the 
ceſs of A above B: It is plain that a magnitude E cat 
taken which is leſs than the ſum of C and D, but pt! 
than the exceſs of C above D; let it be taken; then 
greater likewiſe than the exceſs of A above B; wheretd 
and B together are greater than A; and A is not les tha 
therefore A and E together are greater than B: An, h 
hypotheſis, A and B together are not leſs than C and D! 
ther, and C and D together are greater than E; therefore 
wiſe A and B are greater than E. 


A 


allo tl 


K 


C above D: And becauſe, by the hypotheſis, the three B, 
D are together greater than the fourth A; C and D toge- 
br are greater than the exceſs of A above B: Therefore a 
penitude may be taken which is leſs than C and D together, 
t greater than the excels of A above B. Let this magnitude 
I; and becauſe E is greater than the exceſs of A above B, 
tpether with E is greater than A : And, as in the precee.ling 
e, it may be ſhewn that A together with E is greater than 
ind that A together with B is greater than E: Therefore, in 


: bol the caſes, it has been ſhewn that any two of the three 
den And becauſe in each of the caſes F is greater than the ex- 


zof C above D, E together with D is greater than C; and, 
the hypotheſis, C is not leſs than D; therefore E together 
h C 1s greater than D; and, by the conſtruction, C and D 
ether are greater than E: Therefore any two of the three, 
D, E are greater than the third. 


PROP. III. THEOREM. 


ere may be innumerable ſolid angles all unequal to one 
ther, each of which is contained by the ſame four plane an- 
s, placed in the ſame order. 

ake three plane angles, A, B, C, of which A is not leſs 
| either of the other two, and ſuch, that A and B to- 
ter are lefs than two right angles; and by problem 1. and 
corollary, find a fourth angle D ſuch, that any three what- 


und WS: of the angles A, B, C, D be greater than the remaining 
* e, and ſuch, that A and B together be not leſs than C 


I D together: And by problem 2. find a fiſth angle E ſuch, 


* any two of the angles A, B, E be greater than the third. 
in the 

E cu 

t fr F 

then 
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N | 
deo that any two of the angles C, D, E be greater than 
the 
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zut let the exceſs of A above B be greater than the exceſs Book XI. 
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ook XI. the third: And becaule A and B together are leſs than 


ad 
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nd, as 
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DP. 26. 
int N 1 
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right angles, the double of A and B together is leſs than & 
right angles: But A and B together are greater than the ay 
E; wherefore the double of A and B together is greater th 
the three angles A, B, E together, which three are conf 
quently leſs than four right angles; and every two of f 
ſame angles A, B, E are greater than the third; therefy 
by prop 23. 11. a ſolid angle may be made contained by thi 
plane angles equal to the angles A, B, E, each to each, 

this be the angle F contained by the three plane angles Cf 
HFK, GFK which are equal to the angles A. B, E, eaht 
each: And becauſe the angles C, D together are not great 
than the angles A, B together, therefore the angles C, D, 
are not greater than the angles A, B, E: But theſe laſt three; 


leſs than four right angles, as has been demonſtrated ; whe other 

fore alſo the angles C, D, E are together lets than four rp angle 

angles, and every two of them are greater than the third; the a folid 

fore a ſolid angle may be made which ſhall be contained by thr k, O 

23. 11. plane angles equal to the angles C, D, E, each to each *; At wa 
85 are 


le, wil! 
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by prop. 26. 11. at the point F in the ſtraight line FG a fl 

angle may be made equal to that which is contained by ! 

thrce plane angles that are equal to the angles C, D, E: 

this be made, and let the angle GFK, which is equal to E. 


ither, 

And fr 
ken, 
Itained 


WE: anot! 
one of the three; and let KFL, GFL be the other two wu book 1 
are equal to the angles C, D, each to each. Thus, there 98 equa] 
ſolid angle conſtituted at the point F contained by the four ple plan 
angles GFH, HFK, KFL, GFL which are equal to the H a 


A, By C, D, each to each. 
Again, Find another angle M ſuch, that every two of ö 
three angles A, B, M be greater than the third, and 2 


cveiy two of the three C, D, M be greater than the 7 


NOTES. 


ad, as in the preceeding part, it may be demonſtrated that 
e three A, B, M are leſs 
an four right angles, as alſo N 
at the three C, D, M are 
than four right angles. 
ike therefore 2 a ſolid angle 
N contained by the three 
ine angles ONP, PNO , 
Q, which are equal to 4, O — 2 Pp 
M, each to each: And by 
pp. 26, II. make at the 
int Nin the ſtraght line ON a ſolid angle contained by three 
ne angles of which one is the angle ONQ equal to M, and 
other two are the angles QR, ONR which are equal to 
angles C, D, each to each. Thus, at the point N, there 
a folid angle contained by the four plane angles ONP, PNO, 
R, ONR which are equal to the angles A, B, C, D, each 
each. And that the two ſolid angles at the points F, N, 
h of which is contained by the above named four plane an- 
s, are not equal to one another, or that they cannot coin - 
le, will be plain by conſidering that the angles GFK, ONO ; 
tis, the angles E, M are unequal by the conſtruction ; and 
refore the ſtraight lines GF, FK cannot coincide with ON, 
nor conſequently can the ſolid angles, which therefore 
unequal, 
And becauſe from the four plane angles A, B, C, D, there 
de found innumerable other angles that wiil ſerve the ſame 
poſe with the angles E and M; it is plain that innumerable 
H er ſolid angles may be conſtituted which are each contained 
the ame four plane angles, and all of them unequal to one 


ther, Q. E. D. 


ud from this it appears that Clavius and other authors are 
een, who aſſert that thoſe ſolid angles are equal which are 
- + tained by the ſame number of plane angles that are equal to 
0 L, another, each to each. Alſo it is plain that the 26th prop, 
wi book 11 is by no means ſufficiently demonſtrated, becauſe 
ere! equality of two ſolid angles, whercof cach is contained by 
. te plane angles which are equal to one another, each to each, 
e aflumed, aud not demonſtrated 
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P R OP. I. B. XI. 
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7 put 1 


The words at the end of this, “ for a ſtraight line 
« meet a ſtraight line in more than one point,” are left on 
an addition by ſome unſkilful hand; for this is to be demon 
ted, not aſſumed. 

Mr Thomas Simpſon, in his notes at the end of the 24 


of his elements of geometry, p. 262. after repeating the w 1 this 


of this note, adds, * Now, can it poſſibly ſhew any wand left 01 
* {kill in an editor” (he means Euchid or J heon) to refer fi, the | 
* axiom which Euclid himſelf had laid down, book 1. s och 


he means Barrow's Euclid, for it is the 10th in the Greek, « 


this 
% not to have demonſtrated, what no man can demonſta i 


e der denn of the 
But all that in this caſe can follow from that axiom is, th lt lies 
two ſtraight lines could meet each other in two points, they \ ſtrai 
of them betwixt theſe points'muſt coincide, and fo they w 


have a ſegment betwixt theſe points common to both. Noy I F 
it has not been ſhewn in Euclid, that they cannot have 20 
mon ſegment, this does not prove that they cannot meet in 
points, trom which their not having a common ſegment i 
duced in the Greek edition: But, on the contrary, becauſet 
cannot have a common ſegment, as is ſhewn in Cor, of! 
prop. Book 1. of 4to dition, it follows plainly that they a 
meet in two points, which the remarker ſays no man cat 
monſtrate. 

Mr Simpſon, in the ſame notes, p. 265. juſtly obſerves, 
in the corollary of prop. 11. book 1. qto edit. the ſtraight! 
AB, BD, BC, are ſuppoſed to be all in the ſame plane, wi 
cannot be aſſumed in iſt prop. Book 11. This, ſoon after 
4to edition was publiſhed, I obſerved and corrected as it 1s 
in this cdition : He is miſtaken in thinking the 10th axiom 
mentions here to be Euclid's; it is none of Euclid's, but i 
10th in Dr Barrow's edition, who had it from Herigon's Cu 


vol. 1. and in place of it the corollary of 10. prop. book l. 
added. 


PROP. II B. XI. 


This propoſition ſcems to have been changed and vitiate 
ſome editor; for all the figures defined in the iſt book of 
clemenis, and ameng them triangles, are, by the hypot 
plane figures; that is, ſuch as are deſcribed in a plane; W 
jore the ſccond part of the enunciation needs no demonltrat 
Pel:des, a convex ſuperſicies may be terminated by three {ira 


rr 


onſtrated is, that two, or three ſtraight lines, that meet 
another, are in one plane. And as this is not ſufficient] 
e, the enunciation and demonſtration are changed into thoſ: 
put into the text. 


PR O P. III. B. XI. 
n this propoſition the following words near to the end of it 
left out, viz. therefore DEB, DFB are not ſtraight lines; 
in the like manner it may be demonſtrated that there can be 
o other ſtraight line between the points D, B:“ Becauſe 
this, that two lines include a ſpace, it only follows that 
of them is not a ſtraight line: And the force of the argu- 
nt lies in this, viz. if the common ſection of the planes be 
a ſtraight line, then two ſtraight lines could include a ſpace, 
ch is abſurd; therefore the common ſection is a ſtraight 


PROEF. V. BOOK. XI. 


The words © and the triangle AED to the triangle BEC“ 
omitted, becauſe the whole concluſion of the 4th prop. B. 


of ſus been ſo often repeated in the preceeding books, it was 
Jeu less to repeat it here. 
en 


NOF. V. II. 
this, near to the end, iα“ie, ought to be left out in the 
ck text: And the word “ plane” is rightly left out in the 
ord edition of Commandine'ꝰs tranſlation. 


B. XI. 


PROP. VII. 


iom ; ; PE 

ut u dis propoſition has been put into this book by ſome un- 
cu editor, as is evident from this, that ſtraight lines which 
* drawn from one point to another in a plane, are, in the 


teding books, ſuppoſed to be in that plane: And if they 
enot, ſome demonſtrations in which one ſtraight line is 
poled to meet another would not be concluſive, becauſe 
e lines would not meet one another: For inſtance, in Prop. 
d, I. the ſtraight line GK would not meet EF, if GK were 
n the plane in which are the parallels AB, CD, and in 
ch by hypotheſis, the ſtraight line EF is: Beſides, this 
Mopolition is demonſtrated by the preceeding 3. in which 
ry ting which is propoſed to be demonſtrated in the 7th, 
ce aſſumed, viz. that the ſtraight line drawn from one 
pLto another in a plane, is in that plane; and the fame thing 
cd in the preceeding 6th props in which the ſtraight line 
3 which 
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meeting one another: The thing that ſhould have been Book XL, 
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Book XI. which joins the points B, D that are in the plane to which! 
and CD are at right angles, is ſuppsſed to be in that plan 


| read 
And the 7th, of which another demonſtration is given, is k 


either 
At th 
ner 1t 
monſt 
er of 1 


in the book merely to preſerve the number of the propoſition 
for it is evident from the 7th and 35th definitions of the 
book, though it had not been in the elements, 


them 
| PR DP, VIRB. 3 
i} In the Greek, and in Commandine's and Dr Gregory' tag 
: lations, near to the end of this propoſition, are the followit And! 
words: „ But DC is in the plane through BA, AD” inſed if not 
0 which, in the Oxford edition of Commandine's tranſlation, angle 
| rightly put „ but DC is in the plane through BD, DA? m 
| all the editions have the following words, viz. becauſe ! ha 
erefore 


4 © BD are in the plane thro' BD, DA, and DC is inthe! 
ij „ in which are AB, BD,” which are manifeſtly corrupted, 
have been added to the text; for there was not the leaſt nece 
| ty to go ſo far about to ſhew that DC is in the ſame plane 
x which are BD, DA, becauſe it immediately follows from pro 

0 7th preceeding, that BD, DA are in the plane in which art 

| parallels AB, CD: Therefore, inſtead of theſe words, the 


H be 
of the 
Is not 


The d. 


| ought only to be “ becauſe all three are in the plane in v ing 
| & are the parallels AB, CD.” the fir 
nus ha 
PROP. XV. B. V. rd caf 
After the words, „ and becauſe BA is parallel to GH, er 
following are added, “ for each of them is parallel to DE 3M 
„ are not both in the ſame plane with it,” as being mani 
forgotten to be put into the text. The w 
ltion, 
PFADOPAYL.:: BAL monſtr: 
In this, near to the end, inſtead of the words, “ but ſtra gat to 
« lines which meet neither way” ought to be read, “ but g be 1 
lines in the ſame plane which produced meet neither wi deditic 
Becauſe, though in citing this definition in prop. 27. Boo * 
it was not neceſſary to mention the words, “ in tlie ſame plan tion a 
all the ſtraight lines in the books preceeding this being in WF! be d 
ame plane; yet here it was quite neceilary. 
PROP. KX. B. XL e 
In this, ncar the beginning, are the words, “ But 1 F nun 
« let BAC be the greater: But the angle BAC may ba 15 3 
er edi 


to be equal to one of the other two: Wherefore this place fu alt 
ltratii 


O2 8. 


read thus, “ But if not, let the angle BAC be not leſs than 
either of the other two, but greater than DAB.” 

At the end of this propoſition it is ſaid, “ in the ſame man- 
ner it may be demonſtrated,” though there is no need of any 
monſtration; becauſe the angle BAC being not leſs than ei- 
er of the other two, it is evident that BAC together with one 
them is greater than the other. 


PROF. XXII. B. XI. 
And likewiſe in this, near the beginning, it 1s ſaid, “ But 
if not, let the angles at B, E, H be unequal, and let the 
angle at B be greater than either of thoſe at E, H:“ Which 
ads manifeſtly ſhew this place to be vitiated, becauſe the an- 
at B may be equal to one of the other two. They ought 
rrefore to be read thus, © But if not, let the angles at B, E, 
H be unequal, and let the angle at B be not leſs than either 
of the other two at E, H: Therefore the ſtraight line AC 


"Ml is not leſs than either of the two DF, GK.” 
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PROP. XIII. B. XI. 
The demonſtration of this is made ſomething ſhorter, by not 
eating in the third caſe the things which were domonſtrated 
the firſt ; and by making uſe of the conſtruction which Cam- 
nus has given; but he does not demonſtrate the ſecond and 
id caſes: The conſtruction and demonſtration of the third 
e are made a little more ſimple than in the Greek text. 


PRO FP. XXIV. B. XI. 

The word “ ſimilar” is added to the enunciation of this pro- 
tion, becauſe the planes containing the ſolids which are to be 
monſtrated to be equal to one another, in the 25th propoſition, 
pat to be ſimilar and equal, that the equality ot the ſolids 
ky be inferred from prop C. of this book: And, in the Ox- 
edition of Commandine's tranſlation, a corollary is added to 
Pp. 24. to ſhew that the parallelograms mentioned in this pro- 
ition are ſimilar, that the equality of the ſolids in prop. 25. 
be deduced from the 10th def. of book 11. 


PROP.XXV« and XXVE-B:; XI. 
In the 25th prop. ſolid figures which are contained by the 
Ne number of ſimilar and equal plane figures, are ſuppoſed 
de equal to one another. And it ſeems that 'Theon, or ſome 
er editor, that he might ſave himſelf the trouble of de— 
altrating the ſolid ſigures mentioned in this propoſition to 


Y 4 by 


N ©: TBS; 


Book Xl, be equal to one another, has inſerted the 10th def. of this hn 


to ſerve inſtead of a demonſtration z which was very ignory 
done. 

Likewiſe in the 26th prop. two ſolid angles are ſuppoſg 
be equal: If each of them be contained by three plane ax 
which are equal to one another, cach to each. And it is fr; 
enough, that none of the commentators on Euclid have, x 
as I know, perccived that ſomething 1s wanting in the deny 
{trations of theſe two propoſitions. 


thoſe ſolid angles are equal which are contained by the f 
number of plane angles, equal to one another, each to e 
becauſe they will coincide, if they be conceived to be ply 
within one another; but this is faid without any proof, nori 
always true, except when the ſolid angles are contained by t 
plane angles only, which are equal to one another, e 
to each: And in this caſe the propoſition is the ſame withth 
that two ſpherical triangles that are equilateral to one angt 
are alſo equiangular to one another, and can coincide ; wh 
ought not to be granted without a demonſtration, | 
clid does not aſſume this in the caſe of rectilineal & 
angles, but demonſtrates in prop. 8. Book 1. that triany 
which are equilateral to ene another are alſo equiangular 


one another; and from this their total equality appears 
prop 4- book 1. And Menelaus, in the àth prop. of his iſt 
of ſpherics, explicitly demonſtrates that ſpherical triangles vt 
are mutually equilateral, are alſo equiangular to one anoti 
from which it is eaſy to ſhew that they muſt coincide, provid 
they have their ſides diſpoſed in the ſame order and {ituztion 

10 ſupply theſe defects, it was neceſſary to add the three 


poſitions n arked A, B, C to this book. For the 25th, 2(th 
28th propoſitions of it, and conſequently eight others, Vit 
27th, 31ſt, 32d, 33d, 34th, 36th, 37th, and goth of thei 
which depend upon them, have hitherto ſtood upon an 1k 
ſoundaticn ; as alio, the 8th, 12th, Cor. of 17th and 100 
12th book, which depend upon the gth definition, Fort 
been ſhewn in the notes on def. 10th of this bock, that | 
figures which are contained by the fame number of mite 
equal plane figurcs, as alſo ſolid angles that are contained 
the ſam e number of equal plane angles, are not always & 
to one another. | 


Clavius, indeed, in a n 
upon the 11th def, of this book, affirms, that it is evident{ 
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s to be obſerved that Tacquet, in his Euclid, defines e- Book X. 
solid angles to be ſuch, © as being put within one another WY" 
+ coincide”? But this is an axiom, not a definition; for it 

ue of all magnitudes whatever. He made this uſeleſs defini- 

that by it he might demonſtrate the 36th prop. of this 

| without the help of the 35th of the ſame: Concerning 

ch demonſtration, ſee the note upon prop. 36. 


PROP. XXVIII. B. XL 


In this it ought to have been demonſtrated, not aſſumed, 
tthe diagonals are in one plane, Clavius has ſupplied this 
ect, 


PROP, XXIX. B. XI. 


There are three caſes of this propoſition ; the firſt is, when 
two parallelograms oppoſite to the baſe AB have a ſide com- 
pn to both; the ſecond is, when theſe parallelograms are ſe- 
ated from one another; and the third, when there is a part 
them common to both; and to this laſt only, the demon- 
tion that has hitherto been in the elements does agree. 'The 
| caſe is immediately deduced from the preceeding 28th prop. 
lich ſeems for this purpoſe to have been premiſed to this 29th, 
tis neceſſary to none but to it, and to the 4oth of this book, 
we now have it, to which laſt ic would, without doubt, have 
en premiſed, if Euclid had not made uſe of it in the 29th 
tlome unſkilful editor has taken it away from the elements, 
d has mutilated Euclid's demonſtration of the other two caſes, 
uch is now reſtored, and ſerves for both at once. 


rovi | 
jat10n 
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n in n the demonſtration of this, the oppoſite planes of the ſolid 
uc 1 the figure in this edition, that is, of the folid CO in 


Immandine's figure, are not proved to be parallel; which it 
proper to do for the fake of Icarners. 
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There are two caſes of this propoſition ; the firſt is, when 
einülling ſtraight lines are at right angles to the baſes ;z the 
her, when they are not: The firit caſe is divided again into 
d others, one of which is, when the bates are equiangular 
lelograms 3 the other, when they are not equiangular : 


'The 


NOTE S. 


Book XT. The Greek editor makes no mention of the firſt of theſe 
WV laſt caſes, but has inſerted the demonſtration of it as 25 
that of the other: And therefore ſhould have taken » 
of it in a corollary ; but we thought it better to give theſe | 
caſes ſeparately : The demonſtration alfo is made {one 
ſhorter by following the way Euclid has made uſe of in 9 
14. book 6. Beſides, in the demonſtration of the cafe in x 
the inſiſting ſtraight lines are not at right angles to the h 
the editor does not prove that the ſolids deſcribed in the; 
ſtruction are parallelepipeds, which it is not to be thought 
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Euclid neglected : Alſo the words, „“ of which the inſf by fo! 
ce {traight lines are not in the ſame ſtraight lines,” have h bmonſ 
added by ſome unſkilful hand; for they may be in the oi; giv 
ſtraight lines. be giv 


repeti 
Ve ha 
s the 


b prop 


PROP. XXXII. B. XI. 


The editor has forgot to order the parallelogram FH t 
applied in the angle FGH equal to the angle LCG, whid 
neceſſary. Clavius has ſupplied this, 

Alſo, in the conſtruction, it is required to complete 
folid of which the baſe is FH, and altitude the ſame with 
of the ſolid CD; but this does not determine the ſolid to 
completed, ſince there may be innumerable ſolids upon 
fame baſe, and of the ſame altitude : It ought therefore to 


2cque 
the h. 
in thi 
equian 
three 


ſaid “ complete the ſolid of which the baſe is FH, and one ident 
« its inſiſting ſtraight lines is FD :” The fame correction n nitrate 
be made in the following propoſition 33. other; 


es not 

the ſe 
nonſtr. 
{olds 


1 


It is very probable that Euclid gave this propoſition a pl 
in the Elements, fince he gave the like propoſition concern 


equiangular parallelograms in the 23d B. 6. iu this 


10s wh 
ne wit! 


PROP. XXXIV. B. XI. 


In this the words, "TT, Oer BY a0 ET TY 4v70) alt 
6 of which the inſiſting ſtraight lines are not in the i 
« ſtraight lines,” are thrice repeated; but theſe words ei 
either to be leſt out, as they are by Clavius, or, in place of the 
ought to be put, * whether the inſiſting ſtraight lines be, or 
« not, in the ſame ſtraight lines :?' For the other caſe 15 vi 
out any reaſon excluded, alſo the words, 4» 74 Ws of uf 


K 


be inſiſting ſtraight lines;“ which is a plain miſtake: For 
litude is always at right angles to the baſe. 


PROP. XXXV. B. XI. 

The angles ABH, DEM are demonſtrated to be right angles 
 horter way than in the Greek : and in the fame way ACH, 
M may be demonſtrated to be right angles: Allo the repe- 
mn of the ſame demonſtration, which begins with © in the. 
me manner,” is left out, as it was probably added to the 
by ſome editor; for the words, “ in like manner we may 
emonſtrate, are not inſerted except when the demonſtration 
jt given, or when it is ſomething different from the other, 
be given, as in prop. 26. of this book. Campanus has not 
repetition. 

Ve have given another demonſtration of the corollary, be- 
s the one in the original, by help of which the following 
prop. may be demonitrated without the 35. 


PROP. XVI. B. A. 

acquet in his Euclid demonſtrates this propoſition with- 
the help of the 35th; but it is plain, that the ſolids mention- 
in the Greek text in the enunciation of the propoſition 
equiangular, are ſuch that their ſolid angles are contained 
three plane angles equal to one another, each to each; as 
ident from the conſtruction. Now 'Tacquet does not de- 
dnſtrate, but aſſumes theſe ſolid angles to be equal to one 
her; for he ſuppoſes the ſolids to be already made, and 
not give the conſtruction by which they are made: But, 
the ſecond demonſtration of the preceeding corollary, his 
nonſtration is rendered legitimate likewiſe in the caſe where 
lolids are conſtructed as in the text. 
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PROP. XXXVII. B. XI. 

ln this it is aſſumed that the ratios which are triplicate of thoſe 
os which are the fame with one another, are likewiſe the 
ve with one anether ; and that thoſe ratios are the ſame with 
e another, of which the triplicate ratios are the ſame with one 
aer; but this ought not to be granted without a demonſtra— 
u nor did Euclid aſſume the firſt and eaſieſt of theſe two pro- 
ons, but demonſtrated it in the caſe of duplicate ratios, in the 
prop. Book 6. On this account, another demonitration is 
en of this propoſition like to that which Euclid gives in prop. 
* book 6, as Clavius has done. 
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be altitudes” are twice put for «» «i ipic7@rx:, © of which Book XI. 


NN & T-S: t* 


ming 


theor 


Gs - PROP. XXXVIII. B. XI. 
When it is required to draw a perpendicular from 1 no 


in one plane which is at right angles to another plane, un Ing 1M: 
this laſt plane, it is done by drawing a perpendicular from thi 
point to the common ſection of the planes; for this per fometr! 

ere m: 


dicular will be perpendicular to the plane, by Def. 4. of d 


book: And it would be fooliſh in this caſe to do it by the u de 


* 17- 12. prop. of the fame : But Euclid *, Apollonius, and other ge s evid 
in other meters, when they have occaſion for this problem, dir ough 1 
editions. perpendicular to be drawn from the point to the plane, eal fi 


conclude that it will fall upon the common ſection of f ch 18 


planes, becauſe this is the very fame thing as if they had ma wh 
uſe of the conſtruction above mentioned, and then conclu.” Aa 
that the ſtraight line muſt be perpendicular to the plane; ii four 
is expreſſed in fewer words: Some editor, not perceiving thi this p 
thought it was neceſſary to add this propoſition, which can ne e 
be of any uſe to the 11th book, and its being near to the end that 
mong propoſitions with which it has no connection, is a mark 1 fo 
its having been added to the text. er 
PROP. XXXIX. B. XI. 

In this it is ſuppoſed, that the ſtraight lines which biſectt 0 th 
ſides of the oppoſite planes, are in one plane, which ought caul 
have been demonſtrated; as is now done. * 

en * 

mila. 

v B. XII. Han, 

| = DS 
Book x11. "HE learned Mr Moor, profeſſor of Greek in the Unit 
ſity of Glaſgow, obſerved to me that it plainly appes 
from Archimedes's epiſtle to Doſitheus, prefixed to his bo 

of the Sphere and Cylinder, which epiſtle he has reſtored fi ¶ A few 

ancient manuſcripts, that Eudoxus was the author of the cert te 


propoſitions in this 12th book. 


PROF. H. B. XII. 


In this 
& Was 


At the beginning of this it is ſaid, © if it be not ſo, the ſquz | 
10 pr 


© of BD ſhall be to the ſquare of FH, as the circle ABCD 
„to ſome ſpace either leſs than the circle EFGH, or ge 
« than it:“ And the like is to be found near to the end of! 
propolition, as alſo in prop. 5. II. 12. 18. of this Book: C0 

Cer! 


Ne edi. 


NO DE os: 
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ming which, it is to be obſerved, that, in the demonſtration Book XII. 
theorems, it is ſufficient, in this and the like caſes, that a2 


ing made uſe of in the reaſoning can poſſibly exiſt, provi- 

no this be evident, though it cannot be exhibited or found by a 
n metrical conſtruction : So, in this place, it is aſſumed, that 
| cre may be a fourth proportional to theſe three magnitudes, 

the ſquares of BD, FH, and the circle ABCD; becauſe 
- 11: evident, that there is ſome ſquare equal to the circle ABCD, 
0 ough it cannot be found geometrically ; and to the three recti- 
eal figures, viz. the ſquares of BD, FH, and the ſquare 
ich is equal to the circle ABCD, there is a fourth ſquare 
portional; becauſe to the three ſtraight lines which are 


ar ſides there is a fourth ſtraight line proportional *, and“ 12. 6. 


"5 fourth ſquare, or a ſpace equal to it, is the ſpace which 
I this propoſition is denoted by the letter 8: And the like is to 
underſtood in the other places above cited: And it is proba- 
that this has been ſhewn by Euclid, but left out by ſome e- 
tor; for the lemma which ſome unſkiltul hand has added to 
s propoſition explains nothing of it. 


PROP, III. B. XII. 


In the Greek text and the tranſlations, it is ſaid, “ and 
becauſe the two ſtraight lines BA, AC which meet one an- 
ather,” &c, here the angles BAC, KHL are demonſtrated 
de equal to one another by 1oth prop. B. 11. which had 
en done before: Becauſe the triangle EAG was proved to 
imilar to the triangle KHL : This repetition is left out, and 
tr angles BAC, KHL are proved to be ſimilar in a ſhorter 
wy by prop. 21. B. 6. 
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f A few things in this are more fully explained than in the 
ie ch 


reek text. 


PROP, V. B. III. 


In this, near to the end, are the words, : :zTeeoS4y ee, 


e qu was before ſhewn,“ and the lame are found again in the 
BCD We of Prop. 18. of this book; but the demonſtration referred to, 
rg cat it be the uſeleſs lemma annexed ty the 2d prop. is no 
4 of Here in theſe elements, and has been perhaps leſt out by 
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if editor who has torgot to cance! thote words allo, 
cem 


PROP, 


4 40. 6. 
d 11. def. 
11. 
© 4. 6. 


to FGN: Wherefore © ME is to EA, as NL to LF; andas: 


0. 
PRO P. VI. B. XII. 


A ſhorter demonſtration is given of this; and that v 


is in the Greek text may be made ſhorter by a ſtep than k Wn? 
For the author of it makes uſe of the 22d prop. of B. 5. twig relore | 
Whereas once would have ſerved his purpoſe ; becauſe that p uy be 
poſition extends to any number of magnitudes which are prop 1 
tionals taken two and two, as well as to three which are b u 
portional to other three. = 
| ECD) 

COR. PROP. VIII. B. XII. Nare 

f to LF 


The demonſtration of this is imperfect, becauſe it is 
ſhewn, that the triangular pyramids into which thoſe upon m 
tangular baſes are divided, are ſimilar to one another, as ou 
neceſſarily to have been done, and is done in the like caſe 
Prop. 12. of this book: The full demonſtration of the corol| 


ologou: 
CM has 
EB! 
prrami 


HN: I 


is as follows. ihe py 
Upon the polygonal baſes ABCDE, FGHEL, let there be he ante 
milar and ſimilarly ſituated pyramids which have the points Wedents 


N for their vertices: The pyramid ABCDEM has to the py 
mid FGHKLN the triplicate ratio of that which the fide / 


DM to 
CDEM 


has to the homologous ſide FG. | EAB! 

Let the polygons be divided into the triangles ABE, LW chich 
ECD; FCL, LGH, LHK, which are ſimilar a each to cache whe 
And becauſe the pyramids are ſimilar, therefore“ the trianhb the k 


EAM is ſimilar to the triangle LFN, and the triangle Al 
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to EB, ſo is FL to LG, becauſe the triangles EAB, LAT 
ſimilar ; therefore, ex acquali, as ME to EB, fo is NL to 


383 2 
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|. therefore, again, ex acquali, as EM to MB, fo is LN to 
. Wherefore the triangles EMB, LNG having their ſides 
wrtionals are 4 equiangular, and ſimilar to one another: 
refore the pyramids which have the triangles E XB, LFG 
their baſes, and the points M, N for their vertices, are ſi- 


d to one another, for their ſolid angles are © equal, and II. def. 


folids themſelves are contained by the ſame number of ſi- 
planes: In the ſame mannner the pyramid EBCM may 
hewn to be ſimilar to the pyramid LGHN, and the pyra- 
| ECDM to LHKN : And becauſe the pyramids EABM, 
N are ſimilar, and have triangular baſes, the pyramid EABM 
'to LFGN the triplicate ratio of that which EB has to the 
ologous fide LG ; And, in the fame manner, the pyramid 
(VM has to the pyramid LGHN the triplicate ratio of that 
hEB has to LG: Therefore as the pyramid EABM is to 
wamid LFGN, fo is the pyramid EBCM to the pyramid 
HN: In like manner, as the pyramid EBCM is to LGHN, 
the pyramid EC DM to the pyramid LHKN : And as one 
the antecedents is to one of the conſequents, ſo are all the 
cedents to all the conſequents: Therefore as the pyramid 
M to the pyramid LFGN, ſo is the whole pyramid 


WCDEM to the whole pyramid FGHKLN : And the pyra- 


ABM has to the pyramid LFGN the triplicate ratio of 
which AB has to FG ; theretore the whole pyramid has 


de whole pyramid the triplicate ratio of that which AB 
b the homologous ſide FG. Q. E. D. 


P R OP. XI. and XII. B. XII. 


e order of the letters of the alphabet is not obſerved in 

k two propoſitions, according to Euclid's manner, and is 
reſtored : By which means the firſt part of prop. 12. may 
kmonſtrated in the ſame words with the firit part of prop. 
on this account the demonitration of that firſt part is left 
and aſſumed from prop. 11. 


r 


L this propoſition the common ſection of a plane parallel 
e baſes of a cylinder, with the cylinder itleli, is ſuppoſed 
* a circle, and it was thought proper brielily to demon- 
Elt; from whence it is ſufficiently manifeſt, that this piane 
the cylinder into two others: And the tame thing is un- 
od to be ſupplied in prop. 14. 

| PROP. 
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7 manner it may be ſhewn that EB is to BM, as LG to Book XII. 


4 5. 6. 


11. 
9. B. 11. 


1 


rr ot > et OY OE: 


Book NII. 


NO T-E'S 


monſtr 
PROP. XV. B. XII. X 


perpe! 

) muſt 

“ And complete the cylinders AX, EO,“ both the e nade 
ciation and expoſition of the propoſitibn repreſent the cylinWi is 
as well as the cones as already deſcribed : Wherefore the e {een 
ing ought rather to be, “ and let the cones be ALC nis on 
« and the cylinders AX, EO.“ 5 fore Co 
The firſt caſe in the ſecond part of the demonſtration is M be 
ing; and ſomething alſo in the ſecond caſe of that part, he jon of 
the repetition of the conſtruction is mentioned; which ta 
now added. ed £0 t 
xt the p 
fcrily f. 
PROP. XVII. B. XII. Likewi 
In the enunciation of this propoſition the Greek words WT, 1 
Thy weil ove TOaigay TTEpEOY Pn eyſga ei, ten Wave Thy #0, ere, as 
orien; Try) viibuviiey, are thus tranſlated by Comma sI K 


and others, in majori ſolidum polyhedrum deſcribere of whic 


% minoris ſphaerae ſuperficiem non tangat ;” that is, vnd n 
« ſcribe in the greater ſphere a ſolid polyhedron which ln the 
c not meet the ſuperficies of the leſſer ſphere :” Whereby Wii poly 
refer the words z4T# Ty» s7i0&v6:ar to theſe next to them ich is 
eeocev; oPaiges : But they ought by no means to be thus trfWwhich 
lated, for the ſolid polyhedron doth not only meet the ſiſ ive it 
ficies of the leſſer ſphere, but pervades the whole of that ſpheWthoſe o 
Therefore the foreſaid words are to be referred to re ere BC 


roh’ e, and ought thus to be tranſlated, viz; to deſcribe 
the greater ſphere a ſolid polyhedron whoſe ſuperficies ſhall 
meet the lefler ſphere ; as the meaning of the propoſition 
ceflarily requires. 

The demonſtration of the propoſition is ſpoiled and m 
lated : For ſome eaſy things are very explicitly demonſtra 
while others not ſo obvious are not ſufficiently explained; 
example, when it is affirmed, that the ſquare of KB is gre 
than the double of the ſquare of BZ, in the firſt demon 


From 
uch the 
eter, ha 
de opin 
aned 
ry little 
bd, has 
tentive | 


tion; and that the angle BZK is obtuſe, in the ſecond : A! erro 
which ought to have been demonſtrated : Beſides, in the firlt {ice fro 
monſtration, it is ſaid, “ draw K from the point K pen ch ace 
& dicular to ED; whereas it ought to have been ſaid, © take 
« KV,” and it thould have been demonſtrated that Kis as 


perpendicular to BD: For it is evident from the figure in! 
vagius's and Gregory's editions, and from the words of 
demonlira 


NO E 8. 


perpendicular drawn from the point K to the ſtraight line 
) muſt neceſſarily fall upon the point V, for in the figure it 
made to fall upon the point © a different point from V, 
lch is likewiſe ſuppoſed in the demonſtration.” Comman- 
» ſeems to have been aware of this; for in this figure he 
ks one and the ſame point with the two letters V, Q; and 
fore Commandine, the learned John Dee in the commen— 
de annexes to this propoſition in Henry Billinſley's tran- 
jon of the Elements printed at London, Ann. 1579, ex- 
&ly takes notice of this error, and gives a demonſtration 
ted to the conſtruction in the Greek text, by which he ſhews 
the perpendicular drawn from the point K to BD, mult ne- 
fcrily fall upon the point V. | 

likewiſe it is not demonſtrated that the quadrilateral figures 
PT, TPRY, and the triangle YRX do not meet the leſſer 
ere, as was neceſſary to have been done: Only Clavius, as 
72 I know, has obſerved this, and demenſtrated it by a lem- 
y which is now premiſed to this propoſition, ſomething alte- 
and more briefly demonſtrated. | 
In the corollary of this propoſition it is ſuppoſed that a 
id polyhedron is deſcribed in the other ſphere ſimilar to that 
lich is deſcribed in the ſphere BC DE; but, as the conſtruction 
which this may be done is not given, it was thought proper 
vive it, and to demonſtrate that the pyramids in it are ſimilar 
thoſe of the ſame order in the ſolid polyhedron deſcribed in the 
here BODE. 


From the preceeding notes, it is ſufficiently evident how 
uch the Elements of Euclid, who was a moſt accurate geo- 
ter, have been vitiated and mutilated by ignorant editors. 
te opinion which the greateſt part of learned men have en- 
maned concerning the preſent Greek edition, viz. that it is 
n little or nothing different from the genuine work of Eu- 
Id, has without doubt deceived them, and made them leſs 
tntive and accurate in examining that edition; whereby ſe- 
! errors, ſome of them groſs enough, have eſcaped their 
tice from the age in which Theon lived to this time. Upon 
ch account there is ſome ground to hope that the pains we 
re taken in correcting thoſe errors, and freeing the ele- 
Kats as far we could from blemiſhes, will not be unac- 

2 ceptable 


333 


wonſtration, that the Greek Editor did not perceive that Book XII 
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Book XIT, ceptable to good judges who can diſcern when demonfir 


are legitimate, and when they are not. 

The objections which, ſince the firſt edition, hare | 
made againſt ſome things in the notes, eſpecially again 
doctrine of proportionals, have either been fully anſwen 
Dr Barrow's Lect. Marhemat. and in theſe notes; or are 
except one which has been ken notice of in the not 
Prop. 1. Book 11. as ſhew that che perſon who made t 
has not ſufficiently conſidered the things againſt which 
are brought; ſo that it is not neceſſary to Wake any fu 
anſwer to theſe objections and others like them agwnſt Euc 
definition of proportionals; of which definition Dr 2, 
juſtly ſays in page 297. of the above named Book, that « 
« ſi machinis impulſa validioribus acternum perßſte: 
& cuſla,” | 3 | 
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UCLID'S DATA is. the firſt in order of the 
books written by the ancient geometers to fa- 
tate and promote the method of reſolution or 
analyſis. In the general, a thing is ſaid to be given 
rhich is either actually exhibited, or can be found 
wt, that is, which is either known by hypotheſis, 
ir that can be demonſtrated to be known; and the 
ropoſitions in the book of Euclid's Data ſhew what 
things can be found out or known from thoſe that 
y hypotheſis are already known; ſo that in the a- 
mlyſis or inveſtigation of a problem, from the things 
that are laid down to be known or given, by the 
telp of theſe propoſitions other things are demon. 
inted to be given, and from theſe, other things 
re again ſhewn to be given, and ſo on, until that 
vhich was propoſed to be found out in the problem 
s demonſtrated to be given, and when this is done, 
tie problem is ſolved, and its compoſition is made 
nd derived from the compoſitions of the Data 
viich were made uſe of in the analyſis. And thus 
tie Data of Euclid are of the moiſt general and ne- 
N ule in the folution of problems of every 
nd, 

Luclid is reckoned to be the author of the Book 
it the Data, both by the ancient and modern geo— 
meters; and there ſcems to be no doubt of his ha- 
Wy written a book on this ſubject, but which, in 
lic courte of ſo many ages, has been much vitiated 
by unſkilful editors in ſeveral places, both in the 
wider of the propoſitions, and in the definitions 
and demonſtrations themielves, To correct the er- 
urs which are now found in it, and bring it nears 
Tto the accuracy with which it was, no doubt, at 
kit written by Kuclid, is the deſign of this edition, 
ut 101t may be rendered more uſeful to geome- 


2 3 ters, 


r an, 7 


358 


„C 4 © -1 


ters, at leaſt to beginners who deſire to learn the 
inveſtigatory method of the ancients, And for 
their ſakes, the compoſitions of moſt of the Datz 
are ſubjoined to their demonſtrations, that the com- 
poſitions of problems ſolved by help of the dau 
may be the more eaſily made. 

Marinus the philoſopher's preface, which, in the 
Greck edition is prefixed to the Data, is here let 
out, as being of no ule to underſtand them, At the 
end of it, he ſays, that Euclid has not uſed the ſyn- 
thetical, but the analytical method in deliverng 
them; in which he is quite miſtaken ; for in the x 
nalyſis of a theorem the thing to be demonſtrated 
is aſſumed in the analyſis ; but in the demonſtrations 
of the data, the thing to be demonſtrated, which i, 
that ſomething or other is given, is never once al- 
ſumed in the demonſtration, from which it is ma- 
nifeſt, that every one of them is demonſtrated ſyn- 
thetically ; though indeed, it a propoſition of the 
Data be turned into a problem, for example the 
84th or 85th in the tormer editions, which here are 
the 85th and 86th, the demonitration of the propo: 
poſition becomes the analyſis of the problem. 

W herem this edition diflers from the Greek, and 
reaſons ot the alterations from it, will be ſhewl 


in the notes at the end of the Lata, 
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m · 8 
Jata DEFINITIONS: 
the . 
left I. 


packs, lines, and angles, are ſaid to be given in magni- 
J tude, when equals to them can be found. 


tio is ſaid to be given, when a ratio of a given magnitude 
tedMt given magnitude which is the ſame ratio with it can be 


found, 


x III 
* ectilineal figures are ſaid to be given in ſpecies, which have 


ach of their angles given, and the ratios of their ſides given. 
| IV. Fe: | 

yo-Whints, lines, and ſpaces, are ſaid to be given in poſition, 
the vhich have always the ſame ſituation, and which are either 
theMW:ctually exhibited, or can be found. 

| „ 
* tangle is ſaid to be given in poſition, which is contained by 
P lraight lines given in poſition. | 

| V. 


and circle is ſaid to be given in magnitude, when a ſtraight 


wu ine from its center to the circumterence is given in magnt- 


tude, | 
85 | Vi. 

diele is ſaid to be given in poſition and magnitude, the center 
d which is given in poſition, and a ſtraight line from it to 
he circumference is given in magnitude. | 

VII. 
ments of circles are ſaid to be given in magnitude, when 
ne angles in them, and their baſes are given in magnitude. 

VIII. 
ments of circles are ſaid to be given in poſition and mag- 
nude, when the angles in them are given in magnitude, 
ind their baſes are given both in poſition and magnitude, 

| 8 
magnitude is ſaid to be greater than another by a given 
Magnitude, when this given magnitude being taken from it, 
be remainder is cqual to the other magnitude. 
Z 4 A 
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X. | But 
A magnitude is ſaid to be leſs than another by a given m zonitud 
tude, when this given magnitude being added to it. i has 
whole 1s equal to the other magnitude, nen 
TOTS ek te 
. PROPOSITION I. under! 
See N. IS ratios of given magnitudes to one anch ds 
is given, See 
Let A, B be two given magnitudes, the ratio of A to B 
given. 
* 1. def, Becauſe A is a given magnitude, there may | an) 
dat. be found one equal to it; let this be C: And {um 
becauſe B is given, one equal to it may be | 
found; let it be D; and ſince A is equal to C, Let ar 
b 7. 5. and B to ; therefore® A is to B, as C to m AC 
D; and conſequently the ratio of A to B is Becau 
given, becauſe the ratio of the given magni \ lt this b 
tudes C, D which is the ſame with it has been A B CI en, one 
found. lis be 1 
| qual to 
2. PROP. II. wole . 
See N. I a given magnitude has a given ratio to anoth * | 
magnitude, “and if unto the two magnitudes | ack 
« which the given ratio is exhibited, and the give 
magnitude, a fourth proportional can be found 
the other magnitude 1s given, F a 
Let the given magnitude A have a given ratio to the ma un 
nitude B; if a fourth proportional can be found to the th 
magnitudes above named, B 1s piven in magnitude, From 
Becauſe A is given, a magnitude may be de taket 
* 1, def. found equal to it“; let this be C: And be- beca 
cauſe the ratio of A to B is given, a ratio | bund; 
which is the ſame with it may be ſound, let AC is | 
this be th. ratio of the given magnitude E AB (0p) [IE 
to the given magnitude F : Unto the magni- E = 4 
tudes E, T, C find a fourth proportional | F; tl 
D, which, by the hypotheſis, can be done. —_— 
W herefore, becaufe A is to B, as E to F; and tqual t. 


b 11. 5 as E to 1, fois C to D: A is b to B, as C to 


# The ſgures in the margin ſhew the number of the propoſitions in the 0 
editions. 
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But A is equal to C; therefore © B is equal to D. Thee x 4. f. 
pnitude B is therefore given *, becauſe a magnitude D equal $1. def. 
it has been found. 

The limitation within the inverted commas is not in the 

ek text, but is now neceſſarily added; and the ſame muſt 
underſtood in all the propoſitions of the book which depend 

yon this ſecond propoſition, where it is not expreſsly mention- 

|, See the note upon it. 


t, 


otht 


PROP. III. | 3. 
to Þ 


F any given magnitudes be added together, their 
ſum ſhall be given. | 


Let any given magnitudes AB, BC be added together, their 

m AC is given. . 

Becauſe AB is given, a magnitude equal to it may be found *z . def. 
t this be DE: And becauſe BC is gi. 

mn, one equal to it may be found; ler A\ B i 

bis be EF: Wherefore, becauſe AB is nun; 
qual to DE, and BC equal to EF; the D | 
hole AC is equal to the whole DF: "ou 


oth is therefore given, becauſe DF has been found which is e- 
* al to it. 
I PROP. IV. = 


if a given magnitude be taken from a given mag- 
nitude; the remaining magnitude ſhall be given. 


From the given magnitude AB, let the given magnitude AC 

e taken 3 the remaining magnitude CB is given. 

Becaule AB is given, a magnitude equal to it may“ bea, gef. 
bund; let this be Dis: And becauſe 
AC is given, one equal to it may be A\ 8 
bund; let this be DF: Wherefore, be- 1 

aule AB is equal to DE, and AC to Fo 
VF; the remainder CB is equal to the my 
mander FE, CB is therefore given a, becauſe FE which is 
qual to it has been found. 


_ I aA 
* — 
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3 PROP. V. on. Fre 

| | natio to 

See N. FF of three magnitudes, the firſt together with + op 

ſecond be given, and alſo the ſecond togetih 

with the third ; either the firſt is equal to the thir 

or one of them is greater than the other by a give 
magnitude, 

Let AB, BC, CD be three magnitudes, of which AB tag 
ther with BC, that is AC, is given; and alſo BC together wi 
CD, that is BD, is given. Either AB is equal to CD, or a 
of them is greater than the other by a given magnitude, 

Becauſe AC, BD are each of them given, they ate eith 


two! 
moth 
e ſhall 


the n 
Mer, be 


equal to one another, or not equal | 
Firſt, let them be equal, and aA 8 C | ituces 
AC is equal to BD, take away the common part C; therefy 2 
the remainder AB is equal to the remainder CD. By 
But if they be unequal, let AC be greater than BD, a 15 
make CE equal to BD. Therefore CK is given, becauſe BD a : 
given. = And the whole AC is gi- v5 

4. dat. ven; therefore“ ALE the remainder X 
== is given. And becauſe EC is NE 5 E * 2 
to BD, by taking BC from both, oY 
the remainder EB is equal to the remainder CD, And AE * | 
is given; wherefore AB exceeds EB, that is CD, by the give 307 
magnitude A. 8 

5 e ; 
. FF a magnitude has a given ratio to a part of it, Wzgiv: 
{hall alſo have a given ratio to the remaining pale 
of it. Whport: 
Let the magnitude AB have a given ratio to AC a part o hides | 
it has alſo a given ratio to the remainder BC. n. 20 
Becauſe the ratio of AB to AC is given, a ratio may | "i 
* 2, def. found * which is the ſame to it: Let this be the ratio of! zwen. 
a given magnitude to the given mag- 

nitude DF, And becauſe DE, DFare X C Let the 
Þ 4. dat. given, the remainder FE is e given, — f gala 
And becauſe AB is to AC, as VE to D 1 Rortion 
0E DF, by converſion © AB is to BC, as — pn 
ht 5* PDE to EF. Therefore the ratio of AB to BC is given, becaul of a 
cauſ 


the ratio of the given magnitudes DE, EF, which is the {an 


with it, has been found. A 0 th 
4 
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12, From this it follows, that the parts AC, CB have a gi- 
atio to one another: Becauſe as AB to BC, fo is DE to 
ly diviſion 4, AC is to CB, as DF to FE; and DF, FE A x1. 5. 


th en; therefore * the ratio of AC to CB is given. * 2. def. 
ret | | 

thir PROP. VII. Os 
give 


two magnitudes which have a given ratio to one See N. 
we mother, be added together; the whole magni- 
ue ſhall have to each of them a given ratio. 


the magnitudes AB, BC which have a given ratio to one 
ter, be added together; the whole AC has to each of the 
indes AB, BC a given ratio. 
cauſe the ratio of AB to BC is given, a ratio may be 
which is the ſame with it; let this be the ratio of * 2. def. 
ren magnitudes DE, EF: And 


＋ we DE, DF are given, the whole & B C 
given Þ: And becauſe as AB to TA b 3. Dat. 
vis DE to EF; by compoſition D E F : 

is to CB, as DF to FE; and by © —— 18. 5 


rrfond, AC is to AB, as DF to DE: Wherefore becauſe a E. 6 
b to each of the magnitudes AB, BC, as DF to each of 

ahers DE, EF; the ratio of AC to each of the magnitudes 

dC is given a. 


PRO. Vi. 


7. 
given magnitude be divided into two parts which Sce N. 
lave a given ratio to one another, and ifa fourth 
portional can be found to the ſum of the two mag- 

des by which the given ratio is exhibited, one of 

u, and the given magnitude; each of the parts 

nven, 


( | 8 8 6 1 » 
the given magnitude AB be divided into the parts AC, 
which have a given ratio to one another; it a fourth 
tional can be tound to the above C B 
ted magnitudes; AC and CB are 1 — 
auf ok them given. 
e aufe the ratio of AC to CB ie 0 E E 


— 


which 


„ the ratio of AB to BC is given *; therefore a ratio * +, Dat, 
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* 2. Def. 


two 
one Al 
y he 
fe ot! 
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k vel i bes 
which is the fame with it can be found, let this be the 
of the given magnitudes DE, EF: +. 
And becauſe the given magnitude AB C 
has to BC the given ratio of DE to 
EF, if unto DE, EF, AB a fourthD F E 
proportional can be found, this which 3 
is BC is given © ; and becauſe AB is given, the other part 4 
given 4. | 

In the fame manner, and with the like limitation, if 
difference AC of two magnitudes AB, BC which have a 
ratio be given; each of the magnitudes AB, BC is given, 
Let twe 
anoth! 
lame, 
IEF 
Becauſe 
Atol 
of D 1 
ratio C 
efore 
$ give 
bo of B 
Eto C 


the re 
o one 


PROP. IX. 


J /FAcxiTvpts which have given ratios to 
ſame magnitude, have allo a given ratig 
one another, 


Let A, C have each of them a given ratio to B; A has; 
ven ratio to C, 
Becauſe the ratio of A to B is given; a ratio which is 
fame to it may be found *; let this be the ratio of the 
magnitudes D, E: And becaule the ratioof B to C 1s give 
ratio which is the fame with it may be found * ; let this be 
ratio of the given magnitudes F, G: 
To F, G, E find a fourth propor- 
tional H, if it can be done; and | 
becauſe as A is to B, ſo is D to E; 
on 172 to C, ſo is (F to G, and 
o is) E to ; ex aequali, as A to £2 
C, ſo is D to H: Therefore the ratio A. B C D E 
of A to C is given *, becauſe the F 
ratio of the given magnitudes D and . | 


H, which is the ſame with it, has 
been found: But if a fourth propor- 
tional to F, G, E cannot be found, 
then it can only be ſaid that the ratio of A to C is compou 
of the ratios of A to B, and B to C, that is, of the givel ! 
of D to E, and F to G. PR 


le I) 5 
becauſ 
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PROP. X. 9. | 
o or more magnitudes have given ratios to | 
„ae Der and if they have given ratios, though | 
y be not the ſame, to ſome other magnitudes ; 1 
„ ue 8 ſhall alſo have given ratios | 
2 one another. | 1 
let two or more magnitudes A, B, C have given ratios to 1 
mother; and let them have given ratios, though they be not b 
ame, to ſome other magnitudes D, E, F; The magnitudes | 
EL F have given ratios to one another. | 
Becauſe the ratio of A to B is given, and likewiſe the ratio 
to Aw D; therefore the ra- -—_—— 
ati of D to B is given a; but a 9. Dat. 
ratio of B to E is given, B — E : al | 
gore a the ratio of D to | 
* b given: And becauſe the C F 
ech to C is given, and allo the ratio of B to E; the ratio 
h 5 C — a 1 the ratio of C to F is given where- 
e ratio of E to F is given: D, E : | 
be MG cue another. : „E, F. have therefore given ra- 
give . 
s be 
PROP. XI. 22· 
two magnitudes have each of them l 
Edo to anoth igni DRE 
f her magnitude; both of them together 
F ave a given ratio to that other. 
ge: AB, BC have a given ratio to the magni- 
| 4 as a given ratio to the ſame D. | 
Cauſe AB, BC have each of 'A © 
pou” given ratio to D, the ratio B C 
or to BC is given : And by 5 9. Dat. 
© I% the ratio of AC to CB D 
| e . - = 
Wn d: But the ratio of BC to b 7, Dat. 


len; therefore the ratio of AC to D is given. 
_ A ' a | , P R O P. 
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23. oportie 

P R O P. XII. Is equ 

| pele D, 
See N. F the whole have to the whole a given ratio my 
the parts have to the parts given, but not. © 

ſame, ratios : Every one of them, whole or part, hare o 

have to every one a given ratio. | ſo 1s 

; 1 | gere fore 

Let the whole AB have a given ratio to the- whole CU e 


the parts AE, EB have given, but not the ſame, ratios 
parts CF, FD: Every one ſhall have to every one, whi 
part, a given ratio. 15 
Becauſe the ratio of AE to CF is given, as AE to ( 
make AB to CG; the ratio thereſore of AB to CG is e 
wherefore the ratio of the remainder EB to the teme 
19. 5. FG is given, becauſe it is the ſame à with the ratio of! 
CG: And the ratio of LB to FD is A E 
given, where fore the _ of FD *. — 
Þ 0. Dat. to FG 1s given d; anc conver- 
id ſion, the 1 5 of FD ax DG is C . F G 
© 6. Dat. given ©: And becauſe AB has to 8 
each of the magnitudes CD, CG a given ratio, the ratio 
to CG is given b; and therefore © the ratio of CD w! 
given : But the ratio of GD to DF is given, wherefore 


gioht | 
night 

given 
night | 
been 


Fan 

has 
els of 
de h 
the 


Cor. 6. ratio of CD to DF 1s given, and conſequently 4 the ratio ude h 
Dat. to FD is given; but the ratio of CF to AE is given, asal ther! 
* 10. Dat. ratio of FD to EB; wherefore © the ratio of AE to EB is offi 2 £ 


# 7, Dat. as alſo the ratio of AB to each of them f: The ratio the! 

of every one to every one is given. ler t 
| 1 "BY bee L. tha 
Neis 0 
Becat 
pke B 
I 13 g. 
Ind be 
1 
emaind 
ktio of 
be ratic 
dove th 
Next 
nit 


24. PROP, XI. 


See N. | F the firſt of three proportional ſtraight lines! 
given ratio to the third, the firſt ſhall allo h. 
given ratio to the fecond, 


Let A, B, C be three proportional ſtraight lines, th 
as A to B, ſo is B to C; if A has to C a given ratio, A 
alſo have to B a given ratio. 5 
Becauſe the ratio of A to C is given, a ratio which 1 
a 2. Def. ſame with it may be found a; let this be the ratio oft 
13.6. ven ſtraight lines D, E; and between D and E find a* 


propo 
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mortional F; therefore the rectangle contained by D and 
s equal to the ſquare of F, and the rect- 
ele D, E is given becauſe its ſides D, E are 
den; wherefore the ſquare of F, and the | 


(10, night line F is given: And becauſe as A is ; 
not fois D to E; but as A to C, ſois © the 2. Cor, 
art, ate of A to the: ſquare of B; and as D to | 20, 6. 
lo is © the fquare of D to the ſquare of F; B C 
erefore the ſquare 4 of A is to the ſquare of A 4 11. 8. 
z che ſquare of D to the ſquare of F: 
008. Gre © the ſtraight — A to the D F E. 42. G 
106 WW. ;-þt line B, fo is the ſtraight line D to the | 
wh night line F: Therefore the ratio of A to B | 
given “, becauſe the ratio of the given > 
„er lines D, F which is the ſame with it | 2. def, 
deen found. Ss 
TAUF. AV: P be 


has a given ratio to another magnitude; the ex- 
es of this other magnitude above a given magni- 
de has a given ratio to the firſt magnitude: And 
the exceſs of a magnitude above a given magni- 
ade has a given ratio to another magnitude; this 
Ither magnitude together with a given magaitule 
as a given ratio to the firſt magnitude. 


let the magnitude AB together with the given magnitude 
IL, that is AE, have a given ratio to the magnitude CD; the 
reis of CD above a given magnitude has a given ratio to 


les! Becauſe the ratio of AE to CD is given, as AE to CD, fo 
ute BE to FD; therefore the ratio of BE to FD is given, and 
Lis given, wherefore FD is given“: | | © 2. dat. 
Ind becauſe as AE to CD, lo is BEA E B 


A ACE 20 


D, che remainder AB is d to the 


wo of AE to CD is given, therefore = _ 

ge ratio cf AB to CF is given; that is, CF the excels of CD 

me the given magnitude FD has a given ratio to AB, 

Next, Let the exceſs of the magnitude AB above the given 

nitude BE, that is, let AE have a given ratio to the 2 
| | | ; nitud. 


Fa magnitude together with a given magnitude gee N. 


tmainder CF; as AE to CD: But the C D F N | 


. ͤ ˙ A . 


368 


52s dat. 


12. 5. 


B. 
See N. 


a 2. dat. 


dCor. 19. 
5. 


10. 
See N. 


E U: C-L:T:D 8 


nitude CD; CD together with a given magnitude has a zi 
ratio to AB. 

Becauſe the ratio of AE to CD is given, as AE to Ch, 
make BE to FD; therefore the ratio ot A | | 


BE to FD is given, and BE is given, E Let A 
wherefore FD is given *: And becauſe lch, v 
as AE to CD, ſo is BE to FD, AB 0 dP C. 
to CF, as© AE to CD: But the ratio LN 
of AE to CD is given, therefore the ratio of A i Ut is i Fa 


ven; that is, CF which is equal to CD together with the g 
magnitude DF has a given ratio to AB, 


PR O P. XV. 

JF a magnitude together with that to which u 

ther magnitude has a given ratio, be give 

the ſum of this other, and that to which the! 
magnitude has a given ratio is given. 

Let AB, CD be two magnitudes of which AB together 
BE to which CD has « given ratio, is given; the ſum of CD 
that magnitude to v hich AB has a given ratio, is given. 

Becauſe the ratio ct CD to BE is given, as BE to CD 
make AE to FD ; therefore the ratio of AE to FD is gi 
and AE 1s given, wherefore * FD | 


is given: And becauie as BE to A. | B treat 
CD, ſo is AE to FD; AB is b to : Ja pive 
FC, as BE to CD: And the ratio F C D p 
of BE to CD is given, wherefore Fo 


the ratio of AB to FU 1s given: And FD is given, that l5 
together with FC to which AB has a given ratio is giten. 


. 
F the exceſs of a magnitude above a given Mes o 
nitude, has a given ratio to another magni 
the exteſs of both together above the given mages tc 
tude ſhall have to that other a given ratio: And 
the exceſs of two-magnitudcs together above a gu tc 
magnitude, has to one oi them a given ratio; ell 
the excels of the other above a given magnitude 
to that one a given ratio; or the tum ot the 0b 
and the magnitude to which that one has a gien 
tio, is given. | 


let the 
& have 
Ne a 


D A TA. 


let the exceſs of the magnitude AB above a given magni- 
le, have a given ratio to the magnitude BC; the exceſs of 
| both of them together, above the' given magnitude, has a 
en ratio to BC. 
Lt AD be the given magnitude, the exceſs of AB above 
ich, viz. DB, has a given ratio | 
IC: And becauſe DE has a gi- N D B + 
u ntio to BC, the ratio of DC to — HARE, - 
© WS i given “, and AD is given; therefore DC, the exceſs of a 7+ dat. 
above the given magnitude AD, has a given ratio to BC. 
Next, let the exceſs of two magnitudes AB, BC together, 


me a given magnitude, have to 
of them BC a given ratio ; et- A D B E C 
the exceſs of the other of them by: . | 


h 1 | above the given magnitude ſhall have to BC a given 
weiß or AB, together with the magnitude to which BC has a 
he Hen ratio, is given. 5 | 


let AD be the given magnitude, and firſt Jet it be leſs 

n AB; and becauſe DC the exceſs of AC above AD has 

men ratio to BC, DB has b a given ratio to BC; that is, DB, ® Cor. 6, 
14 of AB above the given magnitude AD, has a given dat. 
pro DW. e 

hut let the given magnitude be greater than AB, and make 

equal to it; and becauſe EC, the exceſs of AC above 

V has to BC a given ratio, BC has © a given ratio to BE ; © 6. dat. 
becauſe AE is given, AB, together with BE to which BC 


jz given ratio, is given. 
PROP. XVII 11. 


the exceſs of a magnitude above a given magni- See N. 
tude has a given ratio to another magnitude; the 


n ue of the ſame firit magnitude above a given mag- 
1101 ue, ſhall have a given ratio to both the magui- 
mag 


es together: And if the exceſs of either of two 
zuitudes above a given magnitude has a given 
W to both magnitudes together; the excels of 
lame above a given magnitude ſhall have a given 
0 to the other. deaths 


la the exceſs of the magnitude AB above a given magni- 
e have a given ratio tothe magnitude BC ; the excels of AB 
"a given magnitude has a given ratio to AC, 


KS "Let 
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f Let AD be the given magnitude; and becauſe DB, the, 
ceſs of AB above AD, has a given ratio to BC; the nt. 
* 7. dat. DC to DB is given a: Make the ratio of AD to DE the 1 
with this ratio; therefore the ratio A E D 
of AD to DE is given; And AD * 3 
d 2. dat, is given, wherefore ® DE, and the remainder AE are given; 
© I2. 5. becauſe as DC to DB, ſo is AD to DE, AC is © to EB, ag] 
do DB; and the ratio of DC to DB is given; wherefore 
ratio of AC to EB is given : And becauſe the ratio of EB tg 
is given, and that AL is given, therefore EB the exceſs of | 
above the given magnitude AE, has a given ratio to AC, 
Next, Jet the exceſs of AB above a given magnitude hay 
given ratio to AB and BC together, that is, to AC; the ex 
of AB above a given magnitude has a given ratio to BC, 
Let AE be the given magnitude; and becauſe EB the ex 
of AB above AE has to AC a given ratio, as AC to Ez, 
make AD to DE; therefore the ratio of AD to D is gi 
à 6. dat. as allo d the ratio of AD to AE: And AE is given, whe 
fore AD is given: And becauſe, as the whole AC, to 
© 19. 5. Whole EB, fois AD to DE; the remainder DC is * to 
remainder DB, as AC to EB; and the ratio of AC to EI 
f Cor. 6. given; wherefore the ratio of DC to UB is given, as alſo 
dat. ratio of DB to BC: And AD is given, therefore DB, the 
| _ 52 AB above a given magnitude AD, has a given ! 
to 5 = | | | 


od if tl 
be ratio 
IE to C 
e giver 

ren 
1 if 
AB t 


D, or, 
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14. PROP. XVII. 


17 to each of two magnitudes, which have a giv 
8 ratio to one another, a given magnitude be al 
ed; the whole ſhall either have a given ratio toe 
another, or the exceſs of one of them above a g 
maguitude ſhall have a given ratio to the other, 


Let the two magnitudes AB, CD have a given ratio to“ 
another, and to AB let the given magnitude BE be added, 
the given magnitude DF to CD: Ihe wholes AE, CF at 
have a given ratio to one another, or the excels of one of th 

2 1. dat. above a given magnitude has a given ratio to the other“. 
| Becaute BE, DF are each of them given, their ratio is gil 


D AT A. 


he | 
eit this ratio be the ſame with 
- GW ratio of AB to CD, the ratio of A B ; E 
to CF, which is the ſame b with + F 
| given ratio of AB to CD, ſhall — 47 E b 12. 5. 
; iren. f 
but if the ratio of BE to DF, be nat the ſame with the ratio 
re WW AB to CD; either it is greater than the ratio of AB to 


D, or, by inverſion, the ratio of DF to BE is greater than 
ratio of CD to AB : Firſt, let 

e ratio of BE to DF be greater A B _& E 
un the ratio of AB to CD; and as 

bo CD, ſo make BG to DF; MWC D F 
erefore the ratio of BG to DF is by 


ern; and DF is given, therefore © BG is given: And becauſe « > gat. 
EB, ME has a greater ratio to DF than (AB to Ch, that is, than) 
cio to DF, BE is greater 4 than BG: And becauſe as AB to , 18 
hefe, fo is BG to DF; therefore AG is ® to CF, as AB to CD: "2 
to Wt the ratio of AB to CD is given, wherefore the ratio of AG 

to ct is given; and becauſe BE, BG are each of them given, 


Lis given: Therefore AG, the excels of AE above a given 
wnitude GE, has a given ratio to CF. The other caſe is de- 
ſtrated in the ſame manner. 


PROP. XIX. 5 
from each of two magnitudes, which have a gi- 
ven ratio to one another, a given magnitude be 
en; the remainder ſhall either have a given ratio 


one another, or the exceſs of one of them above 
to ren magnitude, ſhall have a given ratio to the 
| ory ler. n 

er, | 


la the magnitudes AB, CD have a given ratio to one an- 
to and from AB let the given magnitude AE be taken, 


ed, whom CD, the given magnitude CF: The remainders EB, 
reif Pall either have a given ratio to one another, or the ex- 


— 


0 one of them above a gi- 

magnitude ſhall have a N | E | | 3 

Dt0 the other. mT ee N 

kauſe AE, CF are each of © E D 

"ven, their ratio is given“; . 4 

Il this ratio be the ſame with the ratio of AB to CD, the * No OCs 
Aaz | ratio 
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FR ratio of the remainder EB to the remainder FD, which ;; | 
19. 5. ſame b with the given ratio of AB to CD, ſhall be given. 
But if the ratio of AB to CD be not the ſame with the 
of AE to CF, either it is greater than the ratio of AF 1,0 
or, by inverſion, the ratio of CD to AB is greater thay 
ratio of CF to AE : Firſt, let the ratio of AB to CD be res 
than the ratio of AE to CF, and as AB to CD, fo make 
to CF; therefore the ratio of A K | E G 
to CF is given, and CF is given, MC 
© 2. dat. wherefore © AG is given: And ,, 
becauſe the ratio of AB to CD, ( FF D 
that is, the ratio of AG to- CF, 5 | 
410. 5. is greater than the ratio of AE to CF; AG is greater « | 
AE: And AG, AE, are. given, therefore the remainder 
is given; and as AB to CD, fo is AG to CF, and fois b the 
mainder GB to the remainder FD; and the ratio of AB to 
is given: Wherefore the ratio of GB to FD is given; th 
fore GB, the exceſs of EB above a.given magnitude EG, b 
given ratio to FD. In the ſame manner the other caſe iz 
'„„,„ 5 we becaul 
. 9, ſo ( 
3 FD 
16. PROP. XX. 


zuen F 


F to one of two magnitudes which have a gi 
ratio to one another, a given magnitude be: 
} ed, and from the other a given magnitude be tal 
f the exceſs of the ſum above a given magnitude] 


| have a given ratio to the remainder, fab 
| ' * ' To IV ICY. ene nt Ret L- 

| Let the two magnitudes AB, CD have a given ratio to 

| another, and to AB8 let the given magnitude EA be added, 

| from CD let the given magnitude CF be taken; the exc 

| the ſum EB above a given magnitude has a given -ratio ip two 

remainder FD, . N | „ ther, 

| Becauſe the ratio of AB to DC is given, make as Men, ; 

| CD, ſo AG to CF: Therefore the ratio of AG to CF i5$ le; tl 

* 2, dat. and CF is given, whereſore a AG | JET n: 

| is given; oe FA is given, there- E | A G N 
fore the whole EG is given: And N F * 

becauſe as AB to CD, fo is AG C 

ö 19. 5. to CF, and fo is b the remainder + ; Let the 

"3 GB to the remainder FD; the ratio of GB to FD is er 

| 

| 


And EG is given, therefore GB, the excels of the ſum L 


D 4 1 4 


e giren magnitude EG, has a given ratio to the remain- 
FD. 


PROP. XXI. 


thin WF two magnitudes. have a given ratio to one ano- 
ther, if a given magnitude be added to one of 
em, and the other be taken from a given magni- 
&; the ſum, together with the magnitude to which 
remainder has a given ratio, is given; And the 
ainder, together with the magnitude to which 
e ſum has a given ratio, is given. 


Let the two magnitudes AB, CD have a given ratio to one 
ther; and to AB let the given. magnitude BE be added, 
{let CD be taken from the given magnitude FD: The ſum 
is giver together with the magnitude to which the re- 
inder FC has a given ratio. 8 

kceauſe the ratio of AB to CD is given, make as AB to 
„ ſo GB to FD: by _— the ratio of GB to FD is given 
FD is given, wherefore GB 
maven 2 5 and BE is given, the (x A B E 
le GE 1s therefore given: And 

ue as AB to CD, fois B E C. D 
D, and fo is > GA to FC; the 2 15 


oof GA to FC is given: And AE together with GA is gi- 


e tal 
de becauſe GE is given; therefore the ſum AE together with 


0 to which the remainder FC has a given ratio, is given. 
r ſecond pait is manifeſt from prop. 15. 


PROP, XXII. 


two magnitudes have a given ratio to one ano- 
ther, if trom one of them a given magnitude be 
ten, and the other be taken from a given magni- 
de; the ſum of each of the remainders, and the 
gnitude to which the other remainder has a given 
0, 18 given. 


Let the two magnitudes AB, CD have a given ratio to one 
er, and from AB let the given magnitude AL be taken, 
Aa z and 
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See N. 


a 2. dat. 


b 19. 5. 


D. 
See N. 
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and let CD be taken from the given magnitude CF; the 
of the remainder EB, and the magnitude to which the ot 
remainder DF has a given ratio, is given. 
Becauſe the ratio of AB to CD is given, make as AB 
ö CD, ſo AG to CF: The ratio of AG to CF is therefore g 

| a 2. dat. and CF is given, whereſore a AG E B 
| „is given; and AE is given, and —— 
| therefore the remainder EG is gi- 
ven: And becauſe as AB to CD, C — F | 

b 19. 5. fois AG to CF: And fo is b the | ; 

remainder BG to the remainder DF; the ratio of BG to D 
given: And EB together with BG is given, becauſe FG is 
ven : 'Therefore the fum of the remainder EB, and BG to whi 
DF the other remainder has a given ratio is given. The ſeco 
part 1s plain from this and prop. 15. 


fen; 
tio of 
de ratic 
eater 

0 are 
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20. PROP. XXIII. F the 
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See N. IF, from two given magnitudes there be taken ma 
nitudes which have a given ratio to one anothi 

the remainders ſhall either have a given ratio to ot 
another, or the exceſs of one of them above a givt 
magnitude ſhall have a given ratio to the other. Let, 

| | given 

tude | 
agniti 
Let ( 
hich, 
AB 


Let AB, CD be two given magnitudes, and- from them 
the magnitudes AE, CF, which have a given ratio to one a 
ther, be taken; the remainders EB, FD either have a given n 
to one another, or the exceſs of one of them above a given mi 
nitude has a given ratio to the other. 


ESI EIANEERIT”Y —̃ 


— — 


Becauſe AB, CD are each of A F IG to 
them given, the ratio of AB to + gIVer 
CD is given: And if this ratio - 
be the ſame with the ratio of AE O We. D 28 
to CF, then the remainder EB 1 


en, 

wen, 
els of 

given 
Cor 
G the 
tio to 
tude | 
k call 
e the 


2 19. 5. has a the ſame given ratio to the remainder FD. 

But if the ratio of AB to CD be not the ſame with the 
tio of AE to CF, it is either greater than it, or, by inverli 
the ratio of CD to AB is greater than the ratio of CF to £ 
Firſt, let the ratio of AB to CD be greater than the ratio 
AE to CF; and as AE to CF, ſo make AG to CD; thel 
fore the ratio of AG to CD is given, becauſe the ratio 

b 2. dat. AE to to CF is given; and CD is given, wheretore b ay 
gi 


| 
| 
| 
| 
| " 


5 4 T4 


ren; 


tio of (AE to CF, that is, than A F. 


and becauſe the ratio of AB to CD is greater than the 


GB 


de ratio of) AG to CD; AB is 
ater © than AG: And AB, C 5 
IG are given; therefore the re- 
minder BG is given: And be- 


| Ev 


PROP. XXIV. 


wenitude has a given ratio to E. 


\G to CF; therefore the ratio of AG to CF 


wen: And becauſe as AB to CD, fo is AG 
vp CF, and fo is b GB to FD: the ratio of GB G 
D is given. And the ratio of FD to E 
Iren, wherefore © the ratio of GB to E is 
wen, and AG is given; therefore GB the ex- 
tl of AB above a given magnitude AG has 


the 
werfe 


given; and CF is given, wherefore a AG is | 


P 


to ien ratio to E. 
ratio 
the 
ratio 


b AG 
give 

K the ſame with the propoſition. 

A a4 


F there be three magnitudes, the firſt of which has 
2 given ratio to the ſecond, and the exceſs of the 
cond above a given magnitude has a given ratio to 
de third; the exceſs of the firſt above a given mag» 
tude ſhall alſo have a given ratio to the third. 


C 
F. 


© IO, 5. 


wſe as AE to CF, ſo is AG to CD, and fo is EG to FD; 19. 5 
be ratio of EG to FD is given: And GB is given; therefore 
G, the exceſs of EB above a given magnitude GB, has a gi- 
n ratio to FD. The other caſe is ſhewn in the ſame way. 


Let AB, CD, E, be the three magnitudes of which AB has 
given ratio to CD; and the exceſs of CD above a given mag- 
tude has a given ratio to E: The exceſs of AB above a given 


Let CF be the given magnitude, the exceſs of CD above 
tick, viz. FD has a given ratio to E: And becauſe the ratio 
AB to CD is given, as AB to CD, fo make Ay 


E 


Cor. 1. And if the firſt has a given ratio to the ſecond, 
the exceſs. of the firft above a given magnitude has a given 
uo to the third; the excels of the ſecond above a given mag- 
tude ſhall have a given ratio to the third. For, if the ſecond 
called the firſt, and the firſt the ſecond, this corollary will 


Cor, 


os ee — ——— —— — — 
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17. 


« 0» dat. 


b 18, dat. 


18. 


LV En 


Cor. 2. Alſo if the firſt has a given ratio to the ſe 
and the exceſs of the third above a given magnitude has al 
given ratio to the ſecond, the ſame exceſs ſhall have a gi 
ratio to the firſt; as is evident from the th dat: 


PROP. XXV. Bec: 


IF there be three magnitudes, the exceſs of the 

whereof above a given magnitude has a given ra 
to the ſecond; and the exceſs of the third above 
given magnitude has a given ratio to the fame 
cond : The firſt ſhall either have a given ratio to d 
third, or the exceſs of one of them above a giv 
magnitude ſhall have a given ratio to the other, 


Let AB, C, DE be three magnitudes, and let the excel 
of each of the two AB, DE above given magnitudes have gi 
ratios to C; AB, DE either have a given ratio to one anoth 
or the exceſs of one of them above a given magnitude h em a 
given ratio to the other. 5 

Let FB the exceſs of AB above the given magnitude 
have a given ratio to C; and let GE the ex- N 
ceſs of DE above the given magnitude DG if one 
have a given ratio to C; and becauſe FB, GE D 
have each of them a given ratio to C, they 
have a given ratio 2 to one another. But to FB, 
GE the given magnitudes AF, DG are add- 
ed; therefore b the whole magnitudes AB, DE 


ell ral 


have either a given ratio to one another, or R C'E bende 
the exceſs of one of them above a given mag- W gnit 
nitude has a given ratio to the other. © 
given 
PROP. XXVI. pedo 

| ade 


Napnit 
Itl0 to 
j FB If 
F., D 
piven r; 
ven 1 


F there be three magnitudes, the excefles of 0 
of which above given magnitudes have given 
tics to the other two magnitudes; theſe two {h 
either have a given ratio to one another, or the e 
ceſs of them above a given magnitude {hall ha 
a given ratio to the other. 


9 & T1 


feer 
18 alle 
a piy 


Let AB, CD, EF be three en and let GD the ex- 
6 of one of them CD above the given magnitude CG have 
k given ratio to AB; and alſo let KD the exceſs of the ſame 
D above the given magnitude CK have a given ratio to EF, 
her AB has a given ratio to EF, or the exceſs of one of them 
whore a given magnitude has a given ratio to the other. | 
Becauſe GD has a given ratio to AB, as GD to AB, fo 
wake CG to HA; therefore the ratio of CG to HA is given; 


oof CD to HB is given: Alſo becauſe KD has a given ratio 
oEF, as KD to EF, fo make CK to LE; H 
herefore the ratio of CK to LE is given; and 
K is given, wherefore LE * is given: And 
cauſe as KD to EF, ſo is CK to LE, and & 
o dis CD to LF; the ratio of CD to LF is 
viven : But the ratio of CD to HB is given, | 
therefore © the ratio of HB to LF is given: | 
ind from HB, LF the given magnitudes HA, B D | 
LE being taken, the remainders AB, EF ſhall F | 
ther have a given ratio to one another, or the exceſs of one of 


— 


C L; 


„ Another demonſtration. 

Let AB, C, DE be three magnitudes, and let the exceſſes 
one of them C above given magnitudes have given ratios to 
\B and DE; either AB, DE have a given ratio to one an- 
ther, or the exceſs of one of them above a given magnitude 
us a given ratio to the other. 

becauſe the exceſs of C above a given magnitude has a gi- 


mpnitude be AF, wherefore FB has a given 
mio to C: Alſo, becauſe the exceſs of C above Ar 
given magnitude has a given ratio to DE ; 
lterefore a DE together with a given magni- | | 
tude has a given ratio to C: Let this given MN 
Knitade be DG, wherefore GE has a given B | CI E 
0 to C: And FB has a given ratio to E, therefore ® the ratio 
b to GE is given: And from FB, GE the given magnitudes 
F, DG being taken, the remainders AB, DE either have a 
en ratio to one another, or the excels of one of them above a 
Men magnitude has a given ratio to the other ©,” 

FROP; 


ſitude has a given ratio to C: Let this given | 
F 


jf 0 
en 
0 ff 
he e 
| ha 


und CG is given, wherefore * HA is given: And becauſe as * 2. Dat. 
6D to AB, ſo is CG to HA, and fo is > CD to HB; the ra-» 12. 5. 


7 c 9. Dat, 


dem above a given magnitude has a given ratio to the other 4. 4 19. Dat. 


en ratio to AB; therefore # AB together with a given mag- 4 14. Dat. 


do. Fat 


© 19. Dat. 
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19. 


tude ſhall have a given ratio to the third. 


a 2. Dat. 
b 19.5. 


© 9. Dat. 


4 24. Dat. 
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PROP. xxvn. de 2 


IF there be three magnitudes: the exceſs of the fr 

of which above a given magnitude has a given x 
tio to the ſecond ; and the exceſs of the ſecond 
bove a given magnitude has alſo a given ratio tot 
third: The exceis of the firſt above a given magn 


Ftwe 
poin 
wen. 


Let tv 
e poin 
Becau 
e give! 
ways tl 
gereforc 


whict 
ae alv 


Let AB, CD, E be three magnitudes, the exceſs of the fi 
of which AB above the given magnitude AG, viz. GB, has 
given ratio to CD; and FD the exceſs of CD above the gin 
magnitude CF, has a given ratio to E: The exceſs of AB abo 
a given magnitude has a given ratio to E. 

Becauſe the ratio of GB to CD is given, as GB to CD, 
make GH to CF; therefore the ratio of GH 


to CF is given 3 and CF is given, wherefore 4 Fug 

GH is given; and AG is given, wherefore (7 + 1 

the whole AH is given: And becauſe as GB C "ah 

to CD, ſo is CH to CF, and fo is b the re-. 4 * 

mainder HB to the remainder FJ) ; the ratio F T * 

of HB to FD is given: And the ratio of FD 

to E is given, wherefore © the ratio of HB to | | 

E is given: And AH is given ; therefore HB B D' E 

the exceſs of AB above a given magnitude AH has a given WWF thi 

tio to E. itio 
ugni 

« Otherwiſe. 

Let AB, C, D be three magnitudes, the exceſs EB of! = 
firſt of which AB above the given magnitude AE has a g "a 
ratio to C, and the exceſs of C above a given 2 15 
magnitude has a given ratio to D : The excels A * 
of AB above a given magnitude has a given ra- Che 
tio to D. = d 15 

Becauſe FB has a given ratio to C, and the = 
exceſs of C above a given magnitude has a gi FA OY 
ven ratio to D; therefore 4 the exceſs of EB d 
above a given magnitude has a given ratio to 
): Let this given magnitude be EF; therefore | 


FB the exceſs of EB above EF has a given ra- B C 
tio to D: And AF is given, becauſe AE, EF 


} oft 
a gin 
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given: Therefore FB the exceſs of AB above a given mag 
ide AF has a given ratio to D.“ 


PROP. XXVII. 25. 


two lines given in poſition cut one another, the See N. 
point or points in which they cut one another are ( 
wen. ll 


Let two lines AB, CD given in poſition cut one another in 
e point E; the point E is gi- | 


Becauſe the lines AB, CD "Xo | 
e given in poſition, they have y E R 4 pet. | 


ways the ſame ſituation a, and | 
erefore the point, or points | 
which they cut one another D 1 


me always the ſame ſituation : 
id becauſe the lines AB, CD 4 

n be found 2, the point, or 5 
ints, in which they cut one C 5 


other, are likewiſe found; 
d therefore are given in poſition a. 


the extremities of a ſtraight line be given in po- 
ition ; the ſtraight line is given in poſition and 
agnitude. ö | 


becauſe the extremities of the ſtraight line are given, they 

n be found a: let theſe be the points A, B, between which » 4. De. 
lraight line AB can be drawn b; b 1, Poſtu - 
Is has an invariable polition, be- A— B late. | 
uſe between two given points there i 
u be drawn but one ſtraight line: And when the ſtraight line | 
bis drawn, its magnitude is at the ſame time exhibited, or 
ſn: Therefore the ſtraight line AB is given in poſition and 


mitude, 
Nor. 


27. 


1 x, def. 


b 4. def. 


28. 


1 31. I, 


b 4, def. is given b in poſition, 


line AC given in poſition ; the other extremity is alſo given, 


can be drawn through A parallel to 


E UC L1 D's 


fat 
ſtra 


7 nole 


F one of the extremities of a ſtraight line give 
in poſition and. magnitude be given; the othe 
extremity ſhall allo be given. 12 


. P 4 E gf . il 
Let the point A be given, to wit, one of the extremities i" 


a ſtraight line given in magnitude, and which lies in the ſtraig 


Becauſe the ſtraight line is given in magnitude, one equ 

to it can be found “; let this be the {ſtraight line D; Fromt 
reater ſtraight line AC cut off AB | 

— to che Tefler D: 'lheretore the . — 2 
other extremity B of the ſtraight line _- 
AB is found : And the point B has al- 
ways the fame ſituation;z becauſe any 1 
other point in AC, upon the ſame ſide of A, cuts off betwer 
it and the point A a greater or leſs ſtraight line than AB, that i 
than D: Therefore the point B is given b: And it is plain a 
other ſuch point can be found in AC produced upon the otir 
fide of the point A, 


a 


ſraigh 
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ECB « 
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PRO P. XXXI. 


F a ſtraight line be drawn through a given poi 
parallel to a ſtraight line given in poſition; thi 
ſtraight line is given in poſition. 


Let A be a given point, and BC a ſtraight line given in p A 
ſition 3 the ſtraight line drawn through A parallel to BC isg 
ven in poſition. | aol 

Through A draw 2 the ſtraight line D A 
DAE parallel to BC; the ſtraight R 
line DAE has always the ſame poſi- B 7 


tion, becauſe no other ſtraight line 
BC: Fheretorc © ih itraight line DAE which has been fou 
PRO! 


7 
. 


* 


PROP. XXXII. 


Fa ſtraight line be drawn to a given point in a 
traight line given in poſition, and makes a given 


give ngle with it; that ſtraight line 1 is given in poſition. 


othe 


Let AB be a ſtraight line given in poſition, and C a * 
int in it, the ſtraight line drawn 
C which makes a given angle | 
ith CB, is given in poſition. 8 * 
Becauſe the angle is given, one FF 
qual to it can be found a; let this | 

| the angle at D, at the given : 

int C in the given ſtraight line TY 

B make b he ache ECB equal A 0 B 
the angle at D: Therefore the 

ſight line EC has always the 

ame ſituation, becauſe any other D = 
night line FC drawn to the 

point C makes with CB a greater or leſs angle than the angle 
ECB or the angle at D: Therefore the ſtraight line EC, which 
as been found, is given in poſition. | 

It is to be rr ed, that there are two ſtraight "IE KT. 
C upon one fide of AB that make equal angles with it, and 


1. make equal angles wey it when produced to the other 
e | | | 


ities ( 
ſtraig 
wen, 
e equ 
rom t 


_C 


— 


poi 
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PROP. XXXIII. 
* ſtraight line be drawn from a given point, to 
a ſtraight line given in poſition, and makes a 
given angle with it; that Rrazght ne is 3 given: in po- 
* TRY | 


From the given point 4 let the Qraight line AD be drawn 
bthe ſtraight line BC given in poſition, and make with it a 
een angle ADC; AD is iven in o- N ä 

— mon. 5 F E A F 


Thro' the point A, draw a the raight - *\ | 


in pd 
158 


L 


fou e EAF parallel to BC ; /and becauſe 


rd the given point A the ſtraight line ps WI” 
LAF is drawn parallel to BC hich is B D C 
ren in poſition, EAF is therefore given in poſition b: And 
* the As line * meets the parallels BC, EF, the 


angle 


01 


29. 


30. 


a 31. 1. 


b31. Dat. 


382 EU C-L I D*S 


wen me 


e 29. 1. angle EAD is equal © to the angle ADC; and ADC js give fraight 


wherefore alſo the angle EAD is given: Therefore, becauſe 4 
ſtraight line DA is drawn to the given point A in the ft 
line EF given in poſition, and makes with it a given 25 
d 32. Dat. EAD, AD is given d in poſition. | mY 
frat 
poles. 
tude, 


31. PR OP. XXXIV. 


See N. IF from a given point to a ſtraight line given j 
poſition, a ſtraight line be drawn which is gi. 

in magnitude ; the ſame is alſo given in poſition. 4 Jo 

, E 
In CI 
nallelt 
e ang 
D: 
ereſo 
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Let A be a given point, and BC a ſtraight line given 
. poſition, a ſtraight line given in magnitude drawn from d 
point A to BC is given in poſition. 
Becauſe the ſtraight line is given in magnitude, one equ 
2 1. def. to it can be found = ; let this be the ſtraight line D: From t 
int A draw AE perpendicular to BC; and A 
3 AE is the ſhorteſt of all the ſtraight 


| lines which can be drawn from the point A a 
| to BC, the ſtraight line D, to which one 1 
equal is to be drawn from the point A to B E Cnc: 
f BC, cannot be leſs than AE. If therefore Ty en a 
| D be equal to AE, AE is the ſtraight line | mag! 
] given in magnitude drawn from the given point A to BU nagt 
| 533. Dat. And it is evident that AE is given in poſition b becauſe it 
drawn from the given point A to BC which is given in poſition 
and makes with BC the given angle AEC. 
But if the ſtraight line D be not equal to AE, it muſt! pat 


reater than it: Produce AE, and make AF equal] to D; 2 

5 the center A, at the diſtance AF, deſcribe the circ 

GFI, and join AG, AH: Becauſe the circle GFH is give 

e 6, def. jn polition ©, and the ſtraight line BC is alſo given in poſition 
therefore their interſection G is gi- 


428. Dat. ven 4; and the point A is given; * 
29. Dat. wherefore AG is given in polition e, B CIF H C 
F 
5 —— 


that is, the ſtraight line AG given — 

in magnitude (for it is equal to D) 

and drawn from the given point A — 

to the ſtraight line BC given in poſition, is alſo given in po 
tion: And in like manner AH is given in poſition : Therefore 


in this caſe there are two ſtraight lines AG, AH of the fam 
give 


o BY 
fe it 
olitio 


nuſt 
): a 
> Circ 
give 
tion 


1 0 


nen magnitude which can be drawn from a given point A to 


traight line BC given in poſition, 


PROP. XXXV. 


f a ſtraight line be drawn between two parallel 
ſtraight lines given in poſition, and makes given 
poles with them; the ſtraight line is given in mag- 
tude, E 


Let the ſtraight line EF be drawn between the parallels AB, 

D which are given in poſition, and make the given angles 

F, EFD; EF is given in magnitude. 

In CD take the given point G, and through G draw 2 GH a 31, r, 
allel to EF: And becauſe CD meets the parallels GH, EF, 

e angle EFD is equal b to the angle b 29. 1. 
GD. And EFD is a given angle; A. E H B 
ereſore the angle HG is given: And 


mule HG is drawn to the given point 
in the ſtraight line CD given in po- 
jon, and makes a given angle HGD; CC F G D 

e liraight line HG is given in poſi- 

n: And AB is given in poſition; therefore the point H is © 32. Dat. 
ren d; and the point G is alſo given, wherefore GH is given 28. Dat. 
magnitude ©: And EF is equal to it; therefore EF is given 29. Dat. 
magnitude. | 1 | 4 


PRO P. I. 32. 


Fa ſtraight line given in magnitude be drawn be- See N. 
tween two parallel ſtraight lines given in poſition; 
Wall make given angles with the parallels. 


let the ſtraight line EF given in magnitude be drawn be- 
ten the parallel ſtraight lines AB, CD 
lich are given in poſition z the angles A E HB 


LW, LFC ſhall be given. | 
41. def. 


leczuſe EF is given in magnitude, a 
acht line equal to it can be found 


this be G: In AB take a given point 5 b 12. 1. 
L and from it draw b HK perpendicu- 0 E 25 * — 
CD : Therefore the ſtraight line G, 


— — — 


that 


2 — . ⁵˙ : ] ⁵•àQ 


4 


© 6. def. 


d 
28, dat. 


© 20. dat, 


F A. def. 


8 34. 1. 


29. 1. 


© . def. 


Therefore the angle EFD is a right, and conſequently a g 


'MLN, and join HM, HN: And becauſe the circle © M 


H 3 H 

ſtraight lines HM, HN are N 

given in poſition © ; And CD 

is given in poſition ; therefore 'K 
GEE OMYN 


LU CL D'S 


that is, EF, cannot be leſs than HK : And if G be equal toi 
EF alſo is equal to it; wherefore EF is at right angles to Cl 
for if it be not, EF would be greater than HK, which is ay 


angle 

But if the ſtraight line G be not equal to HK, it muſt 
greater than it: Produce HK, and take HL, equal to G; 
from the center H, at the diſtance HL, deſcribe the dir 


and the ſtraight line CD are given in poſition, the points 
N are* given; and the point 
H is given ; wherefore the 


the angles HMN, HNM are 
given in poſition f ; Of the 
ſtraight lines HM, HN, let ———— 
HN be that which is not parallel to EF, for EF cannot be pa 
lel to both of them ; and draw EO parallel to HN : EO th 
fore is equal © to HN, that is, to G; and EF is equal to 


. wherefore EO is equal to EF, and the angle EFO to the an{cauſe 


EOF, that is b, to the given angle HNM, and becauſe the 
gle HNM which is equal 10 the angle EFO or EFD has be 
found, therefore the angle EFD, that is, the angle AEF, is git 
in magnitude * ; and conſequently the angle LFC. 


PROP. XXXVII. 
IF a ſtraight line given in magnitude be dra 
from a point to a ſtraight line given in poſiti 
in a given angle; the ſtraight line drawn throu 
that point parallel to the ſtraight line given in] 
ſition, is given in poſition. 


Let the ſtraight line AD given in magnitude be drawn f 
the point A to the ſtraight line BC given in E All 
poſition, in the given angle ADC; the E 
ſtraight line EAF drawn through A parallel to 
BC is given in poſition. 

In BC take a given point G, and draw GH 
parallel to AD: And becauſe HG is drawn B D G 
to a given point G in the ſtraight line BC gi- 
| L ; . : 0 


D':A TAs : 33; 


iin poſition, in a given angle HGC, for it is equal“ to the a. 29. 1. 
angle ADC; HG is given in poſition ® ; but it is given b. 3a. Dat. 

pin magnitude, becauſe it is equal to? AD which is given c. 34. 1. 

magnitude z therefore becauſe G one of the extremities of 

ſtraight line GH r in poſition and magnitude is given, 


mult N other {extremity H is given; and the ſtraight line EAF d. zo. Dat. 
Gais drawn thro' the given point H parallel to BC given in 
"2 tion, is therefore given“ in poſition. e. 31. Dat. 


PROP. XXXVII. 34, 


F a ſtraight line be drawn from a given point to two 
parallel ſtraight lines given in poſition ; the ratio of 
ſegments between the given point and the parallels 
zl be given. 


Let the ſtraight line EFG be drawn from the given point 
b the parallels AB, CD; the ratio of EF to EG is given. 

From the point E draw EHK perpendicular to CD; and 
cauſe from a given point E the ſtraight line EK is drawn to 
D which is given in poſition, in a given angle EKC; EK is 


An A EFH.__BE 
EVH B N 


CG K. D 
Lin poſition :; and AB, CD are given in poſition ; there- a:33.Dat. 
the points H, K are given: And the point E is given; b.28.Dart. 
ereforee EH, EK are given in magnitude, and the ratio 4 c. 29. Dat. 
them is therefore given. But as EH to EK, ſo is EF to EG, d. 1. Dat. 
uſe AB, CD are parallels; therefore the ratio of EF to 
is given. 


PROP. XXXIX. 35. 36. 


F the ratio of the ſegments of a ſtraight line between See N, 
given point in it and two parallel ſtraight lines, be 
en; if one of the parallels be given in poſition, the 


Mt is alſo given in poſition. 
S 8 B b From 


— ͤVö— ————— — — — 
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a. 3 3. Dat. 


b. 28. Dat. 
c. 29. Dat. 


as AE to AD, fois AK to AH; and 


d. 2. Dat. 


e. zo. Dat. 


.31. Dat. given in poſition, therefore f FG is given in poſition. 


37. 38. 


See N. 


E UC LI D's 


From the given point A, let the ſtraight line AED be di 
to the two parallel ſtraight lines FG, BC, and let the ratio s 0 
the ſegments AE, AD be given; if one of the parallel; i ** 
be given in poſition, the other FG is alſo given in poſition. | 
From the point A, draw AH perpendicular to BC, and! In A 
it meet FG in K; and becauſe AH is drawn from the gin D, 
point A to the ſtraight line BC given in poſition, and male NP. 


| A | 
/ FE K G uſe 
F R "-" wv 7 


: / 3 
B D HM C 
given angle AHD; AH is given“ in 
poſition; and BC is likewiſe given in 


A NL t 
poſition, therefore the point H is gi- D/ |H (FW'th 
ven®: The point A is allo given; 7 | 
wherefore AH is given in magnitudes. Fg 


and, becauſe FG, BC are parallels, 


the ratio of AF to AD is given, F E K (Mito, 
wheretore the ratio of AK to AH is given; but AH is gin 
in magnitude, therefore 4 AK is given in magnitude; a 
it is alto given in poſition, and the point A is given; whe! 
fore © the point K is given. And becauſe the ſtraight line f 
is drawn thro” the given point K parallel to BC which 


ROF. . 


F the ratio of the ſegments of a ſtraight line into WIe 

it 18 cut by three parallel ſtraiglit lines, be given; 

two of the parallels are given in poſition, the third a 
is given in poſition. 


Let AB, CD, HK be three parallel ſtraight lines, of whi 


AP, CD are given in poſition; and let the ratio of the 
mer 
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tr... GE, Or into which the ſtraight line GEF is cut by the | 
tio oi parallels, be given; the third parallel HK is given in 
tion. | 
nh AB take a given point L, and draw LM perpendicular 
nd] (D, meeting HK in N; becauſe LM is drawn from the 
en point L to CD which is given in poſition and makes a | 
Jakes mangle LMD; LM is given in poſition *; and CD is gi- a. 3;. Dat. 0 
in poſition, wherefore the point M is given®; and the b. 28. Dat. 
m L is given, LM is therefore given in magnitude“; and c. 29. Dat. | 


7 uſe the ratio of GE to GF is given, and as GE to GF, to | 

H GN K A E L B | 

| 

EL »ÞH CN XK 

Y 5 ns Ms | 
, . 


CF M d CE M D 
NL to NM; the ratio of NL to NM is given; and there- 
elthe ratio of ML to LN is given; but LM is given in 


; , Cor. 
mitude, wherefore © LN is given in magnitude; and it is d. 2 6. or 


b given in poſition, and the point L is given; wherefore Dat 
point N is given; and becauſe the ſtraight line HK is e. 2. Dat. 
m thro* the given point N parallel to CD which is given in f. zo. Dat. 
tion, therefore HK is given in poſition “. g. 31. Dat. 


PRO P. ALL 5 


f a ſtraight line meets three parallel ſtraight lines See N. 
which are given in poſition ; the ſegments into which 
cut it, have a given ratio. | | 


let the parallel ſtraight lines AB, CD, EF given in poſi- 
u de cut by the ſtraight line GHK ; the ratio of GH to 


p will | is given, : 
ven; n AB take a given point L, and 
8 1.1 perpendicular to CD, meet- A. r B 


ird a 


{EF in N; therefore * LM is given 
Phtion ; and CN, EF are given C 
Pltion, wherefore the points M, 
e. And the point Lis given; 
eb the ſtraight lines LM, MN ——2 . 

zien in magnitude; and the ratio E K ' ES 8 


B b 2 


D 233. Dat. 
F whil 
the ſe 
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c. 1. Pat. of LM to MN is therefore given®© : But as LM to MN, 6 
GH to HK ; wherefore the ratio of GH to HK is given, 


PROP. XLII. 


the triangle is given in ſpecies. 


39- 
See N. 1 each of the fides of a triangle be given in magnitude 


Let each of the ſides of the triangle ABC be given in ma 
nitude; the triangle ABC is given in ſpecies. | 
. a. 22. 1. Make a triangle“ DEF the ſides of which are equal, eat 
| to each, to the given ſtraight lines AB, BC, CA; which « 
1 be done, becauſe any two of them muſt be greater than t 
9 third; and let DE be e- 

1 qual to AB, EF to BC, A. 
N and FD to CA; and be- 
| cauſe the two ſides ED, 
DF are equal to the two 
BA, AC, each to each, | 
and the baſe EF equal to 
the baſe BC; the angle B C E | 
b. 8. 1. ED is equal to the angle BAC; therefore, becauſe the any 
EDF, which is equal to the angle BAC, has been found, f 
c. 1. Def. angle BAC is given, in like manner the angles at B, C: 
given. And becauſe the ſides AB, BC, CA are given, the 
d. 1. Dat. ratios to one another are given d. therefore the triangle Al 
c. 3. Def. is given © in ſpecies. 


40 PROP. XLIII. 


1 F each of the angles of a triangle be given in mag 
tude ; the triangle is given in ſpecies. 


magnitude; the triangle ABC is given in ſpecies. 
1 
angle DEF equal to ABC; there- / 


Let each of the angles of the triangle ABC be given 
Take a ſtraight line DE given in A 
poſition and magnitude, and et the 
% 23: J. points D, E make * the angle EDF | 
equal to the angle BAC, and the 
fore the other angles EFD, BCA 3 C E f 5 
are equal; and each of the angles at the points A, B, C, A 


4 
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vherefore each of thoſe at the points D, E, F is given: 
1nd becauſe the ſtraight line FD is drawn to the given point 
Jin DE which is given in poſition, making the given angle 
or; therefore DF is given in poſition d. In like manner EF b. 32. Dat. 
iſo is given in poſition; wherefore the point F is Ar And 
te points D, E are given; therefore each of the ſtraight lines 
DE, EF, FD is given©in magnitude; wherefore the triangle c.29.Dat. 
DEF is given in ſpecies*; and it is ſfimilar®© to the triangle d.42.Dat. 


ſo 


De; which therefore is given in ſpecies. 4. 6. 
| e41.Def, 
br PROP. XLIV. 4 8 


IF one of the angles of a triangle be given, and if 
the ſides about it have a given ratio to one another; 
be triangle is given in ſpecies, 


Let the triangle ABC have one of its angles BAC given, 
nd let the ſides BA, AC about it have a given ratio to one 
nother; the triangle ABC is given in ſpecies. 
Take a ſtraight line DE given in poſition and magnitude, 
dd at the point D in the given ſtraight line DE, make the 
(ele EDF equal to the given angle BAC; wherefore the 

gle EDF is given ; and becauſe the ſtraight line FD is drawn 
the given point D in ED which is given in poſition, making 
be given angle EDF; therefore FD 
given in poſition . And becauſe a. 32. Dat. 
e ratio of BA to AC is given, 
ke oy ratio of ED to DF the 
me with it, and join EF; and be- 
uſe the ratio of ED to DF is gi- B C E F 

and ED is given, therefore“ DF is given in magnitude; b. 2. Dat. 
ad it is given alſo in poſition, and the point D is given, where- 
re the point F is given; and the points D, E are given, c. zo. Dat. 
terefore DE, EF, FD are given a in magnitude; and the d. 29. Dat. 
angle DEF is therefore given in ſpecies; and becauſe the e. 42. Dat. 
angles ABC, DEF have one angle BAC equal to one angle 

VF, and the ſides about theſe angles proportionals; the tri- 
les are f ſimilar z but the triangle DEF is given in ſpecies, f. 6. 6. 
"therefore alſo the triangle ABC. 


mag 
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42. R OP. MV. 


See N. i Ld the ſides of a triangle have to one another given 
tios; the triangle is given in ſpecies. 


Let the ſides of the triangle ABC have given ratios to « 
another, the triangle ABC is given in ſpecies. 

Take a ſtraight line D given in magnitude; and becauſet 
ratio of AB to BC is given, make the ratio of D to Et 
ſame with it; and D is given, therefore E is given. And 
cauſe the ratio of BC to CA is given, to this make the n 
of E to F the ſame; and E is given, and therefore“ P;; 
becauſe as AB to BC, fois D to E, by compoſition AB ; 
BC together are to BC, as D 
and E to E; but as BC to CA, 


ſo is E to F; therefore, ex ae- 
quali, as AB and BC are to | 
CA, ſo are D and E to F, and B 7 


A and BC are greater © than 8 

CA; therefore D and E are 8 D E 
. 5. greater 4 than F. In the ſame | 

manner any two of the three D, 1 

E, F are greater than the third. H K 

Make the triangle GH K whoſe 

ſides are equal to D, E, F, ſo that GH be equal to D, BK 

E, and KG to F; and becauſe D, E, F are, each of the 

given, therefore GH, HK, KG are each of them given in m 

nitude; therefore the triangle GH K is given f in ſpecies: ! 

as AB to BC, ſo is (D to E, that is) GH to HK; and as B 

CA, fo is (E to F, that is) HK to KG; therefore, ex acqU 

as AB to AC, ſo is GH to GK. Wherefore 5 the triangle 4 

is equiangular and fimilar to the triangle GHK; and the! 

angle GHK is given in ſpecies ; therefore alſo the triangle 

is given in ſpecies. 

Co. If a triangle is required to be made the ſides of wh 
ſhall have the ſame ratios which three given ſtraight lines 
E, F have to one another; it is neceſſary that every tue 
them be greater than the third. 


PRO 
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PROP. XLVI. 43. 


* ſides of a right angled triangle about one of the 
acute angles have a given ratio to one another; the 
mangle is given in ſpecics. 


Let the ſides AB, BC about the acute angle ABC of the tri- 
ale ABC, which has a right angle at A, have a given ratio to 
ne another; the triangle ABC is given in ſpecies. | 

Take a ſtralght line DE given in poſition and magnitude; 
and becauſe the ratio of AB to BC is given, make as AB to 
N, ſo DE to EF; and becauſe DE has a given ratio to EF, 
nd DE is given, therefore“ EF is given; and becauſe as AB a. 2. Dat. 
BC, fo is DE to EF; and AB is leſs than BC, therefore b. 19. 1. 
DE is leſs © than EF. From the point D draw DG at right angles c. A. 5. 
w DE, and from the center E. | 
u the diſtance EF deſcribe a 
cle which ſhall meet DG in 
50 points; let G be either of 
them, and join EG; there- 
bore the circumference of the 
cle is given 4 in poſition ; d. 6. Def. 
and the ſtraight line DG is given © in poſition, becauſe it is e. 32. Dat. 
Irawn to the given point D in DE given in poſition, in a given 

ole; therefore f the point G is given; and the points D, E f. 28. Date 
e given, wherefore DE, EG, GD are given in magnitude, g. 29. Dat · 
ud the triangle DEG in ſpecies. And becauſe the triangles h. 42. Dat. 
WC, DEG have the angle BAC equal to the angle EDG, 


as BORE! the ſides about the angles ABC, DEG proportionals, and 
1 ach of the other angles BCA, EGD leſs than a right angle; 
e Ae triangle ABC is equiangular i and ſimilar to the triangle i. 5. 6. 
there: But DEG is given in ſpecies; therefore the triangle 
ple A is given in ſpecies. And in the ſame manner, the triangle 
Made by drawing a ſtraight line from E to the other point in 
of uch the circle meets DG is given in ſpecies. 
lines 
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43 „„ 0 © Lv. 


See N. FF a triangle has one of its angles which is not a rig 
. angle given, and if the ſides about another angle h 
a given ratio to one another; the triangle is given 
ſpecies. 


Let the triangle ABC have one of its angles ABC a pin 
but not a k 1 angle, and let the ſides BA, AC about x 
other angle BAC have a given ratio to one another; the 
angle ABC is given in ſpecies. 
Firſt, Let the given ratio be the ratio of e- 
quality, that is, let the ſides BA, AC, and A 
conſequently the angles ABC, ACB, be cqual; 
and becauſe the angle ABC is given, the 
a. 32. 1. angle ACB, and alſo the remaining * angle 
BAC is given; therefore the triangle ABC is 
b.43.Dat. given d in ſpecies: And it is evident that in this B 0 
| caſe the given angle ABC mult be acute. F f 
Next, Let the given ratio be the ratio of a leſs to a greate 
that is, let the fide AB adjacent to the given angle bel: 
than the ſide AC: Take a ſtraight line DE given in poſiti 
and magnitude, and make the angle DEF equal to the give 
c. 32.Dat. angle ABC; therefore EF is given © in poſition ; and beca 


the ratio of BA to AC is given, | 
as BA to AC, ſo make ED to 


A. 
DG; and becauſe the ratio of A 
ED to DG is given, and ED is B- > ( 
given, the ſtraight line DG is gi- 
2. Dat. ven d. and BA is leſs than AC, D 
A. 5. therefore ED is leſs©* than DG. 
From the center D, at the diſtance | : 
DG deſcribe the circle GF meet - 
ing EF in F, and join DF; and E — 
f. 6. Def. becauſe the circle is given f in po- 
ſition, as alſo the ſtraight line EF, | 
g.28.Dat. the point F is given®; and the G 
points D, E are given, wherefore the ſtraight lines DE, H 
h.2gDat. FD are given®in magnitude, and the triangle DEF in ſpe 
. 42. Dat. cies . and becauſe BA is leſs than AC, the angle ACh! 
k. 18. 1. leſs * than the angle ABC, and therefore ACB is leſs tha 
1.7. Te 2 lig 


d. 
e. 
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feht angle. In the ſame manner, becauſe ED is leſs than - 1 
DG or DF, the angle DFE is leſs than a right angle: And be- 

"uſe the triangles ABC, DEF have the angle ABC equal to 
te angle DEF, and the ſides about the angles BAC, EDF | 
xoportionals, and each of the other angles ACB, PFE leſs 

un a right angle; the triangles ABC, DEF are * ſimilar, and m. 5. 6. 
DEF is given in ſpecies, wherefore the triangle ABC is alſo 

iren in ſpecies. 

"Thirdly, Let · the given ratio be the ratio of a greater to a 

„ that is, let the fide AB adjacent to the given angle be 

rater than AC; and, as in the laſt A 


aſe, take a ſtraight line DE given in 
tion and magnitude, and make the 
gle DEF equal to the given angle 


IC; therefore EF is given © in poſi- B 


a rip 
e ha 


ven 


a give 
Out ar 


SS" 6: 32. Dat. 


jon; Alſo draw DG perpendicular to 


FF. therefore if the ratio of BA, to D 
be the ſame with the ratio of EP 

0 the perpendicular DG, the triangles 

IC, DEG are ſimilar n, becauſe the 


weles ABC, DEG are equal, and DGE — 
ba right angle: Therefore the angle E G 

ICB is a right angle, and the triangle 

IÞC is given b in ſpecies. b.43.Dat 
But if, in this laſt caſe, the given ratioof BA to AC be 

hot the fame with the ratio of ED to DG, that is, with the 

tio of BA to the perpendicular AM drawn from A to BC; 

he ratio of BA to. AC muſt be leſs ® than the ratio of BA. o. 8. 5. 
AM, becauſe AC is greater than AM. Make as BA to AC 

ED to DH; therefore the ratio of as 


LD to DH is leſs than the ratio of (BA | 

b AM, that is, than the ratio of) ED 3 
DO; and conſequently, DH is great- 

than DG; and becauſe BA is great- B C p. 10. 5. 


than AC, ED is greater © than DHH. L 


From the center D, at the diſtance DH, D 

Elcribe the circle KHF which neceſſari- 

meets the ſtraight line EF in two | 
punts, becauſe DH is greater than DG, 

id leſs than DE. Let the circle meet E K 77 F 


in the points, F, K which are given, 


* 
— 


oy ſhewn in the preceeding caſe; and, DF, DK being join- 
{ the triangles DEF, DEK are given in ſpecies, as was there 
ſhewn. 
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ſhewn. From the center A, at the diſtance AC, deſcribe 20 
cle meeting BC again in L: And if the angle ACB be 
than a right angle, ALB muſt be greater than a right any 
And on the contrary. In the ſame manner, if the angle DFE 
| leſs than a right angle, DKE muſt be greater than one; 
on the contrary. Let each of the angles A 
ACB, DFE be either leſs or greater than 
a right angle; and becauſe in the tri- 
angles ABC, DEF the angles ABC, | 
DEF are equal, and the ſides BA, AC, B 0 
and ED, DF about two of the other L 
angles proportionals, the triangle ABC D 
is ſimilar * to the triangle DEF. In the 
ſame manner, the triangle ABL is fimi- 
lar to DEK. And the triangles, DEF, 5 
it DEK are given in ſpecies; therefore al- 0 
ſo the hr ABC, ABL are given in E K H 
ſpecies. And from this it is evident, that, in this third c 
there are always two triangles of a different ſpecies, to whi 
the things mentioned as given in the propoſition can agree, 


m. 7. 6. 


46. PROP. XLVII. 


IF a triangle has one angle given, and if both the ſid 
together about that angle have a given ratio to ti 
remaining fide ; the triangle is given in ſpecies. 


Let the triangle ABC have the angle BAC given, and let 
ſides BA, AC together about that angle have a given ratio 
BC; the triangle ABC is given in ſpecies. 

Bifect * the angle BAC by the ſtraight line AD; therelo 
the angle BAD is given. And becauſe as BA to AC, ſo ! 
BD to DC, by permutation, as AB to | 
BD, ſo is AC to CD; and as BA and A. 
c. 12. 5. AC together to BC, ſo is © AB to BD. : 

But the ratio of BA and AC together / 
to BC is given, wherefore the ratio of AB 
to BD is given, and the angle BAD is B D q 
d. 47. Dat. given; therefore d the triangle ABD is gi- 
ven in ſpecies, and the angle ABD is therefore given; the ang 
e.43.Dat. BAC is alſo given, wherefore the triangle ABCis given in ſpecies 
A triangle which ſhall have the things that are mention 


in the Propoſition to be given, can be found in the f 
Manu. 


» © 


FT 
& 22 


1 


nner. Let EFG be the given angle, and let the ratio of H 
K be the given ratio which the two ſides about the angle 
re muſt have to the third fide of the triangle; therefore 
beauſe two ſides of a triangle are greater than the third fide, 
be ratio of H to K muſt the ratio of a greater to a leſs. 


oth Propoſition find a triangle of which EFL is one of the 
ngles, and in which the ratio of the ſides about the angle oppo- 
teto FL is the fame with the ratio of H to K: To do which, 
le FE given in poſition and magnitude, and draw EL per- 
endicular to FL: Then, if the ratio of H to K be the ſame 
ith the ratio of FE to EL, produce EL, and let it meet FG 
u; the triangle FEP is that which was to be found: For 
t has the given angle EFG; H 
nd becauſe this angle is biſect- ; | 

d by FL, the ſides EF, FP * 
beether are to EP, as b FE to G 

that is, as H to K. 

But if the ratio of H te K 
e not the ſame with the ratio E ä O 

of FE to EL, it muſt be leſs than N | 

i, as was ſhewn in Prop. 47. and in this caſe there are two tri- 
meles, each of which has the given angle EFL, and the ratio of 
the ſides about the angle oppoſite to FL the ſame with the ratio 


— 


nd 


A which has the angle EFL for one of its angles, and the ratio 
the ide FE to EM or EN the ſame with the ratio of H to K; 
md let the angle EMF be greater, and ENF leſs than a right 
mple. And becauſe H is greater than K, EF is greater than 
IN, and therefore the angle *EFN, that is, the angle NFG, is 
sf than the angle ENF. To each of theſe add the angles 
Wr, EFN ; therefore the angles NEF, EFG are leſs than 
tte angles NEF, EFN, FNE, that is, than two right angles; 
lterefore the ſtraight lines EN, FG muſt meet together when 
produced ; let them meet in O, and produce EM to G. Each 


even in the Propoſition : For each of them has the given angle 
Ho; and becauſe this angle is biſected by the ſtraight line 
MN, the Gdes EF, FG together have to EG the third ſide 
tae ratio of FE to EM, that is, of H to K. In like manner, the 


Sr, lies EF, FO together have to EQ the ratio which H has to K. 
1tione | P R O P. 
lowll * 


the triangles, EFG, EFO has the things mentioned to be 
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Fett * the angle EFG by the ſtraight line FL, and by the a. 9. 1. 


b. 3. 6. 


H to K. By Prop. 47. find theſe triangles EFM, EFN each 


£36. ®. 
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46. 


2.44-Dat. fore the triangle ABD is given in ſpecies and conſeque 


b.43.Dat. triangle ABC is given in ſpeciesb. 


which has the angle EFG for one of 
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PROP. XIIX. 


\ 


FF a triangle has one angle given, and if the ſides r g. 
another angle, both together, have a given ratio ſtra 
the third ſide; the triangle is given in ſpecies. hall 


Let the triangle ABC have one angle ABC given, and 
the two ſides BA, AC about another angle BAC have a gi 
ratio to BC; the triangle ABC is given in ſpecies. 

Suppoſe the angle BAC to be biſected by the ſtraight l 
AD; BA and AC together are to BC, as AB to BD, as y 
ſhewn in the preceeding Propoſition. But the ratio of! 
and AC together to BC is given, therefore alſo the ratio 
AB to BD is given. And the angle ABD is given, wher 


ly the angle BAD, and its double 
the angle BAC are given; and the A 
angle ABC is given. - 'Therefore the 


A triangle which ſhall have the . 
things mentioned in the Propoſition B D C 
to be given, may be thus found. Let E 
EFG be the given angle, and the ra- | 
tio of H to K the given ratio; and 
by Prop. 44. find the triangle EFL, K 


HH 


its angles, and the ratio of the ſides 8 L e 
EF, FL about this angle the ſame with F 

the ratio of H toK; and make the angle LEM equal to t! 
angle FEL. And becauſe the ratio of H to K is the ratio wic 
two ſides of a triangle have to the third, H muſt be greater thi 
K; and becauſe EF is to FL, as H to K, therefore EF is greats 
than FL, and the angle FEL, that is, LEM, is therefore leſs thi 
the angle ELF. Wherefore the'angles LFE, FEM are leſs th 
two right angles, as was ſhewn in the foregoing Propoſiti 
and the ſtraight lines FL, EM muſt meet if produced; l 
them meet in G, EFG is the triangle which was to be found 
for EFG is one of its angles, and becauſe the angle FEC 
biſected by EL, the two ſides FE, EG together have to th 
third fide FG the ratio of EF to FL, that is, the given ratio 
H to K, 
PRO 
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PROP. . 76. 


from the vertex of a triangle given in ſpecies, a 
ſtraight line be drawn to the baſe in a given angle; 
hall have a given ratio to the baſe. 


From the vertex A of the triangle ABC which is given in 

ies, let AD be drawn to the baſe BC in a given angle ADB; 

ratio of AD to BC is given. | A ; 
Becauſe the triangle ABC is given in 

ecies, the angle ABD is given, and the 

le ADB is given; therefore the triangle 

BD is given * in ſpecies; wherefore the a 43. Dat. 
to of AD to AB is given. And the ratio 

AB to BC is given; and therefore ® the R D Cb 9. Dat. 
toof AD to BC is given. 


. 47. 


D EcriLIN EAI. figures given in ſpecies, are divided in- 
to triangles which are given in ſpecies. 


let the rectilineal figure ABCDE be given in ſpecies ; 

DE may be divided into triangles given in ſpecies. 

ſoin BE, BD; and becauſe ABCDE is given in ſpecies, the 

le BAE is given , and the ratio of | A a 3. Def. 
a to BE is given *; wherefore the | 


o who: . 2 or b 
gle BAE is given in ſpecies b, and b at. 
=Y tangle AEB - e, given *, But ** 
8 1M bole angle AED is given, and 
* refore the remaining angle BED is 
* den, and the ratio of AE to EB is 
ed; e as alſo the ratio of AE to ED; therefore the ratio of 
Pe bs ED is given ©. And the angle BED is given, wherefore c 9. Dat. 


e 1 5 BED is given“ in ſpecies. In the ſame manner, the 
gle DC is given in ſpecies : Therefore rectilineal figures 
ch are given in ſpecies are divided into triangles given in 


les. 
PROP, 
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48. PRO P. LIE 
F two triangles given in ſpecies be deſcribed upon 
> ſame ſtraight line; they ſhall have a given ratio | 
one another. 


Let the triangles ABC, ABD given in ſpecics be deſerihg 
| upon the ſame ſtraight line AB; the ratio of the triangle A} 
to the triangle ABD 1s given. 

Thro' the point C, draw CE parallel to AB, and let it nel. 
DA produced in E, and join BE. Becauſe the triangle A P* 
is given in ſpecies, the angle BAC, that is, the angle Ack, o te 
given; and becauſe the triangle ABD is given in ſpecies, t 
angle DAB, that is, E C let: 
the angle AEC, is gi- — —- L uM 


ven. Therefore the FEY . * 
triangle AC is given | 
in ſpecies; wherefore N BF CB, 


the ratioof EA to AC | 
is given“, and the ra- | def 
tio of CA to AB is 
given, as allo the ra- D K 
tio of BA to AD; therefore the ratio of Þ EA to AD is give cat 
and the triangle ACB is equal © to the triangle AEB, and: 
the triangle AEB, or ACB, is to the triangle ADB, fo iss 
ſtraight line EA to AD. But the ratio of EA to AD is gie eib 
thereſore the ratio of the triangle ACB to the triangle ADÞ We A 
given. | \CD 
| PROBLEM. 
To find the ratio of two triangles ABC, ABD given in n 
cies, and, which are deſcribed upon the ſame ſtraight line Ab. i 
Take a ſtraight line FG given in poſition and magnituF is 
and becanſe the angles of the triangles ABC, ABD are guerre 
at the points F, G of the ſtraight line FG, make the ang 
GFH, GRe equal to the angles BAC, BAD; and the a 
VGH, FGK equal to the angles ABC, ABD, each to end 
Therefore the triangles ABC, ABD are equiangular to the 
angles FGH, FGK, each to each. Thro' the point H, draw lil FER 
parallel to FG meeting KF produced in L. And becauſe t 
angles BAC, BAD are equal to the angles GFH, GFK, e des 
to each ; therefore the angles ACE, AEC are equal to FR 
FLH, each to each, and the triangle-AEC equiangular to n 
triangle FLH. Thereſore as EA to AC, fo is LF to FH; e: 


D A T A. 


Ato AB, ſo HF to FG; and as BA to AD, fo is GF 
K; wherefore, ex quali, as EA to AD, fo is LF to 
„ But, as was ſhewn, the triangle ABC is to the triangle 
D, as the ſtraight line EA to AD, that is, as LF to FK. 
> ratio therefore of LF to FK has been found, which is the 
ne with the ratio of the triangle ABC to the triangle ABD. 


PROP. III. _ 


wo rectilineal figures given in ſpecies be deſcribed See N. 
pon the ſame ſtraight line; they ſhall have a given 
to to one another. | 


- 


let any two rectilineal figures ABCDE, ABFG which are 

en in ſpecies, be deſcribed upon the ſame {traight line AB; 

ratio of them to one another is given. 

bin AC, AD, AF; each of the triangles AED, ADC, 

(B, AGF, ABF is given in ſpecies. And becauſe the tri-à 51. Dat. 
des ADE, ADC given in ſpecies 

deſcribed upon the ſame ſtraight D 


e AD, the ratio of EAD to 
©: __ isgivend; and, by compoſition, E ©-> $8-Vak, 
1 * ratio of EAC D to DAC is 
and ene. And the ratio of DAC to Dat. 
is iz is given”, becauſe they are B 3 Dat. 
N55 eribed upon the ſame ſtraight G“ 


e AC; therefore the ratio of 


D to ACB is given d; and, by H KL MN O 


poſition, the ratio of ABC DE 
450 is given. In the ſame manner, the ratio of ABFG to 
bF is given. But the ratio of the triangle ABC to the triangle 


1 in if 
e AB. 


git is given; wherefore®, becauſe the ratio of ABCDE to ABC 
e gu ' ren, as alſo the ratio of ABC to ABF, and the ratio of ABF 
e 2 br; the ratio of the rectilineal ABCDE to the rectilineal 
ne anger is givens. 

hrs PROBLEM. 


o find the ratio of two rectilineal figures given in ſpecies, 
deſcribed upon the ſame ſtraight line. 

Let ABCDE, ABFG be two rectilineal figures given in 
des, and deſeribed upon the ſame ſtraight line AB, and 
, AD, AF. Take a ſtraight line HK given in poſition 
"magnitude, and by the 52. Dat. find the ratio of the tri- 


draw H 
-auſe tl 
K, cad 
to FH 
ar. to d 


FH; 


de ADE to the triangle ADC, and make the ratio of HK 
to 


$0. 


a 9. Dat. alſo given But as AB to G, ſo is 
b 2. Cor. the 5 


20. 6. 


I two ſtraight lines have a given ratio to one ano'he 


pures E, F be deſcribed upon them; the ratio of E to! 


en 


to KL the ſame with it. Find alſo the ratio of the triane 


ACD to the triangle ACB. And make the ratio of KL. 
LM the ſame. Alſo, find the ratio of the triangle ABC t 
triangle ABF, and make the ratio of LM to MN the & 
And laſtly, find the ratio of the triangle AFB to the trian 
AFG, and make the ratio of MN — | 
to NO the ſame. Then the ratio of D 
ABCDE to ABFG is the ſame with F 
the ratio of HM to MO. | 
Becauſe the triangle EAD is to 
the triangle DAC, as the ſtraight 
line HK to KL; and as the triangle B 
DAC to CAB, ſo is the ſtraight G > | 
line KL toLM ; therefore, by uſin 
compoſition as often as the A. 1 E Le M N q 
of triangles requires, the rectilineal 
ABCDE is to the triangle ABC, as the ſtraight line HM to] 
In like manner, becauſe the triangle GAF is to FAB, os ON 
NM, by compoſition, the rectilineal ABFG is tothe triangle 4} 
as MO to MN; and, by inverſion, as ABF to ABFG, ſo is 
to MO. And the triangle ABC is to ABF, as LM to » 
Wherefore, becauſe as ABCDE to ABC, ſo is HM tw MI; : 
as ABC to ABF, ſo is LM to MN; and as ABF to ABG, 
MN to MO; ex quali, as the rectilineal ABCDE to ABFG 
is the ſtraight line HM to MO. + 
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PROP. IVV. 


the ſimilar rectilineal figures deſcribed upon them 
milarly, ſhall have a given ratio to one another. 


Let the ſtraight lines AB, CD have a given ratio to 
another, and let the ſimilar and ſimilarly placed rectilinea 


given. 
To AB, CD, let G be a third. 


proportional; therefore as AB to 
CD, ſo is CD to G. And the ratio 
of AB to CD is given, wherefore Take a 
the ratio of CD to G is given; and A . B C Uieccdilin 
conſequently the ratio of AB to G is H | Ji uy 
u make 


Men 3 


To find 
pes, an 
e a give 


— 
gure E to the figure? F. Therefore the ratio ol E to 
given. * 


PROBLE M. 


Jo find the ratio of two fimilar rectilineal figures E, F ſi- 
larly deſcribed upon ſtraight lines AB, CD which have 
ren ratio to one another: Let & be a third propottional to 


Take a ſtraight line H given in magnitude; and becauſe the 

roof AB to CD is given, make the ratio of II to K the 

e with it; and becauſe H is given, K is given. As H is 

K, ſo make K to L; then the ratio of E to F is the ſame 

ih the ratio of H to L; for AB is to CD, as H to K, where- 

e CD is to G, as K to L; and, ex equali, as AB to G, 

is H to L: But the figure E is to b the figure F, as AB to b. 2 Cor. 
that 18, as H to L. 20. 6. 


FROP.-LY; | ; 
two ſtraight lines have a given ratio to one another; 5 
the rectilineal figures given in ſpecies deſcribed upon 
em, ſhall have to one another a given ratio. 
Let AB, CD be two ſtraight lines which have a given ratio 
one another; the rectilineal figures E, F given in ſpecies 
d deſcribed upon them, have a given ratio to one another. 
Upon the ſtraight line AB, deſcribe the figure AG fimilar 
d imilarly placed to the figure F; and becauſe F is given in 
xcies, AG is alſo given in ſpeci- 
Therefore, ſince the figures E, E 
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which are given in ſpecies, 

t deſcribed * 7 {ame B 
night line AB, the ratio of G 
bAG is given *. and becauſe H | 
eratioof AB to CD is given, © K 1 
u upon them are deſcribed the ſimilar and ſimilarly placed 


a 53. Dat. 


4 


* K - 
=————=— . —— CT. nn — 
— 
— 
1 , 
* : : 
— — 7x 


Wlneal figures AG, F, the ratio of AG to F is given; 
the ratio of AG to E is given; therefore the ratio of E to F 
even ©, 


b. 54. Dat, 


c. 9. Dat. 


PROBLEM. 
To find the ratio of two rectilincal figures E, F given in 
Fes, and deſcribed upon the ſtraight lines AB, CD which 
a given ratio to one another. 
Lake a ſtraight line H given in magnitude; and becauſe 
etectilincal figures F, AG given in ſpecies are deſcribed up- 
the ſame ſtraight line AB, find their ratio by the 53. Dat. 
make the ratio of H to K the ſame; K is therefore 
Ma; And becauſe the ſimilar rectilineal figures AG, F are 
"De deſcribed : 
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deſcribed upon the ſtraight lines AB, CD which have a gin 
ratio, find their ratio by the 54. Dat. and make the ratio gf 
to L the ſame : The figure E has to F the ſame ratio which H 
to IL: For, by the conſtruction, as E is to AG, fo is HtoR 
and as AG to F, ſo is K to L; therefore, ex equali, as E to] 
ſo is H to L. a 


42. PROP. LVI. 


JF a rettitineal figure given in ſpecics be deſeribed y 
on a ſtraight line given in magnitude; the figure g 
ven in magnitude. 


Let the rectilineal figure ABCD E given in ſpecies be defcrit 
upon the ſtraight line AB given in magnitude; the fig 
ABCDE 1s given in magnitude. | 

Upon AB let the fquare AF be deſcribed; thereſe 
AF is given in ſpecies and magnitude, and becauſe t 
reCtilincal figures ABCDE, AF given in C 
ſpecies are deſcribed upon the ſame 
ſtraight line AB, the ratio of ABCDE 

2, 53 Dat. to AF is given“: But the ſquare AF is 
d. 2. Dat L iven in magnitude, therefore d alſo the D 

8 figure ABC DE is given in magnitude. 
0 E 

To find the magnitude of a rectilineal 
figure given in ſpecies deſcribed upon a 41 Ws 
{traight line given in magnitude. | | 

Take the ſtraight line GH equal to 
the given ſtraight line AB, and by the 
53. Dat. find the ratio which the ſquare 6 H 
AF upon AB has to the figure ABC DE; 
and make the ratio of GH to HK the ſame; and upon b 
deſcribe the ſquare GL, and complete the parallelogr 
LHEM ; the bgure ABCDE is equal to LHKM: Bec 
AF is to ABCDE, as the ſtraight line GH to HK, that is, 
the figure GL to HM; and AF is equal to GL; theret 

© 14 5. ABCDE is equal to HM ©, 


53 
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PRO. EVE 


IF two rectilineal figures are given in ſpecies, and! 
ſide of one of them has a given ratio to a fide of! 
other ; the ratios of the remaining ſides to the remail 


des ſhall be given. 
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the 13, 


let AC, DF be two rectilineal figures given in ſpecies, and 
lt the ratio of the ſide AB to the ſide DE be given; the ra- 
jos of the remaining ſides to the remaining fides are alſo gi- 


jen. 
Becauſe the ratio of AB to DE is given, as alſo * the ratios a 3. Def. 

gend. In the ſame manner, the ra- D b 10. Dat, 

hos of the other ſides to the other 

des are given. A 
The ratio which BC has to EF 

Ine G given in magnitude, and 

cauſe the ratio of BC to BA is | 
the ſame; and becauſe the ratio | | 

f AB to DE is given, make the G H KL 

wake the ratio of K to L the ſame with the given ratio of DE 

EF. Since therefore as BC to BA, ſo is G to H; and as BA 

eis to EF, as G to L; therefore the ratio of G to L has 

ken found, which is the ſame with the ratio of BC to EF. 

[F two ſimilar rectilineal figures have a given ratio to See N. 
one another; their homologous ſides have alſo a gi- 


Ab to BC, and of DE to EF; the ratio of BC to EF is gi- 
wy be found thus; take a ſtraight — 0 E F 
ren, make the ratio of G to 
tio of H to K the fame; and | 
DE, ſo is H to K; and as DE to EF, ſo is K to L; ex æqua- 
PROP. 1 vi G. 
en ratio to one another. 


Let the two ſimilar rectilineal figures A, B have a given ra- 
0 to one another; their homologous ſides have allo a given 
tio, 

Let the fide CD be homologous to EF, and to CD, EF let 
e ſtraight line G be a third proportional. As therefore CD a 2. Cor. 


6, ſo is the figure A to B; and | 20. 6. 
2 of A to B is given, there- 1 

re the ratio of CV to G is given; 

d CD, EF, G are proportionals — 

berefore d the ratio of CD to EF C DE F Gb 13. Dat. 
given. 

the ratio-of CD to EF may be — = 
band thus; take a ſtraight line H H L K 
Wea in magnitude; and becauſe the ratio of the figure A to 
In given, make the ratio of H to K the fame with it: And, 
the 13, Dat. directs to be done, find a mean proportional L. 
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between Hand K; the ratio of CD to EF is the ſame with thi 
of H to L. Let G be a third proportional to CD, EF; there. 
fore as CD to G, fois (A to B, and ſo is) H to K; andasC 
to EF, ſo is H to L, as is ſhewn in the 13. Dat. 


RN OP. II. Fare 

54.5 wr fr | { 
Sce N, | two rectilineal figures given in ſpecies have a give 22 
ratio to one another; their ſides ſhall likewiſe ha Let t 

given ratios to one another. tude ; it 

| | Take 

Let the two rectilineal figures A, B given in ſpecies, have Wand upo 


given ratio to one another; their ſides ſhall alſo have given ra placed, 
tios to one another. | and let ! 
If the figure A be ſimilar to B, their homologous ſide tte figur 
ſhall have a given ratio to one another, by the prececding® PC 1 
Propoſition; and becauſe the figures are given in ſpecies, t derefore 
ſides of each of them bave given ratios * to one another; there een in 
a 3. Def. fore each fide of one of them has b to each ſide of the other Meuſe u 
b g. Dat. given ratio. ſtraight - 
But if the figure A be not ſimilar to B, let CD, EF be ane D 
two of their ſides; and upon EF conceive the figure EG to! 8 defcrit 


deſcribed ſimilar and ſimilarly _— i in magn 
placed to the figure A, ſo that | A | WT. hore the 1 
CD, EF be homologous ſides; 2. th 
therefore EG is given in ſpe- AB / is gi! 
cies; and the hen B is 2 C D E the ratio 
c 53. Dat. in ſpecies; whereforeꝭ the ratio 'H — — in the ſa} 
of B to EG 1s given; and the 1 be ſhewn 
ratio of A to B is given, M | 
therefore b the ratio of the fi- To det 
gure A to EG 18 given; and L MD and equa 


d 58. Dat. A is ſimilar to EG; therefore the ratio of the ſide CD to Becaut 


is given; and confequently Þ the ratios of the remaining lid 
to the remaining ſides are given. | 
The ratio of CD to EF may be found thus; take a ſtraig 
line H given in magnitude, and becauſe the ratio of the figu 
A to B is given, make the ratio of H to K the ſame with 1 
And by the 53. Dat. find the ratio of the figure B to EG, a 
make the ratio of K to L the ſame: Between H and 
find a mean proportional M the ratio of CD to EF ist 
ſame with the ratio of H to M; becauſe the figure A is to 
asHtoK; and as B to EG, ſo is K to L; ex æquali, ® 


* 8 he: BP 405 
9 EC, ſo is H to L; And the figures A, EG are ſimilar, and M 


2 mean proportional between H and L; therefore, as was 


hewn in the preceeding Propoſition, CD is to EF, as H to M. 
FRO FR. K. 55. 


[ a rectilineal figure be given in ſpecies and magnitude, 
the ſides of it ſhall be given in magnitude. 


2 
=). 


b 56. Dat, 


b placed, to the figure A, 
and let EF be the fide of ON 
Mite figure A homologous G i: 7 
neue D given in ſpecies 
the ratio of EF to EG is given*®, therefore EG is given. And, «, 3. Def. 
Ll Becauſe each of the figures, D H is given, their ratio is gi- 
And becauſe the figures D, A are ſimilar, and that the ratio of 


Let the rectilineal figure A be given in ſpecies and magni- 
ule; its ſides are given in magnitude. 
Take a ſtraight line BC given in 28 and magnitude; 
nd upon BC deſcribe * the figure D ſimilar, and ſimilarly a 18. 6. 
oe the fide of D; 
Witierefore the figure D is = 
een in ſpecies. And be- * C L 
aue upon the given | 
fraight line BC the fi- = 
b deſcribed,, D is given d K 
in magnitude, and the figure A is given in magnitude, there- 
ore the ratio of A to D is given: And the figure A is ſimilar 
bD; therefore the ratio of the fide EF to the homologous fide . .g Pat. 
is given ©; and BC is given, wherefore 4 EF is given: And q*, pax. 
In the ſame manner, each of the other ſides of the figure A can 
be ſhewn to be given. | 
| PROBLEM. | 
To deſcribe a rectilineal figure A ſimilar to a given figure D, 
and equal to another given figure H. It is Prop. 25. B. 6. Elem. 
aa en, which may be found by making f upon the given ſtraignt f Cor. 45. 
ine BC the parallelogram BK equal to D, and upon its fide 1. 
CK making f the parallelogram KL equal to H in the angle 
KCL equal to the angle MBC ; therefore the ratio of D to H, 
that is, of BK to KL, is the ſame with the ratio of BC to CL: 
Dto A, or H, is the ſame with the ratio of BC to CL; by 
the 58. Dat. the ratig of the homologous ſides BC, EF is the 
me with the ratio BC to the mean proportional between 
WC and CL. Find N the mean proportional; then EF is the 
* C03 ſide 


E U CLI D?*S 


ſide of the figure to be deſcribed, homologous to BC the {4s 
of D, and the figure itſelf can be deſcribed by the 18th Pry, 
B. 6. which, by the conſtruction, is ſimilar to b and becauſe 
g 2. Cor. D is to A, as 5 BC to CL, that is as the figure BK to KL; and 
20. 6. that Dis equal to BK, therefore A is equal to KL, that is, tg 
h 14. 5. H. 1 d 
57 
See N. 


„ F 1A, 
F a parallelogram given in magnitude has one of i 
ſides and one of its angles given in magnitude; th 
other ſide alſo is given. 
Let the parallelogram ABCD given in magnitude, haye the 


ſide AB and the angle BAC given in magnitude; the othe 
ſide AC 1s given. 

Take a ſtraight line EF given in poſition and magnitude 
and becauſe the parallelogram AD R 
is given in magnitude, a rectilineal 8 

2 1. Def, figure equal to it can be found “. 7 
And a parallelogram equal to this 
figure can be applied b to the given C D 
ET — 
the porallelogram EFG H having Z / 
the angle FEG cqual to the anv!, CET 
BAC. And becauſe the parallelo G H 
grams AD, EH are equal, and hav. 
the angles at A and E equal; the ſides about them are recipro 


/ 


b Cor. 45. 


A ſtraight line EF in an angle equal to 


the given angle BAC. Let this be 


e 14. 6. cally proportional ©; therefore as AB to EF, ſo is EG to AC 
d 12. 6. and AB, EF, EG are given, therefore alſo AC is given“ 
Whence the way of finding AC is manifeſt. 
H 


PROP. LXII. 
See N, IF a parallelogram has a given angle, the rectangle con 


tained by the ſides about that angle has a given rati 


A D 


to the parallelogram. . 
Let the parallelogram ABCD have the 
iven angle ABC; the rectangle AB, BC 
1 a given ratio to the parallelogram AC. 
From the point A draw AE perpendi- 
cular to BC; becauſe the angle ABC is 
given, as alſo the angle AEB; the triangle 
ABE is given“ in ſpecies; therefore the 
ratio of BA to AE is given. But as BA 
to AE, ſo is b the rectangle AB, BC to the 
rectangle AE, BC; therefore the ratio of 


I 
E C 
HM. 

243. Dat. 


b. 1. 6. GK H 
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111 
tc rectangle AB, BC to AE, BC, that is“, to the parallelo- 


gram AC, is given. 
And it is evident how the ratio of the reCtangle to the pa- 
. lelogram may be found, by making the angle FGH equal 
o the given angle ABC, and drawing, from any point F in 
me of its ſides, FK perpendicular to the other GH; for GF 
to FK, as BA to AE, that is, as the rectangle AB, BC, to 
the parallelogram AC. 

Cor. And if a triangle ABC has a given angle ABC, the 
rectangle AB, BC contained by the fides about that angle, 
ſhall have a given ratio to the triangle ABC. 

Complete the parallelogram ABCD ; therefore, by this Pro- 
potion, the rectangle AB, BC has a given ratio to the paral- 
klogram AC; and AC has a given ratio to its half the tri- 
gle! ABC; therefore the rectangle AB, BC has a given © ra- 
tio to the triangle ABC. 


And the ratio of the rectangle to the triangle is found 


thus; make the triangle FGK as was ſhewn in the Propoſition ; 
the ratio of GF to the half of the perpendicular FK is the ſame 
vith the ratio of the rectangle AB, BC to the triangle ABC. 
Becauſe, as was ſhewn, GF is to FK, as AB, BC to the pa- 
nllelogram AC; and FK is to its half, as AC is to its half, 
which is the triangle ABC; therefore, ex aequali, GF is to the 
alf of FK, as AB, BC reCtangle is to the triangle ABC. 


PRO P. LXIII. 


F two parallelograms be equiangular, as a fide of the 
firſt to a ſide of the ſecond, ſo is the other fide of the 


has the ſame ratio which the firſt parallelogram has 
the ſecond. And conſequently, if the ratio of the firſt 
arallelogram to the ſecond be given, the ratio of the 
ther fide of the firſt to that ſtraight line is given; and 
the ratio of the other ſide of the firſt to that ſtraight 
e be given, the ratio of the firſt parallelogram to the 
fond is given. | 


Let AC, DF be two equiangular parallelograms, as BC a 
de of the firſt is to EF a ſide of the ſecond, ſo is DE the o- 
der ide of the ſecond to the ſtraight line to which AB the o- 

Cc 4 | ther 


ha 


ccond to the ſtraight line to which the other fide of the 


407 
c. 35. I. 


d. 14. 7. 
e. 9. Dat. 
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ther ſide of the firſt has the ſame ratio which AC has to II 


BtoB 
Produce the ſtraight line AB, and make as BC to Eb, f . 


xcicse; the 


DE to BG, and complete the parallelo— A And if tl 
gram BGH C; therefore, becauſe BC, or | elogram 
GH, is to EF, as DE to BG, the ſides is give: 
about the equal angles BGH, DEF are 8M, the r: 
a. 14. 6. reciprocally proportional ; wherefore * B/  [ Wibecauſe 
the parallelogram BH is equal to DF; G — H equiang 


and AB 1s to BG, as the parallelogram 1 


FF to the 
AC is to BH, that is, to DF; as there- / 7 
— F 


the ſami 
m KC h: 
5 EF to 
the paral] 
ratio of 
ram K. 
Cor. An 
les, or t 
BC a 
er (ide of 
ratio of 
the firſt ti 
dmplete 
ratio of 
ratio of 
parallele 
s to F( 
63. Dat 
unequal, 
this Prop 
nd if th 
logram 

fore the 


fore BC is to EF, ſo is DE to BG which 
is the ſtraight line to which AB has the I 
ſame ratio that AC has to DF. | 

And if the ratio of the parallelogtam AC to DF be gire 
then the ratio of the ſtraight line AB to BG is given; and; 
the ratio of AB to the ſtraight line BG be given, the ratio 
the parallelogram AC to DF is given. 


74. 73. PROP, XLIV. 


See N. | ind two parallelograms have unequal, but given, angle 
and if as a ſide of the firſt to a ſide of the ſecond, { 

the other fide of the ſecond be made to a certain ſtraigb 

line; if the ratio of the firſt parallelogram to the ſecon 

be given, the ratio of the other {ide of the firſt to tha 
ſtraight line ſhall be given. And if the ratio of the othe 

ſide of the firſt to that ſtraight line be given, the ratio o 

the firit parallelogram to the ſecond ſhall be given. 


Let ABCD, EFGH be two parallelograms which have the 
unequal, but given, angles ABC, EFG; and as BC to FG, i 
make EF to the ſtraight line M. If the ratio of the paralleio 
gram AC to EG he given, the ratio of AB to M is given. 
At the point B of the ſtraight line BC make the angle 
CBK equal to the angle EFG, and complete the parallelogram 
RBCL. And becaute the ratio of AC to EG is given, and that 
A. 35, 1. AC is equal* to the paralielogram KC, therefore the ratio 0l 
KC to EG is given; and KC, EG are equiangular there 
b,63.Dat.fore as BC to FG, ſo is“ EF ro the i line to which Kl 
| C 


F two e 
to one 
I ratio ; 
ven rati 


has a given ratio, viz. the ſame which the parallelogram: 
KC has to EG: But as BC to FG, ſo is EF to the ſtiaigh ratio | 
line M; therefore KB has a given ratio to M; and the fat the 


oe other 


EE Bs 8 


1B to BK is given, becauſe the triangle ABK is given in 
cies; therefore the ratio of AB to M is given ©. 4 
And if the ratio of AB to M be given, the ratio of the pa- d. g. Dat. 
klogram AC to EG is given; for ſince the ratio of KB to 


Ais given, as alſo the ratio of AB CA 


M, the ratio of KB to M 1s givend; 
1 becauſe the parallelograms KC, EG 

equiangular, as BC to FG, ſo is — 
FF to the ſtraight line to which KB 


the ſame ratio which the parallelo- E H 

m KC has to EG; but as BC to FG, ____- 

$EFto M; therefore KB is to Mz, M SJ 
he parallelogram KC is to EG; and 


ratio of KB to M is given, therefore the ratio of the paral- 
ram KC, that is, of AC to EG, is given. | 
Cox. And if two triangles ABC, EFG have two equal 75. 
les, or two unequal, but given, angles ABC, EFG, and 
Ca fide of the hrit to FG a fide of the ſecond, ſo the 
er fide of the ſecond EF be made to a ſtraight line M; if 
ratio of the triangles be given, the ratio of the other fide 
he firſt to the ſtraight line M 1s given. ö 
mplete the parallelograms ABCD, EFGH; and becauſe 
atio of the triangle ABC to the triangle EFG is given, 
atio of the parallclogram AC to EG is given®, becauſe ©. 15. 5. 
OS parallelograms are double ff of the triangles; and becauſe f. 41+ J. 
ssd FG, as EF to M, the ratio of AB to M is given by 
e. Dat. if the angles ABC, EFG are equal; but if they 
oFnequal, but given angles, the ratio of AB to M is given 
lis Propofition. | 
nd if the ratio of AB to M be given, the ratio of the pa- 
Klozram AC to EG is given by the ſame Propoſitions ; and 
telore the ratio of the triangle ABC to EFG is given. 


b. Gz. Dat. 


PROP. LAV.: 68. 


two equiangular parallelograms have a given ratio 
o one another, and if one fide has to one fide a gi- 
ratio; the other fide ſhall alſo have to the other ſide 


Jen ratio. 


t the two equiangular parallelograms AB, CD have a 
1 fatio to one another, and let the fide EB have a given 
to the ide FD; the other fide AE has alſo a given ratio 
e other ſide CF, - 

Becauſe 
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a. 63. Dat. 


rallelogram AB to CD is given, make the ratio of H to R 


E U C L I D'S 


Becauſe the two equiangular parallelograms AB, CD}, 
a given ratio to one another; as EB a fide of the firſt is to 
a fide of the ſecond, ſo is FC the other fide of the ſecond 
the ſtraight line to which AE the other fide of the fir 
the ſame given ratio which the firſt parallelogram AB 
to the other CD. Let this ſtraight line be EG; therefore 
ratio of AE to EG is given ; 
and EB is to FD, as FC to C— 


EG, therefore the ratio of A 
FC to EG is given, becauſe B F 
the ratio of EB to FD is gi- / | | | 


ven ; and becauſe the ratio of G 

AE to EG, as alſo the ratio 

of FC to EG is given; the ra- HK 

tio of AE to CF is givend. L 
The ratio of AE to CF may be found thus; take a tra 

lire H given in magnitude; and becauſe the ratio of the 


fame with it. And becauſe the ratio of FD to EB is given, n 
the ratio of K to L the ſame : The ratio of AE to CF is 
ſame with the ratio of H to L. Make as EB to FD, fo FC 
EG, therefore, by inverſion, as FD to EB, ſo is EG to 
and as AE to EG, ſo is“ (the parallelogram AB to CD, 
ſo is) H to K; but as EG to FC, ſo is (FD to EB, and 6 
K to L; therefore, ex aequali, as AE to FC, ſo is H to l. 


P R O P. LXVI. 


1 F two parallelograms have unequal, but given, ang 
and a given ratio to one another; if one ſide has 
one ſide a given ratio, the other fide has alſo a given 
tio to the other fide. 


Let the two parallelograms ABCD, EFGH which have 
given unequal angles ABC, EFG, have a given ratio to 
another, and let the ratio of BC to FG be given; the! 
alſo of AB to EF is given. 

At the point B of the ſtraight line BC make the angleC 
equal to the given angle EFG, and complete the parle 
gram BKLC; and becauſe each of the angles BAK, AM 
given, the triangle ABK is given“ in ſpecies z therefore 
ratio of AB to BK is given; and becauſe, by the hypati 


ratio of 
1s equa] 
And b 
„ the r 
KB to EI 
of KB t 
o therefc 
4 

e ratic 
nd thus | 
given 1 
e; and 
ul to th 
Ithe ang 
angle 
quiangu. 
ratio of 
to E 
Then t 
0 OP 
UN, as 


0 to O! 


the ſid 
ven rat 
ea giv! 


ABC 
le ratio 
ntio of 
ake a { 
dof AB 
the ra 
with it 
*: an 
to FC 
tio of ] 
efore 1 

giyen, 
of K to 
flograr 


DJ A X. 


tio of the parallelogram AC to EG is given, and that 


: And becauſe BL is equiangular to EG, and by the hypo- 


KB to EF is given, and the ra- 
of KB to BA is given; the 
therefore4 of AB to EF is 


en. 

e ratio of AB to EF may be 
nd thus ; take the ſtraight line E 
given in poſition and magni- F 
; and make the angle NM O 
ul to the given angle BAK, 
the angle MNO equal to the 
angle EFG or AKB: And becauſe the parallelogram BL 
quiangular to EG, and has a given ratio to it, and that 
ratio of BC to FG is given; * by the 65. Dat. the ratio 
Bt EF; and make the ratio of NO to OP the ſame with 
Then the ratio of AB to EF is the ſame with the ratio of 
% OP: Fer, fince the triangle ABK is equiangular to 
IN, as AB to BK, ſo is MO to ON; and as KB to EF, ſo 
0 to OP; therefore, ex aequali, as AB to EF, ſo is MO to 


PROP. LXVII. 


the ſides of two equiangular parallelograms have gi- 
en ratios to one another; the parallelograms ſhall 
ea given ratio to one another. 


ABCD, EFGH be two equiangular parallelograms, and 
e ratio of AB to EF, as alſo the ratioof BC to FG, be given; 
atio of the parallelogram AC to EG is given. | 

ike a ſtraight line K given in magnitude, and becauſe the 


of AB to EF is given 
the ratio of K *. the A D E H 


with it; therefore L is 8 
a": nd becauſe the ratio B C 
c FG is given, make K — 


io of L to M the ſame; - 
tore Mis given ; and —— F G 


We 


hr K to M is given: But the parallelogram AC is to the 
tlogram EG, as the ſtrai ght line K to the ſtraight line M, 


as 
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equal Þ to BL ; therefore the ratio of BL to EG is gi- b. 35. 1. 


„the ratio of BC to FG is given; therefore © the ratio e 65 Dat. 


70. 


See N. 


4. 2. Dat 


giyen, wherefore b the M—— b. 1. Dat. 
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70. 
See N. 


©. 43. Dat. 


b. 9. Dat. 


b. 67. Dat. 


4.3. 1. 


4 


EUCLID'S 


as is demonſtrated in the 23. Prop. of B. 6. Elem. therefore 

ratio of AC to EG is given. 0, and t 

From this it is plain how the ratio of two equiangular iſ, was 

rallelograms may be found when the ratios of their ſides WM, is to! 
given. og. I. 

: | two Une 

„ LXVIII. of the 

the rat 

I F the ſides of to parallelograms which have uneqQCto E. 

but given, angles, have given ratios to one another ; tes 


parallelograms ſhall have a given ratio to one another, able 
0 
Let two parallelograms ABCD, EFGH which hare the be r. 
ven unequal angles ABC, EFG have the ratios of their f gs whic 
viz. of AB to EF, and ot BC to FG, given; the ratio of ti K. J 
rallelogram AC to EG is given g. 2. 1 
At the point B of the ſtraight line BC make the angle ( ry 
equal to the given angle EFG, and complete the pan“ * 
gram KBCL: And becauſe each of the angles BAK, B 1 ” 
is given, the triangle ABK is given“ in ſpecies : Therefor #4 
ratio of AB to BK is given; and the ratio of AB to n. 


a Ave 135 Ew e en rati 
given, wherefore ® the ratio of BK to EF is given: And ry 


ratio of BC to FG is given 'K A L D E H and c 


and the angle KBC is equal K. 
to the angle EFG; there- 0 a] 
fore © the ratio of the pa- | 2 4 
rallelogram KC to EG is gi- B C 3 
ven: But KC is equal d to 2 N . 
AC ; therefore the ratio of | | | ; 
AC to EG 1s given. OP Q 1 
The ratio of the parallelogram AC to EG may be f 
thus; take the ſtraight line MN given in poſition and ma 
tude, and make the angle MNO equal to the given 1 ' 
KAB, and the angle NMO equal to the given angle AKT paral 
FEH : And becauſe the ratio of AB to EF is given, mai one 
ratio of NO to P the ſame ; alſo make the ratio of P to WiWhoure | 
ſame with the given ratio of BC to FG, the parallelogram # Elopram 
to EG, as MO to Q. et ABC 
Becauſe the angle ABK is equal to the angle MNO, Bi it A 
the angle AKB equal to the angle NMO ; the triangle Ie ABE 
is equiangular to NMO : Therefore as KB to BA, fo is M te parall 
ON; and as BA to EF, ſo is NO to P; wherefore, © 
quali, as KB to EF, ſo is MO to P: And BC is to FG, uo the 


It C dr 
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? and the parallelograms KC, EG are equiangular ; there- 
„as ſhewn in Prop. 67. the parallelogram KC, that is, 
„oO, as MO to Q. 

8. 1. If two triangles ABC, DEF have two equal angles, 71. 
mo unequal, but given angles ABC, DEF, and if the ra- 


the ſides about theſe angles, 
The ratios of AB to DE, and A G D H 


eto EF be given; the triangles 
have a given ratio to one ano- 
Pomplete the parallelograms BG, B C E F 


|; the ratio of BG to EH is given“; and therefore the tri- 
& which are the halves ® of them have a given © ratio to one 


a 67. or 
68, Dart. 


b 34. 1. 


ther. 
I 2. If the baſes BC, EF of two triangles ABC, DEF have © 5 8 
ren ratio to one another, and if alſo the ſtraight lines AG, N 
[which are drawn to the baſes from the oppoſite angles, 

er in equal angles, or unequal, but given, angles AGC, 


IF have a given ratio to one & A L D 


ther; the triangles ſhall have 

wen ratio to one another. FI N 
aw BK, EL parallel to AG, /N 

and complete the paralle-B G GC E H F 
ans KC, LF. And becauſe the angles AGC, DHF, or 


i equals,the angles KBC, LEF are either equal, or unequal, 
given; and that the ratio of AG to DH; that is, of KB to 
8 given, as alſo the ratio of BC to EF; therefore * the ratio 67. or 


te parallelogram KC to LF is given; wherefore alſo the ra- 68. Dat. 
che triangle ABC to DEF is givend. 


= | PROP. LXIX. 61. 


KIN a parallelogram which has a given angle be applied 
amo one fide of a rectilineal figure given in ſpecies; if 
iyure have a given ratio to the parallelogram, the pa- 
ogram is given in ſpecies. | 

t ABC be a rectilineal figure given in ſpecies, and to one 
eit AB, let the parallelogram ABEF having the given 
i e ABE be applied; if the 8 ABCD has a given ratio 
be parallelogram BF, the parallelogram BF is given in ſpe- 


i the point A draw AG parallel to BC, and through the 
t C draw CG parallel to AB, and produce GA, CB - 
the 
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a 3. Def. 


bz. Dat. 
c 9. Dat. 
ad 35. 1. 
e 1. 6. 


k U C L 1 D'S 


the points H, K; becauſe the wy ABC is given *, an * 
ratio of AB to BC is given, the figure ABCD being g²]ꝰ LM te 
ſpecies ; therefore, the parallelogram BG is given * jn ſpell. ox 
And becauſe upon the ſame ſtraight line AB the two re&;; * an 
figures BD, BG given in ſpecies are deſcribed, the rut Ky BF 
BD to BG is given d; and, by hypotheſis, the ri 
BD to the parallelogram BF is given; wherefore © the rx; 
BF, that 1s 4, of the parallelogram BH, to BG is given, ; 
therefore © the ratio of the ſtraight line KB to BC is gin 
and the ratio of BC to BA is given, wherefore the ri two [i 
KB to BA is given® : And becauſe the angle ABC is given, Wl and up 
adjacent, angle ABK 1s given; and the angle ABE is gi en in ff 
therefore the remaining angle KBE is given. The angle E Wes 
is alſo given, becauſe it is equal to the angle ABK; there d ; 
the triangle BKE is given in ſpecies, and conſequently the Helog 
tio of EB to BK is given; and the ratio of KB to BA is gi Le the 
whereforeꝰ the ratioof EB D N . 
to BA is given; and the kforibe 
angleABEis given, there- C /| en angle 
fore the parallelogram 8 N cogram 
BF is given * in ſpecies. Upon th 
A parallelogram fimi- N deteri 
lar to BF = be | EIN | 0 of 
thus ; take a ſtraight line ; imilar 
LM given in poſition and HF K E 10 1 
magnitude; and becauſe the angles ABK, . a f 0 TT 
make the angle NLM equal to ABK, and t 1 an ; Gay 
equal to ABE. And becauſe the ratio of BF to l 1s ; Bto AC 
make the ratio of LM to P the ſame with it; and _ | 80 
ratio of the figure BD to BG is given, find _ — %g 
$3. Dat. and make the ratio of P to Q the ſame. ; 0, ale! 
the ratio of CB to BA is given, make the ratio o 2. m angle 
ſame; and take LN equal to R; thro' the point M 1 of che 
parallel to LN, and e ee the 3 NLO»; n 
this is ſimilar to the para elogram BF. * 
Becauſe the angle ABK is equal to NLM, w__ — 2 + 
ABE to NLO, the angle KBE is equal to * 1 — A barall 
angles BKE, LMO are equal, becauſe the _ 10 are e igt lin 
qual to NLM; therefore, the triangles ns 10 is IC 4 5 
angular to one another; wherefore as BE to BK, te wle ith ; 
LM; and becauſe as the figure BF to BD, fo 1 = ou 6 give 
line LM toP; and as BD to BG, ſo is P to 23 wor eib 
as BF, that is 4 BH, to BG, ſo is LM to Q; Bu B fimilar 


* 


this r. 
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KB to BC; as therefore KB to BC, ſo is LM to Q; 
Ibecauſe BE is to BK, as LO to LM; and as BK to BC, 
L to Q; and as BC to BA, ſo Q was made to R; there- 
, ex quali, as BE to BA, ſo is LO to R, that is, to LN; 
the angles ABE, NLO are equal; therefore the paralle- 
mm BF is ſimilar to LS. 


PROP. LXX. 62. 78. 


wo ſtraight lines have a given ratio to one another, gee N. 
and upon one of them be deſcribed a rectilineal figure 

en in ſpecies, and upon the other a parallelogram ha- 
gagiven angle; if the figure have a given ratio to the 
lelogram, the parallelogram is given in ſpecies. 


Let the two ſtraight lines AB, CD have a given ratio to 
another, and upo:. AB let the figure AEB given in ſpecies 
deſcribed, and upon CD the parallelogram DF having the 
mn angle ECD; it the ratio of AEB to DF be given, the pa- 
dogram DF is gi”en in ſpecies. 
Upon the ſtraight ine AB, conceive the parallelogram AG 
te deſcribed ſimilir, and ſimilarly placed to FD; and becauſe 
ratio of AB to CD is given, and upon them are deſcribed 
imilar reCtilineal figures A 3, 
) the ratio of AG to FD is gi- 
and the ratio of FD to AFB A 
zen; therefor. b the ratio of 
bto AG is given; and the angle 
is given, becauſe it is equal to | 
angle FCD ; becauſe therefore N | 
parallelogram AG which has a N | | 
mn angle ABG is applied to a fide 
of the figure AEB given in ſpe- 
and the ratio of AEB to AG is given, the parallelogram 
is. given © in ſpecies ; but FD is ſimilar to AG; therefore © 09- Dar. 
is given in ſpecies. 
A parallelogram ſimilar to FD may be found thus; take a 
| pit line H given in magnit ide; and becauſe the ratio of 
gure AEB to FD is given, make the ratio of H to K the 
de with it: Alſo, becauſe the ratio of the ſtraight line CD to 
\ © given, find by the 54. Dat. the ratio which the figure 
(elcribed upon CD has to the figure AG deſcribed upon 
P imilar to FD; and make the ratio of K to L the ſame 
this ratio: And becauſe the ratios of H to K, and of K. 
to 
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b 9. Dat. 


81. 


a 67. Dat. 
b 17. 6. 


58. Dat. 


d 54. Dat. 


c 65. Dat. 
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to L are given, the ratio of H to L is given® ; becauſe they 
fore, as AEB to FD, fois H to K; and as FD to AG, f 
K to L; ex quali, as AEB to AG, ſo is H to L; che 
fore the ratio of AEB to AG is given; and the figure 4 
is given in ſpecies, and to its fide AB the parallelogram 


F fout 


is applied in the given angle ABG; therefore by the 60.) the 
a parallelogram may be found ſimilar to AG: Let this be WW” the 
parallelogram MN; MN alſo is ſimilar to FD ; for, by the fen 
ſtruction, MN 1s ſimilar to AG, and AG is ſimilar to FD; the 
fore the parallelogram FD is ſimilar to MN. I 
| to B, 
NO. LA "7 
F the extremes of three proportional {traight lines h * 
given ratios to the extremes of other three propo is 
onal ſtraigat lines ; the means ſhall alſo have a given N beca: 
tio to one another: And if one extreme has a given WD to * 
tio to one extreme, and the mean to the mean ; liken ip 
the other extreme ſhall have to the other a given ere 
vent r. 

Let A, B, C be three proportional ſtraight lines, and D, ratio, 
F three other; and let the ratios of A to D, and of C to! 
given; then the ratio of B to E is alſo given. 

Becauſe the ratio of A to P, as alſo of C to F is piven, 
ratio of the rectangle A, C to the rectangle D, F is gin 
but the ſquare of B is equal b to the rectangle A, C; and 
ſquare of E to the rectangle b P, F; therefore the ratio of F four 
ſquare of B to the ſquare of E is given; wheretore © allo WF the ſt 
ratio of the ſtraight lineB to E is given. bo is 

Next, let the ratio of A to D, and of B to E be gi- b tot 
ven; then the ratio of C to F is alſo given. 

Becanſe the ratio of B to E is given, the ratio of * 
the ſquare of B to the ſquare of E is givend; there- DEM. * 
fore d the ratio of the rectangle A, C to the rectangle . i 
D, Fis given; and the ratio of the fide A to the fide i 4 
D is given; therefore the ratio of the other ſide C to x t 
the other F is givenè. 1 Far 

Cor. And if the extremes of four proportionals have 08 * ; 
extremes of four other proportionals given ratios, and on- L. 1 Þ 
the means a given ratio to one of the means; the other E 4 


ſhall have a given ratio to the other mean, as may be ſhew 


) whi 
the ſame manner as in the foregoing Propoſition. ch 


even a 


PA. 


D-A-T-A; 


PROP. LXXIL 
F four ſtraight lines be proportionals; as the firſt is to 
the ſtraight line to which the ſecond has a given ratio; 


. 2 : 8 b 4 
1 is the third to a ſtraight line to which the fourth has 
den ratio. 
the 


Let A, B, C, D be four proportional ſtraight lines, viz, as 
10 B, ſo C to D; as A is to the ſtraight line to which B hag 
riven ratio, fo is C to a ſtraight line to which D has a given 
0. 


Let E be the ſtraighe line to which B has a given 


E 0, and as B to E, fo make D to F: The ratio of 
po Eis given“, and therefore the ratio of D to F; | a Hyp. 
1 Wd becauſe as A to B, ſo is C to D; and as B to E, | 
WW) o F; therefore, ex æquali, as A to E, fois A E. 
oo; and E is the ſtraight line to which B has a CDE 

ren ratio, and F that to which D has a given ratio; 
"Wcctore as A is to the ſtraight line to which B has | 

given ratio, ſo is C to a line to which D has a gi- | | 

n ratio. 


PROP. LXXIII. 


the ſtraight line to whica the ſccond. has a given ra- 
„ fois a ſtraight line to which the third has a given 
0 to the fourth. 


let the ſtraight line A be to B, as C to D; as A to the 
hight line to which B has a given ratio, ſo is a 
night line to which C has a given ratio to D. 

Let E be the ſtraight line to which B has a guar 


2 = 


four ſtraight lines be proportionals ; as the firſt is to See N. 


o, and as B to E, fo make F to C; becaute the 
oof B to E is given, the ratio of C to F is gi- 
a: And becauſe A is to B, as CtoD; and as F 
LoFtoC; therefore, ex æquali in proportion« 

urbata®, A is to E, as F to D; that is, A is to E 
wich B has a given ratio, as F, to which C has 
Wen ratio, is to D. | 


0 
"ny 


D d 


| 


AR E 
FCD 


| 2 23. 5. 


PROP. 
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64. NOF. EI. angle A 
: : DA, th 
F a triangle has a given obtuſe angle; the exceſ ple of 1 
the ſquare of the fide which ſubtends the obtuſe ang angle A 
above the ſquares of the ſides which contain it, ſhall 10 
a given ratio to the triangle. a f 5 
a tr! 
Let the triangle ABC have a given obtuſe an wich 
produce the ſtraight line CB, 120 from =D 14 gle is | 
: AD perpendicular to BC: The exceſs of the ſquare of AC hall h. 
A 12. 2. bove the ſquares of AB, BC, that is *, the double ol the ret 
| * _— by DB, BC, has a given ratio to the triany N. 
Becauſe the angle ABC is given, the angle ABD! hes 
ven ; and the angle ADB 15 given; whe tg the rec 
b. 43.Dat. ABD is given Þ in ſpecies; and therefore the ratio of AI ang! 
Cc 1. 6. DB is given: And as AD to DB, fo is © the rectangle A 2 
BC to the rectangle DB, BC; wherefore the ratio of the — pang! 
AD, BC to the rectangle DB, BC is given, as alfothe ratioof * pol 
the rectangle DB, BC to the rectangle AD Per 
BC : But the ratio of the rectangle AD, A E , AD 
4 BC to the triangle ABC is given, becauſe | ples is f 
41. 1. it is double d of the triangle; therefore HN woe 
the ratio of twice the rectangle DB, BC F Per 
& 9. Dat. to the triangle ABC is given“; and twice — e 
the rectangle DB, BC is the exceſs *of D B U bby 
the ſquare of AC above the ſquares of AB, BC; therefore 34 
exceſs has a given ratio to the triangle ABC. ; ſpare 
And the ratio of this exceſs to the triangle ABC may pike * 
found thus; take a ſtraight line EF given in poſition and m a 
nitude; and becauſe the angle ABC is given, at the poi 
of the {traight line EF, make the angle EFG equal to the an n m_—_ 
ABC; produce GF, and draw EH perpendicylar to FG; th mega 
the ratio of the excels of the ſquare of AC above the {qua a 
of AB, BC to the triangle ABC is the ſame with the ratio ex 
quadruple the itraight line HF to HE. ak; 
Becauſe the angle ABD is equal to the angle EFH, 7 3 
the angle ADB to EHF, each being a right angle; the | oh 
1 4- 6. angle ADB is equiangular to EH; therefore f as BD to, * 
8 Cor. 4. 5. fo FH to HE; and as quadruple of BD to DA, ſo is 9 * 1 
| druple of FH to HE: But as twice BD is to DA, ſo is te oa 
the rectangle DB, BC to the rectangle AD, BC; and as Þ a 2 
ROPE... the half of it, ſo ish the rectangle AD, BC to its half WW uo 
trial 


D. 


angle ABC 3 therefore, ex equali, as twice BD is to the half 
DA, that is, as quadruple of BD is to DA, that is, as qua- 
ple of FH to HE, ſo is twice the rectangle DB, BC to the 
angle ABC. 


| PROP. LXXV.- 65 
1 triangle has a given acute angle; the ſpace, by 
which the ſquare of the fide ſubtending the acute 

ge is leſs than the ſquares of the ſides which contain 

ſhall have a given ratio to the triangle. . 


Let the triangle ABC have a given acute angle ABC, and 

w AD perpendicular to BC; the ſpace by which the ſquare 

AC is leſs than the ſquares of AB, BC, that is , the double a, 13. 2. 

the rectangle contained by CB, BD, has a given, ratio to 

triangle ABC. 

Becauſe the angles ABD, ADB are each of them given, 

triangle ABD is given in ſpecies; and therefore the ratio 

BD to DA is given: And as BD to DA, A 

$ the rectangle CB, BD to the rectangle 

„ AD; therefore the ratio of theſe rect- 

les is given, as alſo the ratio of twice the 

angle CB, BD to the rectangle CB, AD; 

the rectangle CB, AD has a given ratio — 

ts half the triangle ABC; therefore ® the B D C bg. Dat. 

o of twice the rectangle CB, BD to the triangle ABC Is gi- 

; and twice the rectangle CB, BD is the ſpace by which 

ſquare of AC is leis than the ſquares of AB, BC; there- 

e the ratio of this ſpace to the triangle ABC is given; and 

ratio may be found as in the preceeding Propoſition. 
„ 

from the vertex A of an Iſoſceles triangle ABC, any 

kraight line AD be drawn to the baſe BC; the ſqus - of 

ide AB is equal to the rectangle BD, DC of the ſegments 

lhe baſe together with the ſquare of AD; but if AD be 

Wn to the baſe produced, the ſquare of AD is equal to the 

angle BD, DC together with the ſquare of AB. 

Cas. 1. Biſeck the baſe BC in E, and A 

LAE which will be perpendicular“ to 


"ok 3 


- ; Therefore the ſquare of AB is equal 
* the ſquares of AE, EB; but the ſquare 4 741+ 
| IB is equal © to the rectangle BD, DC h os 


ther with the ſquare of DE ; there- — — 
the ſquare of AB is equal to the D BDE C 
3274 3. 


ſquares 
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67. 


25. & 32.1. 


b 43. Dat. 


c 50. Dat. 
d 1. 6. 


e 41. 1. 


1. 
g 9. Dat. 


— wt. 


b 47. 1: ſquares of AE, ED, that is, to b the ſquare of AD, toge 


EU CL H-D*S 


m and 
GK eq 
j jou 


with the rectangle BID, DC; the other caſe is ſhewn in 
ſame way by 6. 2. Elem. 


PROP. LXXVI. bk 
F a triangle have a given angle, the exceſs of the qu ex, 1 


of the ſtraight line which is equal to the two ſides Oc arc 


contain the given angle, above the ſquare of the Hue 
fide, ſhall have a given ratio to the triangle. . (0 : 
| to th. 
Let the triangle ABC have the given angle BAC, the er use 
of the ſquare of the ſtraight line which is equal to BA, WW; * 
5 | . * rag 
together above the ſquare of BC, ſhall have a given ratio ic. 
triangle ABC. con 
Produce BA, and take AD equel to AC, join DC Mac. 
produce it to E, and thro' the point B draw BE parall +: fla 
AC; join AE, and draw AF perpendicular to DC; and re of 
cauſe AD is equal to AC, BD is equal to BE; and Mi d. 
drawn from the vertex B of the Iſoſceles triangle DBE, by! 
fore, by the Lemma, the ſquare of BD, that is, of BA J 
AC together, is equal to the rectangle DC, CE together 
the ſquare of BC; and therefore, the ſquare of BA, AC 
gether, that is, of BD, is greater than 7 the Þ 
the ſquare of BC by the rectangle DC, angle 
CE; and this rectangle has a given X the ba 
ratio to the triangle ABC; becauſe "IM 
the angle BAC is given, the adjacent B WT [ct the 
angle CAD is given; and each of the perpe? 
angles ADC, DCA 1s given, for each to it; 
of them is the half“ of the given angle 6. If ABC 
BAC; therefore the triangle ADC is K 
given b in ſpecies; and AF is drawn 
from its vertex to the baſe in a given angle; wherefore the 
of AF to the baſe CD is given“; and as CD to AF, ſo b“ 
rectangle DC, CE to the rectangle AF, CE; and the rat 
the rectangle AF, CE to its half © the triangle ACE is 8 
therefore the ratio of the rectangle DC, CE to the tri 
ACE, that is f, to the triangle ABC, is given“; and the rect 
DC, CE is the exceſs of the ſquare of BA, AC together ef its 
the ſquare of BC; therefore the ratio of this excels t0 ther the tr 
angle ABC 1s given. berati 
The ratio which the rectangle DC, CE has to the tige by 


But W 


ABC is found thus : Take the ſtraight line GH given in 1 
e EE g 


| 
/ 
| 
1 
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g 
and magnitude, and at the point G in GH make the angle I 
GK equal to the given angle CAD, and take GK equal to | 
x, join KH, and draw GL perpendicular to it: Then the | 
of HK to the half of GL is the ſame with the ratio of | 
erectangle DC, CE to the triangle ABC; becauſe the angles | 
ok, DAC at the vertices of the Ifoſceles triangles GHK, 
JC are equal to one another, theſe triangles are ſimilar; and | 
uſe GL, AF are perpendicular to the baſes HK, DC, as 48 

[to GL, ſo is ® (DC to AF, and fo is) the rectangle DC, h. 15 6. 1 | 
Eto the retangle AF, CE; but as GL to its half, fo is the 2245» 1 
angle AF, CE to its half, which is the triangle ACE, or 
triangle ABC; therefore, ex æquali, HK is to the half of 
ſtraight line GL, as the rectangle DC, CE is to the triangle 
he 
(or. And if a triangle have-a given angle, the ſpace by 
ich the ſquare of the ſtraight line which is the difference 
the fides which contain the given angle is Jeſs than the 1 

| 

| 


a ah ro 
\ —— . 
— - 


— . EE ee 
— — — — —K[—— — _ 
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pre of the third fide, ſhall have a given ratio to the triangle. af 
bis is demonſtrated the ſame way as the preceeding Propoſi- Me 
n, by help of the ſecond caſe of the Lemma. 


PROP. LXXVII. 1. 


F the perpendicular drawn from a given angle of a tri- See N. | mn 
angle to the oppoſite ſide, or baſe, has a given ratio 1 
the baſe 3 the triangle is given in ſpecies. 1 


Let the triangle ABC have the given angle BAC, and let | 
perpendicular AD drawn to the baſe BC, have a given ra- | 
o it; the triangle ABC is given in ſpecies. N 
ABC be an Iſoſceles triangle, it is evident * that if any a 5. & 32. "1 
1. op 


R -r. m .  — —— 


eof its angles be given, the reſt are alſo given; and there- 
e the triangle is given in ſpecies, without the conſideration 
tte ratio of the perpendicular to the baſe, which in this caſe is 
en by Prop. 50. 

But when ABC is not an Iſoſceles triangle, take any ſtraight 
tf LF given in poſition and magnitude, and upon it deſcribe 


D d 3 | the 


in 
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the ſegment of a circle EGF containing an angle equal to eangl 
given angle BAC; draw GH biſecting EF at right angles Wc ns) 
join EG, GF: Then, ſince the angle EGF is equal to the a 5g 
| BAC, and that EGF is an Ifoſceles triangle and ABC ;; JF"? < 
: the angle FEG is not equal to the angle CBA : Draw EL pepe 

king the angle FEL equal to the angle CBA; join Il, o 

draw LM perpendicular to EF; then, becauſe the triangles El ß than 

BAC are equiangular, as alfo are the triangles MLE, D ſg dem 

as ML to LE, ſo is DA to AB; and as LE to EF, fo is AB oof * 

wherefore, ex æquali, as LM to EF, ſo is AD to BC; aud end 

cauſe the ratio of AD to BC is given, therefore the ratio of __ 

| b 2. Dat. to EF is given; and EF is given, wherefore ® LM alſo is g angle 
| Complete the parallelogram LMFK ; and becauſe LM is g par to 
D FK is given in magnitude; it is alfo given in poſtion, E. 

C 30. Pat. the point F is given, and conſequently, © the point K; and haight 

| 2 cauſe through K the ſtraight line KL is drawn parallel to 1 0 
| 31. Har which is given in poſition, therefore * KL is given in poſiti — 
| * ven 
| N 2 L K b FT. 
7 e ratic 
| ; herefor, 
| B RDC | Fon. 
1 | | qual to 
E O H M F moles t 
0 and the circumference ELF is given in pomntion; therefore pee thi 
| e 2 8.Dat, Point L 18 given ©, And becauſe the points L, E, F are g les : 
f 20, Dar, the ſtraight lines LE, EF, FL are given f in magnitude; th 5 * 
6 g 42. Dat. fore the triangle LEF is given in ſpecies -ô; and the tra #3 . 
| ABC is ſimilar to LEF, wherefore alſo ABC is given in pet f mi 
| Becauſe LM 1s leſs than GH, the ratio of LM to Et, A tri 
| is, the given ratio of AD to BC, muſt be leſs than the rat bed 
i GH to EF, which the ſtraight line, in a ſegment of a 1 dir 
containing an angle equal to the given angle, that biſech #h 

baſe of the ſegment at right angles, has unto the bale. f 1 the 

Cor. 1. If two triangles, ABC, LEF have one angleÞ of 

equal to one angle ELF, and if the perpendicular AD bets bs 5 

baſe BC, as the perpendicular LM to the baſe ET; the tri * J. 

ABC, LEF are ſimilar. e eie 

\ Deſcribe the circle EGF about the triangle ELF, andd 4 0 
| LV parallel to EF, join EN, NF, and draw NO perpene om 


jar to EF; becauſe the angles ENF, ELF are equal, and BO i 


—_ — — . ᷣ —ͥ̃— — 


D . A 


eangle EFN is equal to the alternate angle FNL, that is, to 
de angle FEL in the ſame ſegment; therefore the triangle 
Er is. ſimilar to LEF; and in the ſegment EGF there can 
no other triangle upon the baſe EF, which has the ratio of 
perpendicular to that baſe the ſame with the ratio of LM 
{NO to EF, becauſe the perpendicular muſt be greater or 
b than LM or NO; but, as has been ſhewn in the preceed- 
de demonſtration, a triangle ſimilar to ABC can be deſcribed 
n the ſegment EGF upon the baſe EF, and the ratio of its 
erpendicular to the baſe is the ſame, as was there ſhewn, with 
de ratio of AD to BC, that is, of LM to EF; therefore, that 
angle muſt be either LEF, or NEF, which therefore are ſi- 
lar to the triangle ABC. | 
Co. 2. If a triangle ABC has a given angle BAC, and if the 
hight line AR drawn from the given angle to the oppoſite 
le BC, in a given angle ARC, has a given ratio to BC; the 
angle ABC is given in ſpecies. 

Draw AD perpendicular to BC; therefore the triangle ARD 
giren in ſpecies; wherefore, the ratio of AD to AR is gi- 
en; and the ratio of AR to BC is given, and conſequently", 
eratio of AD to BC, is given; and the triangle ABC is 
herefore given in ſpeciesi. « 

Cor. 3. If two triangles ABC, LEF have one angle BAC 


moles to the baſes, making with them given and equal angles, 
me the ſame ratio to the baſes, each to each; then the tri- 
les are ſimilar ; for, having drawn perpendiculars to the 
les from the equal angles, as one perpendicular is to its baſe, 
is the other to its baſe* ; wherefore, by Cor. 1. the triangles 
elmilar, 
A triangle ſimilar to ABC may be found thus; having de- 
ved the ſegment EGF and drawn the ſtraight line GH as 
8 directed in the Propoſition, find FK which has to EF the 
ren ratio of AD to BC; and place FK at right angles to EF 
im the point F; then becauſe, as has been ſhewn, the ratio 
AD to BC, that is, of FK to EF, muſt beleſs than the ra- 
of GH to EF; therefore FK is leſs than GH; and conſe- 
ently, the parallel to EF drawn thro' the point K, muſt meet 
ecircumference of the ſegment in two points: Let L be ei- 
of them, and join EL, LF, and draw LM perpendicular to 
I then, becauſe the angle BAC is equal to the angle ELF, 
id that AD is to BC, as KF, that is, LM to EF, the triangle 
Weis ſimilar to the triangle LEF, by Cox. I. 

Dd4 Rer. 


qual to one angle ELF, and if ſtraight lines drawn from theſe. 
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e 77. Dat. 


angle is given in ſpecies, 


EZ UC 41 0D 8 


PROP. LXXVIII. 


J 
F a triangle have one angle given, and if the nato e 
the rectangle of the ſides which contain the gin action 


angle to the ſquare of the third ſide be given; the | = 


ma, þ 


Let th 
e ratio 
en ; t 
Becaui 
both t 
rd fide 
ere D 


Let the triangle ABC have the given angle BAC, and! 
the ratio of the rectangle BA, AC to the ſquare of BC beg 
ven ; the triangle ABC is given in ſpecies, | 

From the point A, draw AD perpendicular to BC; the re 
angle AD, BC has a given ratio to its half“ the triangle ARC 
and becauſe the angle BAC is given, the ratio of the triang 


ABC to the rectangle BA, AC is given; and, by the kw ian 
theſis, the ratio of the rectangle BA, AC to the ſquaxe of N No 
given ; therefore, © the ratio of the rectangle AD, BC tot ple; a1 


iquare of BC, that is 4 the ratio of the ſtraight line AD to h 

given; wherefore the triangle ABC is given in ſpeciesè. 
A triangle ſimilar to ABC may be found thus; take 

ſtraight line EF given in poſition and magnitude, and ma 


given 
derefor 
ware of 


| k Wlition d 
the angle FEG equal to the given angle BAC, and draw Wroher 
perpendieular to EG, and BK perpendicular to AC; there D te 


the triangles ABK, EFH 
are ſimilar, and the rect- A 71 0 
angle AD, BC, or the 


rectangic BRK, AC, which AN H 
is equal to it, is to the 7 Wy 
rectangle BA, AC, as the /N 
ftraicht line BK to BA, | 
has, Fol, Le BD N CG VF | 
the given ratio of the rectangle BA, AC to the ſquare of! 
be the fame with the ratio of the ſtraight line EF to FL; the 
fore, cx æquali, the ratio of the rectangle AD, BC to 
ſquare of BC, that is, the ratio of the ſtraight line AV to Þ 
is the fame with the ratio of HF to FL; and becauſe AP 
not greater than the ſtraight line MN in the ſegment of 
circle deſeribed about the triangle ABC, which biſech! 
at right angles; the ratio of AD to BC, that is, of 
to FL, muſt not be greater than the ratio of MN to 


both 
Iuare of 
e ratio 
lic angle 
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Let it be ſo, and, by the 77. Dat: find a triangle OMccics. 
which bas one of its angles POQ equal to the 8 | 

angle BAC, and the ratio of the perpendicular ap 
drawn from that angle to the baſe PQ the ſame with t eftra; 
ratio of HF to FL; then the triangle ABC is _ al ry 
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ro, becauſe, as has been ſhewn, the ratio of AD to BC 
he fame with the ratio of (HF to FL, that is, by the con- 
tion, with the ratio of) OR to PQ; and the angle BAC 
qual to the angle PO therefore the triangle ABC is 
nilarf to the triangle POQ, 

Otherwiſe, 
lt the triangle ABC have the given angle BAC, and let 
> ratio of the rectangle BA, AC to the ſquare of BC be 
hen; the triangle ABC is given in ſpecies. 
Becauſe the angle BAC is given, the exceſs of the ſquare 
both the ſides BA, AC together above the ſquare of the 
rd fide BC has a given * ratio to the triangle ABC. Let the a.76.Dat. 
aue D be equal to this exceſs ; therefore the ratio of D to | 
+ triangle ABC is given; and the ratio of the triangle ABC 
the rectangle BA, AC is given®, becauſe BAC is a given b.Cor.62 


f. 1. Cor; 
77. Dat. 


ee; and the rectangle BA, AC has A Dat. 
Oden ratio to the ſquare of BC; 

terefore © the ratio of D to the EN D -— cole; 
nee of BC is given; and, by com- 1 5 
= pition d, the ratio of the ſpace D R C d. 7. Dat. 
, 


wether with the ſquare of BC to the tquare of BC is given; 
tD together with the ſquare of BC is equal to the ſquare 
both BA and AC together; therefore the ratio of the 
ure of BA, AC together to the ſquare of BC is given; and 
ratio of BA, AC together to BC is therefore given ©; and e. 59. Pat: 
þ gl BAC is given, wherefore the triangle ABC is given f. 48. Dat. 
ſpecies. 
The compoſition of this which depends upon thoſe of the 
and 48. Propoſitions is more complex than the preceed- , 
g compoſition which depends upon that of Prop. 77. which 


ealy, 


the ws 
0b PROP. LXXIX. k. 
4 Fa triangle have a given angle, and if the ſtraight line See N. 


drawn from that angle to the baſe, making a given 
gle with it, divides the baſe into ſegments which have 


gen ratio to one another; the triangle is given in 
KCICS, a 


Let the triangle ABC have the given angle BAC, and let 
e ſtraight line AD drawn to the baſe BC making the given 
gle ADB, divide BC into the ſegments BD, DC which have 

; a given 
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b. 20. 3. 
c. 44· Dat. 


d. 7. Dat. 
e. 9. Dat. 


1.37. Dat. 


$-43.Dat. 


ol the 77. Prop. and that of the 77. may be made in the mani 


EV. 6-1: D*S 


a given ratio to one another; the triangle ABCis given in ſpeci 
Deſcribe * the circle BAC about the triangle, and from 
center E, draw EA, EB, EC, ED; becauſe the angle BAC 
given, the angle BEC at the center, which is the doubled gf 
is given. And the ratio of BE to EC is given, becauſe th 
are equal to one another; therefore © the triangle BEC 
given in ſpecies, and the ratio of EB to BC given; 3 
the ratio of CB to BD is given 4, becauſe the ratio of BD 
DC is given; therefore the ratio of EB to BD is given, 2 
the angle L.BC is given, wherefore the triangle EB) is gie 
in ſpecies, and the ratio of EB, that is, of EA to ED, is the 
fore given; and the angle EDA is given, becauſe each of t 
angles BDE, BDA is given; therefore the triangle AED 
given f in ſpecies, and the angle AED 
given; alſo the angle DEC is given, be- 
cauſe each of the angles BED, BEC is 
given; therefore the angle AEC is given, 
and the ratio of EA to EC, which are 
equal, is given; and the triangle AEC is 
therefore given © in ſpecies, and the angle 
ECA given; and the angle ECB is given, 
wheretore the angle ACB is given, and the angle BAC is: 
given; therefore the triangle ABC is given in ſpecies. 

A triangle fimilar to ABC may be found, by taking a tra 
line given in poſition and magnitude, and dividing it in 
given ratio which the ſegments BD, DC are required to h: 
to one another; then, if upon that ſtraight line a ſegment o 
circle be deſcribed containing an angle equal to the given any 
BAC, and a {traight line be drawn from the point of diviſion 
an angle cqual to the given angle ADB, and from the poi 
where it meets the circumference, ſtraight lines be drawn 
the extremity of the firſt line, theſe together with the firlt li 
{hall contain a triangle ſimilar to ABC, as may eaſily be ſhe 

he Demonſtration may be alſo made in the manner off 
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Oi this. 
TEREDOP. L.A. 


F the ſides about an angle of a triangle have a gi 
ratio to one another, and if the perpendicular dra 
from that angle to the bale has a given ratio to the bal 
the triangle is given in ſpecies. 
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Let the ſides BA, AC, about the angle BAC of the triangle 


BC have a given ratio to one another, and let the perpen- 

ular AD have a given ratio to the baſe BC; the triangle 

eis given in ſpecies. 

Firſt, let the ſides AB, AC be equal to one another, there- 

re the perpendicular AD biſects“ the baſe A 3 


he; and the ratio of AD to BC, and there- 
re to its half DB, is given; and the angle 1 
DB is given; wherefore the triangle“ ABD, Res IE * 43.Dat. 


wd conſequently the triangle ABC, is given® Þ D OC v.44.vDar. 
in ſpecies. | 

But let the ſides be unequal, and BA be greater than AC; 
ind make the angle CAE equal to the angle ABC; becaufe 
ke angle AEB is common to the triangles AEB, CEA, they 
re ſimilar; therefore as AB to BE, ſo is CA to AL, and, by 
termutation, as BA to AC, ſo is BE to EA, and ſo is EA 
b EC; and the ratio of BA to AC is given, therefore the 
tio of BE to EA, and the ratio of EA to EC, as alſo the 
tio of BE to EC, is given e; wherefore the ratio of EB to c. 9. Dat. 
eis given 4; and the ratio of AD to BC Al. Dat. 


b given by the hypotheſis, therefore © the 
tio of AD to BE is given; and the ratio 4, 
if BE to EA was ſhewn to be given; where- 


bre the ratio of AD to AE is given, and N \ 
ADE is a right angle, therefore Je triangle B FC E P 
DL is given © in ſpecies, and the angle AEB given; the ra- e. 46. Dat. 

bo of BE to EA is likewiſe given, therefore the triangle ABE. 

þ given in ſpecies, and conſequently the angle EAB, as alſo 

Ine angle ABE, that is, the angle CAE, is given; therefore the 
gle BAC is given, and the angle ABC being alſo given, the 

tangle ABC is given in ſpecies. f. 43. Dat. 
How to find a triangle which ſhall have the things 

Fhich are mentioned to be given in the Propoſition, is evident 

In the firſt caſe; and to find it the more eaſily in the other 

a, it is to be obſerved that, if the ſtraight line EF equal to 

LA be placed in EB towards B, the point F divides the baſe 

vc into the ſegments BF, FC which have to one another the 

tio of the ſides BA, AC; becauſe BE, EA, or EF, and 

IC were ſhewn to be proportionals, therefore“ BF is to FC, 19. 5. 


git «BE to EF, or EA, that is, as BA to AC; and AE cannot 
dra les than the altitude of the triangle ABC, but it may be 
- bal . © equal 


| 
| 
N 
| 


g- 6. 2. 


Hh 6. 6. 


enn 


equal to it; which if it be, the triangle, in this caſe, as x 
the ratio of the ſides, may be thus found: Having given | 
ratio of the perpendicular to the baſe, take the ſtraight h 
GH given in poſition and magnitude, for the baſe of thet 
angle to be found; and let the given ratio of the perpendic 
lar to the baſe be that of the ſtraight line K to GH, that! 


at 1s; t 
ro the 
angles 
zrgle 0 
ortiona 


znple G 


let K be equal to the perpendicular; and ſuppoſe GLH to Winpoll 
the triangle which is to be found, therefore having made Huld tt 
angle HLM equal to LGH, it is required that LM Wt gre: 
perpendicular to GM and equal to K; and becauſe GM, Min th: 
MH are proportionals, as was ſhewn of BE, EA, EC, n G! 
rectangle GMH is equal to the ſquare of ML. Add the coe rat! 
mon ſquare of NH, (having biſected GH in N), and the ſqui the {c 
of NM is equal® to the ſquares of the given ſtraight lines NWuare © 
and ML, or K; therefore the ſquare of NM, and its ie G! 
NM, is given, as alſo the point M, viz. by taking the ſtrai eM to 
line NM the ſquare of which is equal to the ſquares of Me OH 
ML. Draw ML equal to K, at right angles to GM; and b@Frtio of 
cauſe ML is given in poſition and magnitude, therefore Het of a 
point L is given; join LG, LH; then the triangle LGH Wc fide t 
that which was to be found, for the ſquare of NM is equal But 1 
the ſquares of NH and ML, and taking away the comme! ratic 
ſquare-of NH, the rect- 1 
angle GMII is equal ® to ed, vi: 
— ſquare of ML. there- K O 2 the tria 
fore as GM to ML, ſo is 3. ,. point ( 
ML to MH, and the tri- with th 
angle LGM is h therefore bP to 
equiangular to HLM, and 3 * 
the angle HLM equal to N WY E 
the gle LGM, ng the G NAH MP of GM 
ſtraight line LM, drawn from the vertex of the triangle makinMW but the 
the angle HLM equal to LGH, is perpendicular to the baſe Mes 
equal to the given ſtraight line K, as was required; and! al the 
ratio of the ſides GL, LH is the fame with the ratio of GN the 
ML, that is, with the ratio of the ſtraight line which is mg o 
up of GN the half of the given baſe and of NM, the iquare ( GM tc 
which is equal to the ſquares of GN and K, to the firaghWn tl 
line K. | Neater 


And whether this ratio of GM to ML is greater or 14 PQ 
than the ratio of the fides of any other triangle upon the ba 


GH, and of which the altitude is equal to the ſtraight * 


Ys ne.” 


| 
it is; the vertex of which is in the parallel to GH drawn 
o the point L, may be thus found. Let OGH be any ſuch 
angle, and draw OP making the angle HOP equal to the 
gle OGH ; therefore, as before, GP, PO, PH are pro- 
wrtionals, and PO cannot be equal to LM, becauſe the rect- 
zngle GPH would be equal to the rectangle GMH, which 
impoſſible 3 for the point P cannot fall upon M, becauſe O 
ould then fall on L; nor can PO be leſs than LM, therefore 
i is greater; and conſequently the rectangle GPH is greater 
un the rectangle GM, and the ſtraight line GP greater 
thn GM: Therefore the ratio of GM to MH is greater than 
the ratio of GP to PH, and the ratio of the ſquare of GM 
to the ſquare of ML is therefore i greater than the ratio of the 
ſquare of GP to the ſquare of PO, and the ratio of the ſtraight 
ne GM to ML greater than the ratio of GP to PO. But as 
CM to ML, ſo is GL to LII; and as GP to PO, fo is GO 
v OH ; therefore the ratio of GL to LH is greater than the 
ntio of GO to OH; wherefore the ratio of,GL to LH is the great- 
et of all others; and conſequently the given ratio of the great- 
tr ide to the leſs muſt not be greater than this ratio. 

But if the ratio of the ſides be not the ſame with this great- 
ef ratio of GM to ML, it muſt neceſſarily be leſs than it: 
Let any leſs ratio be given, and the fame things being ſuppo- 
ſd, viz. that GH is the baſe, and K equal to the altitude of 
the triangle, it may be found as follows. Divide GH in the 
point O, ſo that the ratio of GQ to QH may be the ſame 
mth the given ratio of the ſides ; and as GQ to Q, fo make 
6b to PO, and ſo will f PQ be to PH; wherefore the ſquare 
« GP is to the ſquare of 8 i the ſtraight line GP to 
H: And becauſe GM, ML, MH are proportionals, the ſquare 
a GM is to the ſquare of ML, as i theſtraight line GM to MH: 
but the ratio of GQ to QH, that is, the ratio of GP to PQ, 
bleſs than the ratio of GM to ML; and therefore the ratio 
athe ſquare of GP to the ſquare of PQ is leſs than the ratio 
i the ſquare of GM to that of ML ; and conſequently the 
atio of the ſtraight line GP to PH is leſs than the ratio of 
6M to MH; and, by diviſion, the ratio of GH to HP is leſs 
than that of GH to HM; wherefore * the ſtraight line HP is 
veater than HM, and the rectangle GPH, that is, the ſquare 
it PQ, greater than the rectangle GMH, that is, than the 


ſquare 
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ſquare of ML, and the ſtraight line PQ is therefore prox m 
than ML. Draw LR parallel to GP, and from P draw TRT e 
right angles to GP : Becauſe PQ is greater than ML, or PR | yu / 
the circle deſcribed from the center P, at the diſtance 50 [BE to 
muſt neceſſarily cut LR in two Points; let theſe be O, 8, un i 
join OG, OH; 5G, 8H; each of the triangles OGH, 801 110 
have the things mentioned to be given in the Propoſiticn In ei 
Join OP, SP; and becauſe as GP to PQ , or PO, ſo is viren 
to PH, the triangle OG is equiangular to HOP; as, ther is g 
fore, OG to GP, ſo is HO to OP, and, by permutation, 3 0D is 
G60 to OI, ſo is GP to PO, or PQ, and ſo is GQ to O of! 
Therefore the triangle OGH has the ratio of its {tides GO, 0) TE 
the fame with the given ratio of GQ to OH ; and the perpen tren: 
dicular has to the baſe the given ratio of K to GH, becauß pr 
the perpendicular is equal to LM, or K: The like may Pof ( 
ſhewn in the ſame way of the triangle SGH. in ſp 
This conſtruction by which the triangle OGH is found, Likes 
ſhorter than that which would be deduced from the demon. of! 
ſtration of the Datum; by reaſon that the baſe GH is give b and 
in poſ:tion and magnitude, which was not ſuppoſed in MHz 15 6 
demonſtration: Ihe fame thing is to be obſerved in the ne. 
Propoſition. But th. 


leis th 
uſe the 
BD, 
D, DA 
e (qua; 
tare of 


M. . LXXXI. 


F the ſides about an angle of a triangle be unequ 
and have a given ratio to one another, and if ti 


perpendicular irom that angle to the baſe divides it int . 
ſegments that have a given ratio to one another; Hor g 
triangle is given in ſpecies. This b 
. tione 

Let ABC he a triangle, the ſides of which about the angle 
BAC are. unequal, and have a given ratio to one anothee CH 
and let the perpendicular AD to the baſe BC divide uy that th 
the ſegments BD, DC which have a given ratio to one anotnerlltio of B 


the triangle ABC is given in ſpecies. | | oy 

Let AB be greater than AC, and make the angle C. 

equal tothe angle ABC; and becauſe the angle AE is co 

a. 4. 6. mon to the triangles ABE, CAE, they are * equiangular | 
one another: Therefore as AB to BE, fo is CA to AL, " 


| If A be 
M maęnit 
% B an 
to B. 

lt A be 
breater | 
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ate mutation, as AB to AC, ſo BE to 
iF 4, and ſo 15 EA to EC: But the ratio off A 


to AC is given, therefore oy | 
to EA, as alſo the ratio of EA to 

an A giren; wherefore d the ratio of B DC E b. 9. Dat. 
F to EC, as alſo © the ratio of EC to M c. Cor. 6. 

1008s s given : And the ratio of BC to CD Dat. 

giren , becauſe the ratio of BD to d. 7. Dat. 

ehe is given ; therefore ® Fx ratio of = Fa i N 

, WW (D is given, and conſequently ©* the 

W of Di to EC: Andthe 45 of EC KLH 

EA was ſhewn to be given, therefore b the ratio of DE to EA 

jren: And ADE is a right angle, wherefore © the trian- 246. Dart. 

au DE is given in ſpecies, and the angle AED given: Andthe | 

toof CE to EA is given, therefore f the triangle AEC is gi- £44. Dat. 

in ſpecies, and conſequently the angle ACE 1s given, as 

the adjacent angle ACB. In the ſame manner, becauſe the 

noo of BE to EA is given, the triangle BEA is given in ſpe- 

„ and the angle ABE is therefore given: And the angle 

1 i; given; wherefore the triangle ABC is given s in ſpe- $43 Dat. 

. 

But the ratio of the greater ſide BA to the other AC muſt 

leſs than the ratio of the greater ſegment BD to DC: Be- 

uſe the ſquare of BA is to the ſquare of AC, as the ſquares 

BD, DA to the ſquares of DC, DA; and the ſquares of 

D, DA have to the ſquares of DC, DA a leſs ratio than 

e ſquare of BD has to the ſquare of DC, becauſe the 

wre of BD is greater than the ſquare of DC; therefore 

eſquare of BA has to the ſquare of AC a leſs ratio than 

elquare of BD has to that of DC: And conſequently the 

0 of BA to AC is leſs than the ratio of BD to DC. 

This being premiſed, a triangle which ſhall have the things 

ntioned to be given in the Propoſition, and to which the 

angle ABC is ſimilar, may be found thus: Take a ſtraight 

eGH given in poſition and magnitude, and divide it in K, 

that the ratio of GK to KH may be the ſame with the given 

oof BA to AC: Divide alſo GH in L, fo that the ratio 


of 


HA be greater than B, and C anyſgBut as A is to B, ſo Aand C to Band D; 
u maęnitude; then A and C togetherjand A and C have to B and C a leſs ratio 
* Band C together a leſs ratio thapſthan A and C have to B and D, becauſe C 
5 to B. is greater than D, therefore A and Chave 
lt A be to B as C to D, and hecauſeſto B and C a lets ratio than A to B. 
"rater than B, C is greater than D: ; 


23 —— c—o—_—_—_ 
* * -* 


—— _ 
me 
—_ — 


. 
— non ny eons erm 
— = < 

4 


— 
. 


2 * 
= 


bh — CO —˖ 
12 — — . 


—— — 
> 
— 
- _— 


— IS 
PSY —— 2 


* — 2 
—— — + = 


2 A2 
2 
— 
— 
> — 


— 
_— 


ww a: EF 
„ * 1 
- 4a - - — 2 _ . 
— — ww 
— 
= = = 
-- — 


— 


+ — 
— * — 
AK = kr __ — —Wx — 
— —— ee —— = 
— — _ 
at \ 9 { — 


— "RL — 
+ IEG. - 

- 0 4 —— — rw 
CEE ESL SS, EE Ez 
— ͤ—a—u—ä. — — 

— * W - - 


— — 
— — 
— — — 


432 E UV c I Ii D's 


of GL to LH may be the ſame with the given ratio of Rh 
DC, and draw LM at right angles to GH: And becauſe 
ratio of the ſides of a triangle is leſs than the ratio of the { 
ments of the baſe, as has been ſhewn, the ratio of GK © 
is leis than the ratio of GL to LH; wherefore the point 
mult fall betwixt K and H: Alfo make as GK to KH, pf 
h. 19.5. to NK, and fo ſhall h NK be to NH. And from the center 
at the diſtance NK, deſcribe a circle, and let its circumferer 
meet LM in O, and join OG, OH; then OGH is the 
angle which was to be deſcribed : Becauſe GN is to Nx, 
NO, as NO to NH, the triangle OGN is equiangular to H 
therefore as OG to GN, fo is HO to ON, and, by permy 
tion, as GO to OH, ſo is GN to NO, or NK, that is, as ( 
to KH, that is, in the given ratio of the ſides, and, by 
conſtruction, GL, LH have to one another the given rute 
the ſegments of the baſe. 


erefol 


uning 
I) ther 
und: 
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60. R O FP. LAXAEK 


Tap 
a pl 


Wen in 


FE a parallelogram given in ſpecies and magnitude 
increaſed or diminiſhed by a gnomon given wm 
nitude; the ſides of the gnomon are given in may 
tude. 4 
the gi 
ICL g 
egiven 
diſect 
LB d 
ly pla 
cies, 2 


th DL 


Ferlt, let the parallelogram AB given in ſpecies anden 

nitude be increaſed by the given gnomon ECBDFG; 5 

of the ſtraight lines CE, DF is given. ö 

Becauſe AB is given in ſpecies and magnitude, and! 

the gnomon ECBDFG is given, therefore the whole f 

2 Del. AG is given in magnitude: But AG is alſo given in ſpec 
2 52. and becauſe it is fimilar * to AB; therefore the fides of Ab 
24+ b. given e, each of the ſtraight lines AE, AF G 4 
b. 6o Dat. |. therefore given; and each of the ſtraight pr | mo 
| lines CA, AD is given d, therefore each LY ur 


c. 4. Dat. of the remainders EC, DF is given e. ER f upor 


Next, let the parallelogram AG, given A 5 
in ſpecies and de. , diminithed by F D N 
the given gnomon ECBDFG ; each of the Ko 
{traight lines CF, DE is given. 3 

Becauſe the parallelogram AG is given, as bolt 


alſo its gnomon ECBDFG, the remaining ſpace Ab 1s gn 
| N magni 


DAT A: 


8 it is alſo given in ſpecies; becauſe it is fimilar* to AG; 


2. Def. 
e W:refore® its fides CA, AD are given, and each of the ſtraight 4 55 and 


e (cs EA, AF is given; therefore EC, DF are each of them 


men. 
ne The gnomon and its ſides CE, DF may be found thus in 


ert caſe. Let H be the given ſpace to which the gnomon ; | 
265. 6. 


erat be made equal, and find 4 a parallelogram ſimilar to AB 
b jd equal to the figures AB and H together, and place its 
e Mis AE, AF from the point A, upon the ſtraight lines AC, 
N. and complete the parallelogram AG, which is about the 
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24. 5. 


b. Go. Dat. 


Hoe diameter © with AB; becauſe therefore AG is equal to e. 26: 6; 


rl AB and H, take away the common part AB, the re— 
sing gnomon ECBDFG is equal to the remaining figure 
by WW therefore a gnomon equal to H, and its ſides CE, DF are 
ind: And in like manner they may be found in the other 
jk, in which the given figure H muſt be leſs than the figure 

from which it is to be taken. 


PROP. LXXXIII. 


de r a parallelogram equal to a given ſpace be applied to 


jen in ſpecies 3 the ſides of the defect are given. 


Let the parallelogram AC equal to a given ſpace be applied 
the given ſtraight line AB, deficient by the parallelogram 
ICL given in ſpecies; each of the ſtraight lines CD, DB 
tpiven, 

biect AB in E; therefore EB is given in magnitude, up- 
EB deſcribe * the parallelogram EF ſimilar to DL and timi- 
ly placed; therefore EF is given in 

cies, and 18 about the ſame 3 G H F 

th DL; let BCG be the diameter, and | | 
aſtruEt the figure; therefore, becauſe K 2 1 
eligure EF given in ſpecies is deſcri- | 
C upon the given ſtraight line EB, | 5 

is given © in magnitude, and the A\ E D B 
mon ELH is equal d to the given 

ue AC; therefore © ſince EF is diminiſhed by the given 
mon ELH, the ſides EK, FH of the gnomon are given, but 
Lis equal to DC, and FH to DB; wherefore CD, DB are 


hof them given. 
E e This 


58. 


2 given ſtraight line, deficient by a parallelogram 


A. 18. 6. 
b. 26. 6. 


c. 56. Dat. 
d. 36. and 


43+ 1. 
e. Sz. Dat. 
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59. 


a. 18. 6. 


b. 26. 6. 


c. 56. Dat. 
d. 36. and 


43. 1. 
e. Sz. Dat. 


ſtraight line EB, EF is given in magni— 


Un 


This Demonſtration is the analyſis of the problem in 
28. Prop. of Book 6. the conſtruction and demonſtration 
which Propofition is the compoſition of the analytis ; and | 
cauſe the given ſpace AC or its equal the gnomon EL i 
be taken from the figure EF deſcribed upon the halt of 


Drau 
ut t 
IC wh 


wen ; * 
ſimilar to BC, therefore AC muſt not be greater than EF, re BK 
is ſhewn in the 27. Prop. B. 6. he para 

de is 

PROP. LXXXIV. ne 7 

am 
1 F a parallelogram equal to a given ſpace be applied Pro 
a given ſtraight line, exceeding by a parallelogra 2 


given in ſpecies; the ſides of the exceſs are given. 


To ap 


Let the parallelogram AC equal to a given ſpace be app bebt! 


to the given ſtraight line AB, exceeding by the parallclogM, ſpac 
BDC given in ſpecies; each of the ſtraight lines CD, ro w. 
are given. : al to, 

Biſect AB in E; therefore EB is given in magnitude: Ur te 


EB deſcribe * the parallelogram EF ſimilar to LD, and fmil 
ly placed; therefore EF is given in ſpecies, and 1s about 
ſame diameter Þ® with LD. Let CBG be G Fl 


the diameter, and conſtruct the figure; 
therefore, becauſe the figure EF given - \ 5 


in ſpecies is deſcribed upon the given 


tude ©, and the gnomon ELH is equal > 
to the given 3 d AC; See K LC 
ſince EF is increaſed by the given gnomon EL, its fides 
FH are given ©; but EK is equal to CD, and FH to BD; the 
fore CD, DB are each of them given. | 
This demonſtration is the analyſis of the Problem i 
29. Prop. Book 6. the conſtruction and demonitration 

which 1s the compoſition of the analyſis. | 
Cor. If a parallelogram given in ſpecies be applied t 
given ſtraight line, exceeding by a parallelogram equal u 
given {pace; the ſides of the parallelogram are given. 
Let the parallelogram ADCE given in ſpecies be applied 
the given ſtraight line AB exceeding by the parallelogn 
BDCG equal to a given ſpace; the fides AD, DC of the} 
rallelogram are given. 9 
˖ 
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Draw the diameter DE of the parallelogram AC, and con- 

[uct the figure. Becauſe the parallelogram AK is equal * to a. 43. 1. 
e which is given, therefore AK is 

wen ; and BK is ſimilar © to AC, there- E G_C b. 24. 6. 
e BK is given in ſpecies. And ſince | 
ke parallelogram AK given in magni- TH | Fe K 
de is applied to the given ſtraight 
ie AB, exceeding by the parallelo- — 
um BK given in ſpecies, therefore, by A B D 


5 


a Propoſition, BD, DK the ſides of the exceſs are given, and 
* Wh fraight line AB is given; therefore the whole AD, as alſo 
> WIC, to which it has a given ratio, is given. 


P R O B. 
To apply a parallelogram ſimilar to a given one to a given 
weht line AB, excecding by a parallelogram equal to a gi- 
1 ipace. 
Ts the given ſtraight line AB apply © the parallelogram AK C. 29. 6. 
ul tothe given ſpace, exceeding by the parallelogram BK 
gilar to the one given. Draw DF the diameter of BK, and 
v the point A draw AE parallel to BF meeting DF pro- 
ed in E, and complete the parallelogram AC. 
The parallelogram BC is equal to AK, that is, to the gi- 
ſpace; and the parallelogram AC is ſimilar d to BK; 
refore the parallelogram AC is applied to the ſtraight line 
dlimilar to the one given and exceeding by the parallelo- 
am BC which is equal to the given ſpace. 


PROP. LXXXV. 84. 


F two ſtraight lines contain a parallelogram given in 
magnitude, in a given angle; if the difference of the 
wht lines be given, they ſhall cach of them be given. 
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Let AB, BC contain the parallelogram AC given in mag- 

de, in the given angle ABC, and let the exceſs of BC a- 

Ah be given; each of the ſtraight lines AB, BC is given. 

Lt DC be the given exceſs of BC above A K 

a therefore the remainder BD is equal KP; 

DA. Complete the parallelogram AD ; 

I becauſe AB is equal to BD, the ratio OR 

to BD is given; and the angle ABD B D C 

pen, therefore the parallelogram AD is 

1 in ſpecies; and becauſe the given parallelogram AC is 

led to the given ſtraight line DC, exceeding by the paral- 

Fan AD given in ſpecies, the ſides of the exceſs ate given * ; 2 84. Dat. 
Le 2 there- 5 
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a. 8 3. Dat. 


87. 


b. 62. Dat. 


ad 


therefore BD is given; and DC is given, wherefore the wt. 
BC is given and AB is given, therefore AB, BC are each 


them given. . 
PROP. LXXXVL 


F two ſtraight lines contain a parallelogram given 
magnitude, in a given angle; if both of them to 
ther be given, they ſhall each of them be given. 


Let the two ſtraight lines AB, BC contain the parallelog 
AC given in magnitude, in the given angle ABC, and 
AB, BC together be given; each of the ſtraight lines! * 
BC is given. her wit 

Produce CB, and make BD equal to BA, and complete Hes 80 
parallelogram ABDE. Becauſe DB is equal to BA, and 11 
angle ABD given, becauſe the adjacent E A the rat 
angle ABC 1s given, the parallelogram AD 4, Fen : 
is given in ſpecies: And becauſe AB, BC to- Dand 
gether are given, and AB is equal to BD; herefors 
therefore DC 1s given: And becauſe the gi- D B * e ſqua 
ven parallelogram AC is applied to the given 4 BL 
ſtraight. line DC, deficient by the parallelogram AD give A; th 


ſpecies, the ſides AB, BD of the defect are given * ; and D( en: 
given, wherefore the remainder BC is given; and each of WF" ſhe 
{traight lines AB, BC is therefore given. * a 
Thep 
NO. LAXXVIL l. 


A par 

F two ſtraight lines contain a parallelogram given 1 
magnitude, in a given angle; if the exceſs ot 1 — 
ſquare of the greater above the ſquare of the leſer¶ Let E. 
given, each of the ſtraight lines ſhall be given. quired 
erpendi 
ole EC 
b whicl 


Let the two ſtraight lines AB, BC contain the given p 
lelogram AC in the given angle ABC; if the excels 0 
ſquare of BC above the ſquare of BA be given; AB ant. mac 
are each of them given. | G, GL 

Let the given exceſs cf the ſquare of BC above the {q Wares 0 
of BA be the rectangle CB, BD; take this from the ( Take, 
of BC, the remainder, which is“ the rectangle BC, CD K equ 
qual to the ſquare of AB; and becauſe the angle AD. in C 
the parallelogram AC is given, the ratio of the rech ber 
of the ſides AB, EC to the parallelogram AC 1s given“ GL, 
AC is given, therefore the reQtangle AB, BC is given 
the reQangle CB, BD is given therefore the ratio of the! 


WI 


ale CB, BD to the rectangle AB, BC, thatis, © the ratio of the c. 1. 6. 


ht line DB to BA is given; therefore d the ratio of the 
2 of DB to the ſquare of BA is gi- d 54. Dat. 


n: And the ſquare of BA is equal to N 
e fectangle BC, CD; wherefore the ra- /| | Fo 


bol the rectangle BC, oy to the ſquare 
BD is given, as alſo the ratio of four . 
mes the tangle BC, CD to the ſquare B PD C 

(BD; and, by compoſition e, the ratio of four times the rect- e. 7. Dat 
ge BC, CD together with the ſquare of BD to the ſquare 

{BD is given: But four times the reQangle BC, CD toge- 

ter with the-ſquare of BD is equal f to the ſquare of the ſtraight f. g 2. 

es BC, CD taken together; therefore the ratio of the ſquare 

FBC, CD together to the ſquare of BD is given; wherefore 

the ratio of the ſtraight line BC together with CD to BD is g 58. Dat. 
nen: And, by compoſition, the ratio of BC together with 

Dand DB, that is, the ratio of twice BC to BD, is given; 

terefore the ratio of BC to BD is given, as alſo © the ratio of 

e ſquare of BC to the rectangle CB, BD : But the rectangle 

B, BD is given, being the given exceſs of the ſquares of BC, 

A; therefore the ſquare of BC, and the ſtraight line BC is 

men: Ayd the ratio of BC to BD, as alſo of BD to BA has 

ken ſhewn to be given; therefore h the ratio of BC to BA is h. g. Dat. 
en; and BC is given, wherefore BA is given. 

The preceeding demonſtration is the analyſis of this Problem, 

It, | 

A parallelogram AC which has a given angle ABC being 

men in magnitude, and the exceſs of the ſquare of BC one 

its ides above the ſquare of the other BA being given; 

ond the ſides ; And the compoſition is as follows. 

Let EFG be the given angle to which the angle ABC is 

quired to be equal, and from any point E in FE, draw EG 
frpendicular to FG; let the rect- M | 
tle EG, GH be the given ſpace 
d which the parallelogram AC is 
de made equal; and the rectangle . 


65 _—_ _e given exceſs of the 
Ires of BC, BA. — — 
Take, in the ſtraight line GE, FG LO HN 
Nequal to FE, and make GM double of GK; join ML, 
in GL produced, take LN equal to LM: Biſect GN in O, 
nd between GH, GO find a mean proportional BC: As OG 
GL, ſo make CB to BD; and make the angle CBA equal 
E e 3 to 


K 
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8. 1. 6. 


b. 14. 5 


c. 22. 6. 


d. 8 2. 


DU 
to CFE, and as LG to GK ſo make DB to BA; and complet 


the parallelogram AC; AC is equal to the rectangle FG be 
GH, and the exceſs of the ſquares of CB, BA is equal to thy xy | 
rectangle HG, GL. angle 
Becauſe as CB to BD, ſo is OG to GL, the ſquare of l 
is to the rectangle CB, BD as * the rectangle HG, GO 9 the pe 
the rectangle HG, GL: And the ſquare of CB is equal to thy 
rectangle HG, GO, becauſe GO, BC, GH are proportional 
therefore the rectangle CB, BD is equal® to HG, GL. An 
becauſe as CB to BD, ſo is OG to GL; twice CB is to BD 
as twice OG, that is, GN, to GL; and, by diviſion, as B( 
together with CD is to BD, ſo is NL, that is, LM, to LG Wt two 
Therefore © the ſquare of BC together with CD is to the ſquarMF magn 
of BD, as the ſquare of ML to the ſquare of LG: But g 6d 
ſquare of BC and CD together is equal d to four times thi 
rectangle BC, CD together with the {quare of BD; therefom let the 
four timesthe rectangle BC, CD together with the ſquare och 
BD is to the ſquare of BD, as the ſquare of ML to the ſquaſ fun © 
of LG: And, by diviſion, four times the rectangle BC, CD item 
to the ſquare of BD, as the ſquare of MG to the ſquare rast, 
G1. ; wheretore the rectangle BC, CD is to the ſquare of ngle 
as (the ſquare of KG the half of MG to the ſquare of G {qu 
that is, as) the ſquare of AB to the ſquare of BD, becauſe an), ry 
LG to GK, fo DB was made to BA; Therefore the rectu chan! 
ole BC, CD is equal to the ſquare of AB. To each of theſe ad the 
the rectangle CB, BD, and the ſquare of BC becomes equaleriren 
to the ſquare of AB together with the rectangle CB, BU Ws arc 
therefore this rectangle, that is, the given rectangle HG, Gln fun 
is the excels of the ſquares of BC, AB. From the point equal 
draw AP perpendicular to BC, and becauſe the angle Able m 
is equal to the angle EFG, the triangle ABP is equiangulaWthis c 
to EFG: And DB was made to BA, as LG to GK; theretorele, a 
as the rectangle CB, BD to CB, BA, ſo is the rectangle Hd: 
1 Uthe! 
| A rect; 
| | which 
/ | 7 But it 
1 1 m of t 
B PD C C 
„ e L © HN W, 
18 1t 
GL to HG, GK ; and as the rectangle CB, BA to AP, B 
ſois (the ſtraight line BA to AP, and ſo is FE or W 8 angl; 


D k T..4 

6, and ſo 18) the rectangle HG, GK to HG, GE ; therefore, 
quali, as the rectangle CB, BD to AP, BC, fo is the 
Bangle HG, GL to EG, GH : And the rectangle CB, BD 


qual to HG, GI.; therefore the rectangle AP, BC, that 
he parallelogram AC, is equal to the given rectangle EG, 
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PROP. LXXXVIII. 


two ſtraight lines contain a parallelogram given in 
magnitude, in a given angle; if the ſum of the ſquares 
ts ſides be given, the ſides ſhall each of them be given. 


Let the two ſtraight lines AB, BC contain the parallelogram 
(CD given in magnitude in the given angle ABC, and let 
ſum of the ſquares of AB, BC be given; AB, BC are each 
them given. ; 

firſt, let ABC be a right angle; and becauſe twice the 
angle contained by two equal ſtraight lines is equal to both 


tan 
add m the 7. Prop. B. 2. Elem. therefore twice 
quae given ſpace, to which ſpace the rectangle of which the 


s are tobe found is equal, muſt not be greater than the 
en ſum of the ſquares of the ſides: And, if twice that ſpace 
equal to the given ſum of the ſquares, the ſides of the rect- 
le muſt neceſſarily be equal to one another: Therefore 
this caſe deſcribe a ſquare ABCD equal to the given rect- 


nd: For the rectangle AC is equal to the given ſpace, 
the ſum of the ſquares of its ſides AB, BC is equal to twice 
| rectangle AC, that is, by the hypotheſis, to the given ſpace 
rich the ſum of the ſquares was required to be equal. 

but if twice the given rectangle be not equal to the given 
n of the ſquares of the ſides, it muſt be leſs than it, as 
$ been ſhewn. Let ABCD be the rectangle, join AC and 
W BE perpendicular to it, and complete the rectangle 
b, and deſcribe the circle ABC about the triangle ABC; 


BC, 


05 Le 4 | BC 


r ſquares ; but if two ſtraight lines are un- 
ml, twice the rectangle contained by them is | 
than the ſum of their ſquares, as is evident B C 


le, and its ſides AB, BC are thoſe which were to be 


is its diameter * ; And becauſe the triangle ABC is fimi- 2 Cor.5.4 
'to AEB, as AC to CB, ſo is AB to BE; therefore the b. 8. 6. 
le AC, BE is equal to AB, BC; and the rectangle AB, 
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c. 47. 1. 


d 32. Dat. 
i e 61. Dar. 
f 30. Dat. 


g 31.Dart. 
h 28.Dat. 


1.29. Dat. 


k. 14. 2+ 


1. 16. 6. 


m. 34. I. 


b. 8. 6. 


DD 


BC is given, wherefore AC, BE is given: And becauſe the(; 
of the ſquares of AB, BC is given, the ſquare of AC which 
equal © to that ſum, is given; and AC itſelf is therefore vive 
in magnitude: Let AC be likewile given in poſition, and t 
point A; therefore AF is given 4 in po- A 0 
ſition: And the rectangle AC, BE is 


given, as has been ſhewn, and AC is / 

given, wheretore © BE is given in mag- 

nitude, as alſo AF which is equal to it 3 F B 

and AF is alſo given in poſition, and — 
the 4 A 1s given; wherefore f the 5 

oint F is given, and the ſtraight line rp 77 
B in poſition &: And the Wan erer Cr K H 
ABC 1s given in polition, wherefore n the point B is give 
And the points A, C are given; therefore the ſtraight lin 
AB, BC are given i in poſition and magnitude. 

The lides AB, BC of the rectangle may be found thus ; ] 
the rectangle GH, GK be the given ſpace to which the tech 
angle AB, BC is equal; and let GH, GL be the given ted 
angle to which the ſum of the ſquares of AB, BC is equal 
Find“ a Iquare equal to the rectangle GH, GL: And leti 
fide AC be given in poſition ; upon AC as a diameter deſerit 
the ſemicircle ABC, and as AC to GH, ſo make GK to A 
and from the point A place AF at right angles to AC : Ther 
fore the rectangle CA, AF is equal ! to GH, GK; and, 
the hypotheſis, twice the rectangle GH, GK is leſs than G 
GL, that is, than the ſquare of AC; wherefore twice t 
rectangle CA, AF is Jeſs than the ſquare of AC, and! 
rectangle CA, AF itſelf leſs than half the ſquare of AC, th 
is, than the rectangle contained by the diameter AC and its hal 
wherefore AF is leſs than the ſemidiameter of the circle, at 
conſequently the ſtraight line drawn thro' the point F parall 
to AC mult meet the circumference in two points: Let B 
eicher of them, and join AB, BC, and complete the reCteng 
ABCD; ABCD is the rectangle which was to be found: Dr 
BE perpendicular to AC; therefore BE is equal * to 4 
and becauſe the angle ABC in a ſemicircle is a right ang 
the rectangle AB, BC is equal b to AC, BE, that is, to the rect 
angle CA, AF, which is equal to the given rectangle GH 
GK: And the ſquares of AB, BC are together equal * to th 
{quare of AC, that is, to the given rectangle GH, GL. 
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But if the given angle ABC of the parallelogram AC be not 

naht angle, in this caſe, becauſe ABC is a given angle, the 

io of the rectangle contained by the ſides AB, BC to the 
anllelogram AC 1s given "; and AC is given, therefore the n62. Dar. 
tangle AB, BC 1s given; and the ſum of the ſquares of AB, 

IC is me therefore the ſides AB, BC are given by the pre- 

ding cale. 

The üdes AB, BC and the parallelogram AC may be found 

is: Let EFG be the given angle of the parallelogram, and 

um any point E in FE draw EG perpendicular to FG; and 

{the rectangle EG, FH he the given ſpace to which the pa— 

lelogram is to be made equal, and let EF, A D 
be the given rectangle to which the | 

Im of the ſquares of the ſides is to be equal. /\ = 
xd, by the preceeding caſe, find the ſides 

{a rectangle which is equal to the given B L C 
angle EF, FH, and the ſquares of the 

tes of which are together equal to the gi- E 
n rectangle EF, FK; therefore, as was 
ern in that caſe, twice the rectangle EF, 
muſt not be greater than the rectangle 
J FK; let it be ſo, and let AB, BC be f 
e des of the rectangle joined in the 7 
ele ABC equal to the ſa angle EFG; F HG K 
(dd complete the parallelogram ABCD, which will be that 
lich was to be found: Draw AL perpendicular to BC, and 
auſe the angle ABL is equal to EFG, the triangle ABL is 
angular to EFG; and the parallelogram AC, that is, the 
Wangle AL, BC, is to the rectangle AB, BC as (the ſtraight 
te AL to AB, that is, as EG to EF, that is, as) the rectangle 
6, FH to EF, FH ; and, by the conſtruction, the rectangle 
„Bis equal to EF, FH, therefore the rectangle AL, BC, 
ts equal, the parallelogram AC, is equal to the given rect- 
de EC, FH; and the ſquares of AB, BC are together equal, 
anſtruction, to the given rectangle EF, FK. 


B NOF. 


— — 
be 5 8 — 2 — — — — - - 
__ _— = — — 22 - — ® - * 2 x 97” „ E X " 1 = — — * 
— - — — 
- — — — — — — — 
— — — 
— — = * ———_— — = — — — — = | 
= — — 
— — 2 — - - - — 2 
= * — 
2 3 — 
— 
2 - 


. av — — 
— 


— — — - 
22 ” - a+ 
3 A 1 
= 4 — —— > _— 
£2 - 


—— ot Re EE . 


— - - OY W—_—_——- —— 
= — —— 
- —_— — — — 


f87. Dat. 


K 


ple to 
de equ 
ge equ 
taken 
5; an 
ſquare 
ratio « 
ure of 
by help 


ch con 


PROP. LXXXIX. 


F two ſtraight lines contain a given parallelogram in 
given angle, and if the exceſs of the ſquare of one, 
them above a given ſpace has a given ratio to the ſquar 
of the other; each of the ſtraight lines ſhall be given. 


Let the two ſtraight lines AB, BC contain the given paralle 


logram AC in the given angle ABC, and let the exceſs of th and 
ſquare of BC above a given ſpace have a given ratio to th bC abe 
ſquare of AB; each of the ſtraight lines AB, BC is given. gen 

Becauſe the exceſs of the ſquare of BC above a given ſpa” the 
has a given ratio to the ſquare of BA, let the rectangle CF fe GH! 
BD be the given ſpace; take this from the ſquare of BC, HA, 
remainder, to wit, the rectangle * BC, CD has a given ti and 
to the ſquare of BA: Draw AE perpendicular to BC, and |W*<t2n; 
the ſquare of BF be equal to the rectangle BC, CD; then beW'ectan 
cauſe the angle ABC, as alſo BEA, is given, F lquare 
the triangle ABE 1s given d in ſpecies, and 3 / fquare 
the ratio of AE to AB given: And becauſe ©; | cauſe, 
the ratio of the rectangle BC, CN, that is, . / FF quare 
of the ſquare of BF to the ſquare of BA, is E 75 the {c 
given, the ratio of the ſtraight line BF to BA e rema 
is given© ; and the ratio of AE to AB is given, wherefore * th the ſan 
ratio of AE to BF is given; as alſo the ratio of the rectang G, be 
AE, BC, that is, © of the parallelogram AC to the rectang 10 to ( 
FB, BC; and AC is given, wherefore the rectangle FB, BC! ngulay 
given. Ihe exceſs of the fquare of BC above the ſquare of h IB to 
that is, above the rectangle BC, CD, is given, for it is equal“! gl G 
the given rectangle CB, BD ; therefore, becauſe the rectangl If con 
contained by the ſtraight lines FB, BC is given, and al th ; theref 
exceſs of the ſquare of BC above the ſquare of BF; FB, N AE,! 
are each of them given f; and the ratio of FB to BA is given 55 ana] 
therefore, AB BC are given, | 21 


The Compoſition is as follows. 


Let GEK be the given angle to which the angle of the pi 
rallclogram is to be made equal, and from any point G 
HG, draw CK perpendicular to HK; let GK, HL be the fest 

| ang 
* 


. 


de to which the parallelogram is to be 
le equal, and let LH, HM be the rect- N 
le equal to the given ſpace which is to of 
taken from the ſquare of one of the FIR 
z; and let the ratio of the remainder to % 
ſquare of the other fide be the ſame with H KM L 
ratio of the ſquare of the given ſtraight line NH to the 
ure of the given ſtraight line HG. 
help of the 87. Dat. find two ſtraight lines BC, BF 
ich contain a rectangle equal to the given rectangle NH, 
and ſuch that the exceſs of the ſquare 
IC above the ſquare of BF be equal to A 
tiren rectangle LH, HM; and join CB © 7 
mn the angle FBC equal to the given /| F F4 
ke GH: And as NH to HG, ſo make | 
o BA, and complete the parailelogram B ED C 
and draw AE perpendicular to BC; then AC is equal to 
rectangle GK, HL; and if from the ſquare of BC, the gi- 
rectangle LH, HM be taken, the remainder ſhall have to 
ſquare of BA the ſame ratio which the ſquare of NH has to 
ſquare of HG, | 
cauſe, by the conſtruction, the ſquare of BC is equal to 


the ſquare of BC there be taken the rectangle LH, HM, 
remains the ſquare of BF which has 5 to the ſquare of 
the ſame ratio which the ſquare of NH has to the ſquare 
IG, becauſe, as NH to HG, ſo FB was made to BA; but 
Gto GK, ſo is BA to AE, becauſe the triangle GHK is 
angular to ABE; therefore, ex æquali, as NH to GK, 


ngle GK, HL, as the rectangle FB, BC to AE, BC; but, 
le conſtruction, the rectangle NH, HL is equal to FB, 


AE, BC, that is, to the parallelogram AC. 

e analyſis of this Problem might have been made as in the 
Frop. in the Greek, and the compoſition of it may be made 
lat which is in Prop. 87. of this edition. 


cf PROP 


ſquare of BF together with tac rectangle LH, HM; if 
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22. 6. 


IB to AE; wherefore ® the rectangle NH, HL is to the h 1. 6. 


; therefore * the rectangle GK, HL is equal to the rect- k 14. 5. 
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d 88. Dat. 
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F two ſtraight lines contain a given parallelogram in 


given angle, and if the ſquare of one of them tog 
ther with the ſpace which has a given ratio to the ſquy 


ot the other be given; each of the ſtraight lines ſhall 
Slwen. 


Let the two ſtraight lines AB, BC contain the gen parall 
logram AC in the given angle ABC, and let the ſquare of 
rogether with the ſpace which has a given ratio to the ſquare 
AB be given; AB, BC are each of them given. 

Let the ſquare of BD be the ſpace which has the given rt 
to the ſquare of AB; therefore, by the hypotheſis, the {qua 
of BC together with the ſquare of BD is given. From t 
point A, draw AE perpendicular to BC; and, becauſe the ang 
ABE, BEA are piven, the triangle ABE is given * in ſpeci 
therefore the ratio of BA to AE is given: And becaule the 
tio of the ſquare of BD to the ſquare of BA is given, the! 
tio of the ſtraight line BD to BA is givenb; and the ratio 
BA to AL is given, therefore, © the ratio of AE to BD is 
ven, as allo the ratio of the rectangle AE, BC, that is, oft 
parallelogram AC to the rectangle DB, BC; and AC is giv 
therefore the rectangle DB, BC is given; and the ſquare 


L 


BE G 


BC together with the ſquare of BD is given; therefore“ 
cauſe the rectangle contained by the two ſtraight lines DB, 
is given, and the ſum of their ſquares is given; the {ira 
lines PB, BC are each of them given; and the ratio of PB 
BA is given; therefore AB, BC are given. 

The Compoſition is as follows. 

Let FGH be the given angle to which the angle of the 
rallelogram is to be made equal, and from any point Fin, 
draw PII perpendicular to GH; and let the rectangle 
GK be that to which the parallelogram 1s to be made ed 

let the rectangle KG, GL be the ſpace to which the 10 
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one of the ſides of the parallelogram together with the ſpace 
dich has a given ratio to the ſquare of the other fide, is to be 
de equal; and let this given ratio be the ſame which the 
quare of the given ſtraight line MG has to the ſquare of GF. 
By the 88. Dat. find two ſtraight lines DB, BC which con- 
in a rectangle equal to the given rectangle MG, GK, and 
ich that the ſum of their ſquares is equal to the given rect- 
we KG, GL; therefore, by the determination of the Pro- 
em in that Propohtion, twice the rectangle MG, GK muſt 
be greater than the rectangle KG, GL. Let it be fo, and 
n the ſtraight lines DB, BC in the angle DBC equal to the 
men angle FGH 3; and as MG to GF, fo make DB to BA, 
id complete the parallelogram AC: AC is equal to the rect- 


M. 


D 
qu * 7 7 
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ng — GH X I. 
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ale FH, GK; and the ſquare of BC together with the 
quare of BD, which, by the conſtruction, has to the ſquare ot 
A the given ratio which the ſquare of MG has to the tquare 
F, is equal, by the conſtruction, to the given rectangle 
G, GL. Draw AE perpendicular to BC. 

Becauſe as DB to BA, ſo is MG to GF; and as BA to AE, 
F to FH; ex Kquali, as DB to AE, ſo is MG to FH; 
terefore as the rectangle DB, BC to AE, BC, ſo is the rect- 
le MG, GK to FH, GK; and the rectangle DB, BC is e- 
Ill to the rectangle MG, GK; therefore the rectangle AE, 
1 that is, the parallelogram AC, is equal to the rectangle 
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If a ſtraight line drawn within a circle given in magni- 
tude cuts off a ſegment which contains a given angle; 
e traight line is given in magnitude. 


ln the circle ABC given in magnitude, let the ſtraight line 
e be drawn, cutting off the ſegment AEC which contains the 
hen angle AEC; the ſtraight line AC is given in magnitude. 


£0 


88. 


lake D the center of the cirele *, join AD and produce it 4 1. 3. 


DS 


446 EY CAL DES 
to E, and join EC: The angle ACE being 


cauſe | 


in poſition two ſtraight lines be drawn meeting t 
circumference and containing a given angle; if the pol 
in which one of them meets the circumference again | 
given, the point in which the other meets it is alſo gie 


1 ch 
Ic leg1 
Ie cire 


| 
b 31. 2. a right ® angle is given; and the angle 17 
043. Dat. AEC is given; therefore the triangle L fit 
ACE is given in ſpecies, and the ratio of 0 
EA to AC is therefore given; and EA is 
d 8. Def. given 4 in magnitude, hecauſe the cirele is 
given in magnitude; AC is therefore gi- 
e 2. Dat. yen © in magnitude. | F fr 
ing 
89. PROP. XCII. | i poſit 
Fa ſtraight line given in magnitude be drawn within; .. ., 
circle given in magnitude; it ſhall cut off a ſegneM..+;1.« 
containing a given angle. * 
| Take 
Let the ſtraight line AC given in magnitude be drawn with of 
in the circle ABC given in magnitude; it thall cut off a Might 
ment containing a given angle. d may 
Take D the center of the circle, join B pole, v 
AD and produce it to E, and join EC: ke circl, 
And becauſe each of the ſtraight lines EA, e D 
2 1. Dat. and AC 18g1ven, their ratio is given“; and ven 4 1 
the angle ACE is a right angle, therefore N = wen 11 
| b 46. Dat, the triangle ACE is given Vin Ipecics, _ given 
| and conſequently, the angle AEC is given. Bis gi 
| . * PROP. XCIIL 
; 4 
| F from any point in the circumference of a circle git i 
[ d 
| 


Let th 
thout 
u cu 
A, AC 
From 
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From any point A in the circumference of a circle ABC gt 
in poſition, Jet AB, AC be drawn to the circumference maill 
the given angle BAC; if the point B be A 
given, the point C 18 alſo given. 
Lake Þ the center of the circle, and 
join BD, DC; and becaufe each of the 
. 73 © . > 3 . 3 " . # 
a 29. Dat, Points B, D is given, BD is given in po B Cone 
ſition; and becauſe the angle BAC 1s gi— 
b 20. 3. ven, the angle BDC is given b, therefore 
= becal 
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veuſe the ſtraight line DC is drawn to the given point D 
- the ſtraight line BD given in poſition in the given angle BDC, 
JC is given © in poſition: And the circumference ABC is given e 32. Dat, 
n poſition, therefore 4 the point C 1s given. d 28. Dar, 


PR: OP. eil. 
gt. 
[! from a given point a ſtraight line be drawn touch- 
ing a circle given in poſition ; the ſtraight line is given 
| poſition and magnitude. 


lin Let the ſtraight line AB be drawn from the given point A 


mching the circle BC given in poſition 3 AB is given in po— 
tion and magnitude. 

Take D the center of the circle, and join DA, DB : Becauſe 
ah of the points D, A is given, the R 


Wit 


ght line AD is given “ in poſition a 29. Dat. 
{ magnitude : And DBA is a right * b. 18. z. 
le, wherefore DA is a diameter © of c. Cor. 5. 4. 
ge cirele DBA, deſcribed about the tri- B 
(gle DBA; and that circle is therefore 
wen © in poſition : And the circle BC is d. 6 Def 


ren in poſition, therefore the point B 
given ©: The point A is alſo given; thereſore the ſtraight line © 28. Dat] 
bis given“ in poſition and magnitude. 


ROF. Te. 


* 92. 


8 . . . . . | 
gt Fa ſtraight line be drawn from a given point without 
poi circle given in poſition; the rectangle contained by 


e ſegments betwixt the point and the circumference of 
circle is given. 


let the ſtraight line ABC be drawn from the given point A 
out the circle BCD given in poſi- 


in, cutting it in B, C; the rectangle 
1, AC is given. | 
lm the point A, draw * AD touch- C — 


| the circle; therefore AD is given . B Ad. 17. z. 
u poſition and magnitude: And be- x hs 
We AD js given, the ſquare of AD is inn 


a" which is equal d to the rectangle BA, AC: Therefore 56. Dat. 
* tectangle BA, AC is given. d 36. 3. 
FAO P. 


EU -©-L I D*$ 
PROP. XCVL 


Tom 


. . . 0 * ll 
F a ſtraight line be drawn thro” a given point within bin 


circle given in poſition, the rectangle contained nc re 
the ſegments betwixt the point and the circumference Mer 
the circle 1s given. JA to 
BE, 
1 
EA 
DB; 


Let the ſtraight line BAC be drawn thro? the given poi 
A within the circle BCE given in poſition; the rectangle}, 
AC is given. 

Take D the center of the circle, join 


AD and produce it to the points E, F. ry 

Becauſe the points A, D are given, the N 

4. 29. Dat. ſtraight line AD is given“ in poſition; IC to! 
| and the circle BEC is given in polition B 4 BC, 
b. 28. Dat. therefore the points E, F are given b, and IR rmut; 
the point A 1s given, therefore EA, AF vis Bl 

are each of them given“; and the rect- re the 

6. 36.3 angle EA, AF is therefore given; and it is equal © to the te Alſo 1 
3 angle BA, AC, which conſequently is given. Eis g 

_ PROP. XCVI: IP 
| d is B. 

F a ſtraight line be drawn within a circle given Het: 
magnitude cutting off a ſegment containing a g tog 

angle; if the angle in the ſegment be biſccted hy. BI 

ſtraight line produced till it meets the circumference, tl nd AC 

ſtraight lines which contain the given angle ſhall bot Podu 

them together have a given ratio to the {traight lM bee 

which biſects the angle, and the rectangle contained rA, B 

both theſe lines together which contain the given aA is 

and the part of the biſecting line cut off below the Mr tc 

of the ſegment, {hall be given. D Y 

Let the ſtraight line BC be drawn within the circle Actors 

given in magnitude cutting off a ſegment containing the g And | 

angle BAC, and let the angle BAC F at 18, 

be biſected by the ſtraight line AD; ble A 

BA together with AC has a given &reforc 

ratio to AD; and the rectangle con- Mane 


tained by BA and AC together, and 
the ſtraight line ED cut off from 
AD below BC the baſe of the ſeg- 


ment, is given. 


D X. | 449 
ſon BD ; and becauſe BC is drawn within the circle ABC 


enin magnitude cutting off the ſegment BAC containing 4. Pat 
in WW civen angle BAC; BC is given“ in magnitude: By the 1 "us. 
ee reaſon BD is given; therefore d the ratio of BC to BD 
given: And becauſe the angle BAC is biſected by AD, as p 
to AC, fois © BE to EC; and, by permutation, as AB 4 1 
BE, ſo is AC to CE; wherefore d as BA and AC together gee 
dei BC, fo is AC to CE: And becauſe the angle BAE is equal 
Brac, and the angle ACE to © 5 
DB; the triangle ACE is equiangu- F 
to the triangle ADB; therefore 
AC to CE, ſo is AD to DB: But 
AC to CE, ſo is BA together with 
c to BC; as therefore BA and AC B C 
BC, ſo is AD to DB; and, by 
mutation, as BA and AC to AD, D 
jis BC to BD: And the ratio of BC to BD is given, there- 
re the ratio of BA together with AC to AD is given. 
Alſo the rectangle contained by BA and AC together, and 
Eis given. 
Becauſe the triangle BDE is equiangular to the triangle 
CE, as BD to DE, fois AC to CE; and as AC to CE, 
is BA and AC to BC; therefore as BA and AC to BC, ſo 
BD to DE ; wherefore the rectangle contained by BA and 
IC together, and DE is equal to the rectangle CB, BD: But 
B, BD is given; therefore the rectangle contained by BA 
d AC together, and DE, is given. 
Otherwiſe. 
Produce CA, and make AF equal to AB, and join BF: Cs. & 
dd becauſe the angle BAC is double“ of each of the angles“ ? 32. 1. 
Ta, BAD, the angle BFC is equal to BAD; and the angle 
CA is equal to BDA, therefore the triangle FCB is equian- 
War to ADB: As therefore FC to CB, ſo is AD to DB; 
id, by permutation, as FC, that is, BA and AC together to 
W,ſo is CB to BD: And the ratio of CB to BD is given, 
fretore the ratio of BA and AC to AD is given. 
and becauſe the angle BFC is equal to the angle DAC, 
at is, to the angle DBC, and the angle ACB equal to the 
le ADB; the triangle FCB is equiangular to BDE, as 
retore FC to CB, ſo is BD to DE; therefore the rectangle 
tamed by FC, that is, 1 and AC together, and DE is e- 


qual 


21. 3. 
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4.91. Dat. 


. 


qual to the rectangle CB, BD which is given, and there; 


{ 
the rectangle contained by BA, AC together, and DE is vin equa 


CAD 1 
to B. 
r perm 
ID, fo 1 
terefore 
And b 
LB, ar 
equian 
L; anc 
tangle 
e given 


1 AC 


PAR OP. Tei. 


F a ftraight line be drawn within a circle given 

magnitude, cutting off a ſegment containing a giz 
angle; if the angle adjacent to the angle in the ſegme 
be biſected by a ſtraight line produced till it meet t 
circumference again and the baſe of the ſegment ; 
excels of the Rraight lines which contain the giy 
angle ſhall have a given ratio to the ſegment of the | 
ſecting line which is within the circle; and the rectang 
contained by the ſame excels and the ſegment of the | 
ſecting line betwixt the baſe produced and the poi 
where it again meets the circumference, ſhall be g fre 
| in pe 
k be Cc 
at poin 
, an 
mere 
| firſt 
ter 1 
v para 


Let the ſtraight line BC be drawn within the circle Al 
given in magnitude cutting off a fegment containing the gi 
angle BAC, and Jet the angle CAF adjacent to BAC be 
ſected by the ſtraight line DAE meeting the circumtere 
again in D, and BC the baſe of the ſegment produced in 
the exceſs of BA, AC has a given ratio to AD; and there 
angle which is contained by the ſame exceſs and the ſtraiy 
line ED, 1s given. | 

Join BD, and thro' B, draw BG parallel to DE meet 
AC produced in G: And becauſe BC cuts off from the cu 
ABC given in magnitude the ſeg- 


ment BAC containing a given an- 

gle, BC is therefore given“ in magni- A 
tude: By the ſame reaſon BD is gi- 

ven, becauſe the angle BAD is e- | 
qual to the givenangle EAF ; there- C 


In BC 
bC pr 
t a ſtr; 
Inferen 
Im the 
be d 
tren, 
Produc 
ule G! 
lifter O! 
refore 
de, an 
lerefort 


D 
3 there-B\g— 

fore the ratio of BC to BD is given: JD 

And becaufe the angle CAE is equal | "x G 
to KAPF, of which CAE is equal to | | 
the alternate angle AGB, and EAF to the interior and opp0} 
angle ABG; therefore the angle AGB is equal to ABG, 
the ſtraight line AB equal to AG; ſo that GC is the exc 
of BA, AC: And becauſc the angle BGC is equal to G/ 
that is, to EAF, or the angle BAD; and that the angle BY 


DATA. 


* 


1 equal to the oppoſite interior angle BDA of the quadrilateral W! 
eib in the circle; therefore the triangle BGC is cquiangu— | 
o BDA: therefore as GC to CB, ſo is AD to DB; and, 
q permutation, as GC, which is the exceſs of BA, AC to 
ID, ſo is CB to BD: And the ratio of CB toBD is given; 
Lrefore the ratio of the exceſs of BA, AC to AD is given. 
nud becauſe the angle GBC is equal to the alternate angle 
rs, and the angle BCG equal to BDE; the triangle BCG 
neWequiangular to BDE: Therefore as GC to CB, ſo is BD to 
WF; and conſequently the rectangle GC, DE is equal to the 
| tangle CB, BD which is given, becauſe its ſides CB, BD 
„dien: Therefore the rectangle contained by the exceſs of 
Ac and the ſtraight line DE is given. 


- PROP. XCIX. 7 9 3 


al from a given point in the diameter of a circle given 
in poſition, or in the diameter produced, a ſtraight 
ebe drawn to any point in the circumterence, and from 
£"Wt point a ſtraight line be drawn at right angles to the 
, and from the point in which this meets the cir- 
ference again, a ſtraight line be drawn parallel to 
ee firſt; the point in which this parallel meets the di- 
raighWicter is given; and the rectangle contained by the 
v parallels is given, 


In BC the diameter of the circle ABC given in poſition, or 

dC produced, let the given point D be taken, and from D 
e ſtraight line DA be drawn to any point A in the cir— 
Inference, and let AE be drawn at right angles to DA, and 
m the point E where jt meets the circumference again let 
de drawn parallel to DA meeting BC in F; the point F 
zen, as alſo the rectangle AD, EF. 
Iroduce EF to the circumference in G, and join AG : Be- 
ue GEA is a right angle, the ſtraight line AG is“ the di- aCor. 5. 4. 
ter of the circle ABC; and BC is alſo a diameter of it; 
relore the point H where they meet is the center of the 
de, and conſequently H is given: And the point D is given, 
60 refore DH is given in magnitude: And becauſe AD is pa- 
« Bl F Ff rallel 


452 
b, 4. 6. 


E Uni s 


rallel to FG, and GH equal to HA; DH is equal b 0 


and AD equal to GF: And DH is given, therefore HF f 


A 0 


1 
* 


ven in magnitude,; and it is alſo given in poſition, and 
point H is given, therefore the point F is given. 

And becauſe the ſtraight line EFG is drawn from a g 
point F without or within the circle ABC given in pott 
therefore d the rectangle EF, FG is given: And G is & 
to AD, wherefore the rectangle AD, EF is given. 


e 


1 F from a given point in a ſtraight line given in 
ſition, a ſtraight line be drawn to any point in the 
cumference of a circle given in poſition ; and from 
point a ſtraight line be drawn making with the fill 
angle equal to the difference of a right angle and 
angle contained by the ſtraight line given in poſition, 
the ſtraight line which joins the given point and the c 
of the circle; and from the point in which the {ec 
line meets the circumference again, a third ſtraight 
be drawn making with the ſecond an angle equal to 
which the firſt makes with the ſecond : The point in v 
this third line meets the ſtraight line given in poſit 
given; as alſo the reQangle contained by the iſt fir 
line and the ſegment of the third betwixt the circu 
rence and the ſtraight line given in poſition, is gie 


Let the ſtraight line CD be drawn from the given poi 
in the ſtraight line AB given in poſition, to the circumfer 
of the circle DEF given in poſition of which G is the cet 
join CG, and from the point D let DF be drawn makin 
angle CDF equal to the difference of a right angle and 
angle BCG, and from the point F let FE be drawn m 
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ele DFE equal to CNF, meeting AB in H: The point H is © | 
en; as alſo the rectangle CD, FH: | 
let CD; FH meet one another in 
point K, from which draw KL 
wendicular to DF; and let DC 
the circumference again in M, 
let FH meet the ſame in E, and £ 
MG, GF, GH: 

gecauſe the angles MDF, DFE are 
al to one another, the circumfte- 
ves MF, DE are equal“; and add- 
tor taking away the common part 
the circumterence DM is equal 
EF; therefore the ſtraight line DM D 
qqual to the ſtraight line EF, and 
angle GMD to the angle GFE; 
the angles GMC, GH are equal E. 
one another, becauſe they are ei- 
the ſame with the angles GM, 
FE, or adjacent to them: And be- 
ik the angles KDL, LKD are toge- 
r equal © to a right angle, that is, 
the hypotheſis, to the angles KDL, 
B; the angle GCB or GCH is e- A C HB 


al to the angle (LK, that is, to the angle) LK F or CxH : 

erefore the points C, K, H, G are in the circumfeience 

zcirele; and the angle GCK is therefore equal to the an- 

GHF; and the angle GMC is equal to GFH, and the d. 26. f. 
ght line GM to GF; therefore 4 CG is equal to GH, 
(CM to HF: And becauſe CG is equal to GH, the 
gle GCH is equal to GHC ; but the angle GCH is given : 
erefore GHC is given, and conſequently the angle CGH 
given ; and CG is given in polition, and the point 
therefore? GH is given in poſition ; and CB is alſo given 
poſition, wherefore the point I is given. 

And becauſe HF is equal to CM, the rectangle DC, FH is f95.org6 
Jual to DC, CM: But DC, CM is given f, becauſe the Dart; 
ut C is given; therefore the rectangle DC, FH is given. 
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nn DATT- A. 


DEFINITION II. 


HIS is made more explicit than in the Greek text, to 
prevent a miſtake which the Author of the ſecond de- 
iſtration of the 24th Propoſition in the Greek Edition has 
en into, of thinking that a ratio is given to which another 
to is ſhewn to be equal, tho? this other be nor exhibited in 
en magnitudes. See the Notes on that Propoſition, which 
he i3th in this edition. Beſides, by this definition, as it is 
given, ſome Propoſitions are demonſtrated, which in the 
eek are not ſo well done by help of Prop. 2. 


D E F. IV. 


u the Greek text, Def. 4. is thus: “ Points, lines, ſpaces, 
nd angles are ſaid to be given in poſition which have al- 
ys the ſame ſituation 3” but this is imperfect and uſelcſs, 
cauſe there are innumerable caſes in which things may be gi- 
according to this definition, and yet their polition cannot 
found ; for inſtance, let the triangle ABC be given in po- 
lon, and let it be propoſed to draw a ſtraight line BD from 
angle at B to the oppolite ſide AC _ A 
ch ſhall cut off the angle DBC 
ich ſhall be the ſeventh part of the 
tle ABC, ſuppoſe this is done, there- 
e the ſtraight line BD is invariable in 
polition, that is, has always the ſame 
on; for any other ſtraight line drawn from the point B 
either ſide of BD cuts off an angle greater or leſſer than the 
enth part of the angle ABC; therefore, according to this 
ation, the ſtraight line BD is given in poſition, as alto * 
point D in which it meets the ſtraight Fn: AC which is 
nn poſition. But from the things here given, neither the 
wht line BD nor the point D can be found by the help of 
ds Elements only, by which every thing in his Data is 
4 lup- 


a. 28. Dat, 
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b. 44. Dat. 
e. 2. Dat. 


A. 1. Def. 


b. 2. Def % can be found“; let chis be C; and becauſe the ratio of 
« to B is given, a ratio which is the ſame to it can be found" 
adds, © let it be found, and let it be the ratio of C to 4 
Now, from the ſecond Definition nothing more follov 
than that ſome ratio, ſuppoſe the ratio of I. to Z, can 
ſound which is the ſame with the ratio of A to B; 
when the Author ſuppoſes that the ratio of C to 4, which 


NOTES ON 


ſuppoſed may be found. This Definition is therefore g 
uſe. We have amended it by adding * and which are ei 
« actually exhibited or can be found ;” for nothing is 4 
reckoned given, which cannot be found, or is not acuh 
hibited. | J 

The Definition of an angle given by poſition is taken ou 
the 4th, and given more diſtinctly by itſelf in the Definir 
marked A. 


10 the f 
eſarily 
urth pi 
done 
cid n 
on whi 
his clea! 


| {d B ar 
DEF, AL Al AlLAINC-XYV. viven | 


The 11th and 12th are omitted, becauſe they cannot be ¶ e ei 
ven in Engliſh ſo as to have any tolerable ſenſe ; and there | = 
wherever the terms defined occur, the words which exprihole C 
their meaning are made uſe of in their place. * A 

The 13. 14. 15- are omitted, as being of no uſe, A * 

It is to be obſerved in general of the Data in this hoe 4 W. 
that they are to be underſtood to be given Geometrically, ed in ; 
always Arithmetically, that is, they cannot always be exhib g a oi\ 
ed in numbers; for inſtance, if the fide of a {ſquare be . 4 
ven, the ratio of it to its drameter is given d geometrical . 
but not in numbers; and the diameter is given ©; but f n wh 
the number of any equal parts in the fide be given, for « on 
ample 10, the number of them in the diameter cannot be freq 
ven: And the like holds in many other caſes. | 


PROPOSITION L 


q 


In this it is ſhewn that A is to B, as C to D, fromth 
that AistoC, as B to D, and then by permutation; | 
it follows directly, without theſe two ſteps, from 7. 5. 


PROF. . 


The limitation added at the end of this Propoſition betwet 
the inverted commas is quite neceffary, becauſe without iti 
Propoſition cannot always be demonſtrated: For the Auth 
having ſaid * “ becanſe A is given, a magnitude equal to 


a 
* Sce Dr Gregory's Edition of the Data. 


EUCLID'S DATA. 


© the ſame with the ratio of A to B, can be found, he ne- 
efrily ſuppoſes that to the three magnitudes E, Z, Ca 
urth proportional A may be found; but this cannot always 
lone by the Elements of Euclid ; from which it is plain 
cid muſt have underſtood the Propoſition under the limjta- 
im which is now added to his text. An example will make 
s clear; let A be a given angle, 
B another angle to which A has 
given ratio, for inſtance, the ratio 
the given ſtraight line E to the gi- 

one Z; then, having found an 
le C equal to A, how can the 
ole A be found to which C has the 
me ratio that E has to Z? certain- 
no way, until it be ſhewn how to 
nd an angle to which a given angle 
$a given ratio, which cannot Yo 
1 b Euclid's Elements, nor probably by any Geometry 
own in his time. Therefore, in all the Propoſitions of this 
ok which depend upon this ſecond, the above mentioned li- 
tation muſt be underſtood, though it be not explicitly men- 
ned, 


PROP. V. 


The order of the Propoſitions in the Greek text between 
bp. 4. and Prop. 25. is now changed into another which 
more natural, by placing thoſe which are more ſimple be- 
re thoſe which are more complex; and by placing together 
ble which are of the fame kind, ſome of which were mixed 
hong others of a different kind. Thus, Prop. 12. in the Greek 
now made the 5. and thoſe which were the 22. and 23. are 
de the 11. and 12. as they are more ſimple than the Propoſi- 
Ms concerning magnitudes, the exceſs of one of which above 
wen magnitude has a given ratio to the other, after which 
ele two were placed; and the 24. in the Greek text is, for 
e lame reaſon, made the 13. 


PROP. VI. VIL 


Theſe are univerſally true, tho in the Greek text they are 
onſtrated by Prop. 2. which has a limitation; they are 
Krelore now ſhewn without it. 

| PROP. 
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NOTES ON 


NO. XI: tude h 

mcernt 

In the 23. Prop. in the Greek text, which here is the M2” 
the words, “„ wn Ts; avrs; di,“ are wrong tranſlated |} - - 
0 


Claud. Hardy, in his Edition of Euclid's Data, printed at P. 
ris, Ann. 1625, which was the firſt edition of the Gre 
text; and Dr Gregory follows him in tranſlating them hy t Wutu 
words, “ eth non eaſdem,“ as if the Greek had be 

u wh 185 αννε, as in Prop. 9. of the Greek text. Euclid 
meaning is, that the ratios mentioned in the Propoſition my 
not be the ſame; for, if they were, the Propoſition would n 
be true : Whatever ratio the whole has to the whole, if ther; 
tios of the parts of the firſt to the parts of the other be th 
ſame with this ratio, one part of the firſt may be double, tripl 
&c. of the other part of it, or have any other ratio to it, 2 


conſequently cannot have a given ratio to it; wherefore, the vie 
words mult be rendered by“ non autem eaſdem,“ but not t| TH 
ſame ratios, as Zambertus has tranſlated them in his Editio 5 = 
IK hive 

PROP. XIII. * 

above 

Some very ignorant Editor has given a ſecond demonſii * 
tion of this Propoſition in the Greek text, which has been ing th 
ignorantly kept in it by Claud. Hardy and Dr Gregory, at ropoſit 


has been retained in the tranſlations of Zambertus and others 
Carolus Renaldinus gives it only: The author of it has thong 
that a ratio was given if another ratio could be ſhewn to! 
the ſame to it, though this laſt ratio be not found: But this 
altogether abſurd, becauſe from it would be deduced that ti 
ratio of the ſides of any two ſquares is given, and the ratio 
the diameters of any twotcircles, &c. And it is to be obſerved 
that the moderns frequently take given ratios, and ratios thi 
are always the ſame, for one and the ſame thing; and Sir lia 
Newton has fallen into this miſtake in the 17th Lemma of 
Principia, Ed. 1713, and in other places; but this ſhould i 
carefully avoided, as it may lead into other errors. 


PROP. . X. 


IEWTI. 
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OY a : , Wart of t 
Euclid in this book has ſeveral Propoſitions concernl 


magnitudes, the: exceſs of one of which above a given mag 
nituc 


NOTES ON, &c. 


+106 has a given ratio to the other; but he has given none 
mcerning magnitudes whereof one together with a given 
penitude has a given ratio to the other; tho? theſe laſt oc- 
ras frequently in the ſolution of Problems as the firſt ; the 
on of which is, that the laſt may be all demonſtrated by 
lp of the firſt; for, if a magnitude together with a given 
pznitude has a given ratio to another magnitude, the exceſs 
this other above a given magnitude ſhall have a given ra- 
to the firſt, and on the contrary; as we have demonſtrated 
Prop. 14. And for a like reaſon Prop. 15. has been added 
the Data. One example will make the thing clear; ſuppoſe 
rere to be demonſtrated, that if a magnitude A together 
th a given magnitude has a given ratio to another magni- 
de B, that the two magnitudes A and B, together with a 
en magnitude, have a given ratio to that other magnitude 
which is the ſame Propoſition with reſpect to the laſt kind 
E magnitudes above mentioned, that the firſt part of Prop. 
6. in this Edition is in reſpeCt of the firſt kind: This is ſhewn 
ws; from the hypotheſis, and by the firft part of Prop. 14. 
e exceſs of B above a given magnitude has unto A a given 
tio; and therefore, by the firſt part of Prop. 17. the exceſs of 
above a given magnitude has unto B and A together a given 
tio; and by the ſecond part of Prop. 14. A and B together 
th a given magnitude has unto B a given ratio; which is the 
ing that was to be demonſtrated. In like manner, the other 
wpoſitions concerning the laſt kind of magnitudes may be 


PROP. XVI. XVII. 


ln the third part of Prop. 10. in the Greek text, which is 
de 16. in this Edition, after the ratio of EC to CB has been 
ern to be given; from this, by inverſion and converſion, 
de ratio of BC to BE is demonſtrated to be given; but, with- 
it theſe two ſteps, the concluſion ſhould have been made 
ly by citing the 6. Propoſition. And in like manner, in the 
It part of Prop. 11. in the Greek, which in this edition is 
£17. from the ratio of DB to BC being given, the ratio of DC 
DB is ſhewn to be given, by inverſion and compoſition, in- 
ad of citing Prop. 7. and the ſame fault occurs in the ſecond 
ut of the ſame Prop. 11. 

PROP. 
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P R O P. XXI. XXII. 
Theſe are now added, as being wanting to complete the H .I 
ject treated of in the four preceeding Propoſitions. ns 
P R O P. XXIII. hen 
This which is Prop. 20. in the Greek text, was ſeparate 
from Prop. 14. 15. 16. in that text, after which it ſhould ha 
been immediately placed, as being of the ſame kind; it is ng 
put into its proper place; but Prop. 21. in the Greek is ie 
out, as being the ſame with Prop. 14. in that text, which! 
here Prop. 18. | | 
PR O P. MIV. 
This, which is Prop. 13. in the Greek, is now put into i 
roper place, having been disjoined from the three following 
in this edition, which are of the ſame kind. 
P R OP. XXVIII. 
This which in the Greek text is Prop. 25. and ſeveral of t 
following Propoſitions are there deduced from Def. 4. which 
not ſuſſielent, as has been mentioned in the note on that defin 
tion: They are therefore now ſhewn more explicitly, 


Prop. 
Prox 


PR OP. XXXIV. XXXVI. ary 

Each oi theſe has a determination, which is now addet = 5 
which occaſions a change in their demonſtrations. * n 
Fr. irn. . KL, -xilt, bog 


The 35. and 36. Propoſitions in the Greek text are joined i 2 
to one, which makes the 39. in this edition, becauſe the ſa 


envnciation and demonſtration ſerves both: And for the ſa 


reaſon Prop. 37. 38. in the Greek are joined into one, whit os 
here 1s the 40. | + 
Prop. 37. is added to the Data, as it frequently occurs Wi e 
the ſolution of Problems; and Prop. 41. is added to comple 
the reſt. This, 
PROP. XLII. | nd is 1 
This is Prop. 39. in the Greek text, where the whole co ot me; 
ſtruction of Prop. 22. of Book I. of the Elements is put, will. in 1 
out need, into the demonſtration, but is now only cited. 
PRO P. XIV. | 
This is Prop. 42. in the Greek, where the three tray This 
lines made uſe of in the conſtruction are ſaid, but not thevirt caſ 
to be ſuch that any two of them is greater than the thr iWMenara: 
which is now done. | order ir 
P R 0 We now 


latural, 
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P R O P. XLVII. 

This is Prop. 44. in the Greek text; but the demonſtration 
fit is changed into another wherein the ſeveral cafes of it are 
dern, which, tho' neceſſary, is not done in the Greek. 


P R OP. XLVIII. 
There are two caſes in this Propoſition, ariſing from the 
o caſes of the third part of Prop. 47. on which the 48. de- 
ends; and in the compoſition theſe two caſes are explicitly 


en. 

E PROP, LI. 

The conſtruQtion and demonſtration of this, which is Prop. 
. in the Greek, are made ſomething ſhorter than in that 


Kt. 

PROP, LIL, 
Prop. 63. in the Greek text is omitted, being only a caſe 
Prop. 49. in that text, which is Prop. 53. in this edition. 


PROP, LVIII. 
This is not in the Greek text, but its demonſtration is con- 
ined in that of the firſt part of Prop. 54. in that text; which 
Propoſition 18 5 that are given in ſpecies; this 
f. is true of ſimilar figures, though they be not given in 
pecies, and, as it frequently occurs, it was neceſſary to add 


PROP, LIX. LXI. 
This is the 54. in the Greek; and the 77. in the Greek, be- 


don 18 given of Prop. 61. 


This, which is moſt frequently uſeful, is not in the Greek, 


ot mentioned, to Prop. 86. 87. in the former editions. Prop. 
0, in the Greek text is made a corollary to it. 


PROP. LXIV. 
This contains both Prop. 74. and 73. in the Greek text; the 
Irlt caſe of the 74. is a repetition of Prop. 56. from which it is 
qarated in that text by many Propoſitions ; and as there is no 
order in theſe Propoſitions, as they ſtand in the Greek, they 
me now put into the order which ſeemed moſt convenient and 


latural, 
The 


g the very ſame with it, is left out, and a ſhorter demonſtra- 


nd is neceſſary to Prop. 87. 88. in this edition, as alſo, though 
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The demonſtration of the firſt part of Prop. 73. in | 
Greek is groſsly vitiated. Dr Gregory ſays that the ſente 
ces he has incloſed betwixt two ſtars are ſuperfluous and ou 
to be cancelled ; but he has not obſerved that what folly 
them is abſurd, being to prove that the ratio [See his figu 
of Ar to LK is given, which by the hypotheſis at the beg 
ning of the Propoſition is expreſsly given; ſo that the whole 
this part was to be altered, which is done in this Prop. 64, 


ö th 
DP 23 


This is 
pot a 
DP. 80 
PROP. LXVII. LXVIII. 9.77 

Prop. 70. in the Greek text is divided into theſe two,! 
the ſake of diſtinctneſs; and the demonſtration of the 67, 
rendered ſhorter than that of the firſk port of Prop. 70. 
the Greck, by means of Prop. 23. of Book 6. of the ! 
ments. | 


done h 
ction 


PROP. LXX. 
This is Prop. 62. in the Greek text; Prop. 78. in that ten 
_ a particular caſe of it, and is therefore omitted. The de 
r Gregory, in the demonſtration of Prop. 62. cites the Wnderc 
Prop. Dat. to prove that the ratio of the figure AEB tot 
parallelogram AH is given; whereas this was ſhewn a ft 
lines before; and beſides, the 49. Prop. is not applicable 
theſe two figures, becauſe AH is not given in ſpecies, but 
by the ſtep for which the citation is brought, proved to be gi 
in ſpecies. 
PROP. LXXIII. 

Prop. 83- in the Greek text is neither well enunciated 
demonſtrated. The 73. which in this edition is put in place 
it, is really the ſame, as will appear by conſidering [See 
Gregory's Edition] that A, B, T, E in the Greek text 
four proportionals ; and that the Propoſition is to ſhew ti 
A, which has a given ratio to E, is to TI, as B tt 
ſtraight line to which A has a given ratio; or, by inverli 
that T is to A, as a ſtraight line to which A has a g 
ratio is to B; that is, if the proportionals be placed in t 
order, viz. T, E, A, B, that the firſt T is to 4 to which! 
ſecond E has a given ratio, as a ſtraight line to which 
third A has a given ratio is to the fourth B; which 5! 
enunciation of this 73. and was thus changed that it m 
be made like to that of Prop. 72. in this edition, which 
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52. in the Greek text: And the demonſtration of Prop. 
is the ſame with that of Prop. 72. only making uſe of 
p. 23. inſtead of Prop. 22. of Book 5. of the Elements. 


e LXXVII. 


This is put in place of Prop. 79. in the Greek text, which 
nt a Datum, but a Theorem premiſed as a Lemma to 
jp. 80. in that text: And Prop. 79. is made Cor. 1. to 
w. 77. in this Edition. Cl. Hardy, in his Edition of the 
n, takes notice that, in Prop. 80. of the Greek text, the 
el KL in the figure of Prop. 77. in this edition muſt 
t the circumference, but does not demonſtrate it, which 
lone here at the end of Cor. 3. of Prop. 77. in the con- 
dion for finding a triangle ſimilar to ABC. 


PROP. LXXVIII. 


The demonſtration of this, which is Prop. 80. in the Greek, 
rendered a good deal ſhorter by help of Prop. 77. 


PROP. LXXIX. LXXX. LXXXI. 


Theſe are added to Euclid's Data, as Propoſitions which 
often uſeful in the ſolution of Problems. 


PROP. LXXXIL 


This, which is Prop. 60. in the Greek text, is placed before 
z. and 84. which in the Greek are the 58. and 59. be- 
le the demonſtration of theſe two in this Edition is dedu- 
from that of Prop. 82. from which they naturally follow. 


PROP. LXXXVII. XC. 


Ir Gregory, in his preface to Euclid's works, which he 
ſhed at Oxford in 1703, after having told that he had 
plied the defects of the Greek text of the Data in innu- 
able places from ſeveral manuſcripts, and corrected Cl. 
cs tranſlation by Mr Bernard's, adds, that the 86. The- 
n © or Propoſition” ſeemed to be remarkably vitiated, 
which could not be reſtored by help of the manuſcripts ; 
he gives three different tranſlations of it in Latin, ac- 
ling to which he thinks it may be read; the two firſt have 
Uſtin&t meaning, and the third, which he ſays is the belt, 
it contains a true Propoſition, which is the 90. in this e- 
| dition, 
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dition, has no connexion in the leaſt with the Greek + 
And it is ſtrange that Dr Gregory did not obſerve, thy 
Prop. 86. was changed into this, the demonſtration 
86. mult be cancelled, and another put in its place: But 
truth is, both the enunciation and the demonſtration 
Prop. 86. are quite entire and right, only Prop. 87. vf 
is more ſimple, ought ro have been placed before it; and 
deficiency which the Doctor juſtly obſerves to be in this 
of Euclid's Data, and which no doubt is owing to the e 
lefineſs and ignorance of the Greek editors, ſhould ! 
been ſupplied, not by changing Prop. 86. which is both 
tire and neceflary, but by adding the two Propoſitions v 
are the 88. and go. in this edition. 


PROP. XCVIIL C. 


Let | 
the a 
C to 
derefor 


FC, 


Theſe were communicated to me by two excellent Gear 
ters, the firſt of them by the Right Honourable the | 
Stanhope, and rhe other bs Dr Matthew Stewart; to wt 
I have added the demonſtrations. | 

Tho? the order of the Propoſitions has been in many | 
ces changed from that in former editions, yet this will be 
little diſadvantage, as the ancient Geometers never cite 
Data, and the moderns very rarely. 


S that part of the compoſition of a Problem which 

its conſtruction may not be ſo readily deduce it 
the analyſis by beginners; for their ſake the following 
ample is given in which the derivation of the ſeveral pa 
the conſtruction from the analyſis is particularly ſhewn, 
they may be aſſiſted to do the like in other Problems. 


PR 0 B-L. EM, 


Having given the magnitude .of a parallelogram, the 2 
of which ABC is given, and alſo the exceſs of the ſqua 
its ſide BC above the ſquare of the fide AB; to find its 
and deſcribe it. 

The analyſis of this is the ſame with the demonſtral 
of the 87. Prop. of the Data, and the conſtruction tha 
given of the Problem at the end of that Propoſition 18 
derived from the analyfis. 


Uu Al. 


Let EFG be equal to the given angle ABC, and becauſe 
the analyſis it is ſaid that the ratio of the rectangle AB, 
Kto the parallelogram AC is given by the 62. Prop. Dat. 
kerefore, from a point in FE, the perpendicular EG is drawn 
, as the ratio of FE to EG is the ratio of the rectangle 


M 
D, a 
/ | | | | 
C 


BE FG LO HN 


IB, BC to the parallelogram AC by what is ſhewn at the end 
(Prop. 62. Next, the magnitude of AC is exhibited by 
aking the rectangle EG, GH equal to" it ; and the given 
deo reſs of the ſquare BC above the ſquare of BA, to which 

eels the rectangle CB, BD is equal, is exhibited by the 
) wiietangle HG, GL : Then in the aualyſis, the rectangle AB 

Lis faid to be given, and this-3s equal te the rectangle FE, 
ll, becauſe the rectangle AB, BC is to the parallelogram AC, 
| (FE to EG, that is, as the rectangle) FE, GH to EG, GH; 
Uthe parallelogram AC is equal to the rectangle EG, GH, 
kerefore the rectangle AB, BC is equal to FE, GH: And 
mſequently the ratio of the rectangle CB, BD, that is, of the 
angle HG, GL, to AB, BC, that is, of the itraight line 
I to BA, is the ſame with the ratio (of the rectangle GL, 
ito FE, GH, that is) of the ſtraight line GL to FE, which 
wo of DB to BA is the next thing ſaid to be given in the 


ring Walyſis : From this it is plain that the ſquare of FE is to the 
partare of GL, as the ſquare of BA, which is equal to the 
mn, angle BC, CD, is to the ſquare of BD: The ratio of which. 
I kces is the next thing ſaid to be given: And from this it 


ows that four times the ſquare of FE is to the ſquare of GL, 
tour times the tectangle BC, CD is to the ſquare of BD; 
Kd, by compoſition, four times the ſquare of FE together 
nth the ſquare of GL, is to the ſquare of GL, as four times 
le rectangle BC, CD together with the ſquare of BD, is to 
* ſquare of BD, that is (8. 6.) as the ſquare of the 
nicht lines BC, CD taken together is to the ſquare of BD, 


| its 


1n {tral 


n tha becauſe four times the ſquare of FE and the ſquare of 
n 15 are to be added together; therefore in the perpendicular 


G g 


ich ratio is the next thing ſaid to be given in the analyſis q 
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EG there is taken KG equal to FE, and MG equal to! 
double of it, becauſe thereby the ſquares of MG, GL, 
is, joining ML, the ſquare of ML is equal to four times 
the ſquare of FE and to the ſquare of GL : And becauſe 
ſquare of ML is to the ſquare of GL, as the ſquare of 
ſtraight line made up of BC and CD is to the ſquare of3 
therefore ( 22. 6.) ML is to LG, as BC together with CH 
to BD; and, by compoſition, ML and LG together, that 
producing GL to N, ſo that ML be equal to LN, the ſtrai 


line NG is to GL, as twice BC is to BD; and by taking OW 4 
equal to the half of NG, GO is to GL, as BC to BD, the „ E. 
tio of which is ſaid to be given in the analyſis: And from t by 
it follows, that the rectangle HG, GO is to HG, GL, ſy 


the ſquare of BC is to the ctangle CB, BD which is eq 
to the rectangle HG, GL; and therefore the ſquare of BC 
equal to the rectangle HG, GO; and BC is conſequent 
found by taking a mean proportional betwixt HG and G 
as is ſaid in the conſtruction : And becauſe it was ſhewn th 
GO is to GL, as BC to BD, and that now the three firſt 1 
found, the fourth* BD is found by 12, 6. It was likewj 
ſhewn that LG is to FE, or GK, as DB to BA, awd t 
three firſt are now found, and thereby the fourth B 


Make the angle ABC equal to EFG, and complete the par Rr 
lelogram of which the ſides are AB, BC, and the conſt ry 
{ 


tion is finiſhed; the reſt of the compoſition contains the « 
monſtration. 


S the Propoſitions from the 13. to the 28. may be thoug 
by beginners to be leſs uſeful than the reſt, becauſe thi 
cannot fo readily ſee how they are to be made uſe of in 

ſolution of Problems; on this account the two following I 
blems are added, to ſhew that they are equally uſeful with f 
other Propoſitions, and from which it may be eaſily judge 
that many other Problems depend upon theſe Propolitions. 


PROBLEM I. 
O find three ſtraight lines ſuch, that the ratio of t 


4 


firſt to the ſecond is given ; and if a given ſtrag Ha 

line be taken from the ſecond, the ratio of the remaind "i 
to the third is given; alſo the rectangle contained by cn 
| bo of K 


Li 
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let AB be the firſt ſtraight line, CD the ſecond, and EF 
ethird: And becauſe the ratio of AB to CD is given, and 


eremainder to EF is given; therefore“ the exceſs of -the a. 24. Dat. 


"WS ff; and conſequently b the rectangle — 5 
AH has a given ratio to the rectangle Ft 4 
5 „ EF, which laſt rectangle is given by C G D 


hypotheſis ; therefore © the rectangle 
WT is given, and BJ the exceſs of E F 
ides is given; wherefore the ſides AB, AH x | 

iven d: And becauſe the ratios of AB 8 NM E 
CD, and of AH to EF are given, CD and EF are © given. 


d85. Dat. 


Y 7 The Compoſition. 
n Let the given ratio of KL to KM be that which AB is re- 
en ed to have to CD; and let DG be the given ſtraight line 


ich is to be taken from CD, and let the given ratio of KM 
N be that which the remainder muſt have to EF; alfo, let 
given rectangle NK, KO be that to which the rectangle 
„ EF 1s required to be equal: Find the given ſtraight line 
ll which is to be taken from AB, which is done, as plainl 
years from Prop. 24. Dat. by making as KM to KL, to G 
HB. To the given ſtraight line BH apply © a rectangle equal e. 29. 6. 
LK, KO exceeding by a ſquare, and let BA, AH be its 
s: Then is AB the firſt of the ſtraight lines required to be 
md, and by making as LK to KM, ſo AB to DC, DC will 
the ſecond : And laſtly, make as KM to KN, fo CG to EF, 
IEFis the third. 
for as ABto CD, ſo is HB to GD, each of theſe ratios 
Ing the ſame with the ratio of LK to KM; thercfore f AH f. 19. 5. 
tb CG, as (AB to CD, that is, as) LK to KM; and as 
to EF, ſo is KM to KN; wherefore, ex aequali, as AH 
EF, ſo is LK to KN: And as the rectangle BA, AH to 
WW <cangle BA, EF, fo iss the rectangle LK, KO to the 
of tangle KN, KO: And, by the conſtruction, the rectangle BA, 
is equal to LK, KO: Therefore ® the rectangle AB, EF h. 14. 5. 
qual to the given rectangle NK, KO: And AB has to CB | 
pven ratio of KL to KM; and from CD the given ſtraight 
e GD being taken, the remainder CG has to EF the given 
0 of KM to KN. Q. E. D. 
| 2 g 2 P R O B; 


g. 1. 6. 


t if a given ſtraight line be taken from CD, the ratio of = 
| AB above a given ſtraight line has a given ratio to the 1 


id EF: Let BH be that given ſtraight line; therefore AH, | 1 
r exceſs of AB above it, has a given ratio A 1 2 Þ 


l 
e. 2. Dat. Til 
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C 

Ho find three ſtraight lines ſuch, that the ratio oft 
J firſt to the ſecond is given; and if a given ſtrig 
line be taken from the ſecond, the ratio of the remaind 
to the third is given; alſo the ſum of the ſquares of 
firſt and third is given. | 


Let AB be the firſt ſtraight line, BC the ſecond, and igt 
the third: And becauſe the ratio of AB to BC is given, For 
that if a given ſtraight line be taken from BC, the ratio Wequiar 
a.24-Dat. the remainder to BD is given; therefore * the exceſs of RPM, | 

firſt AB above a given ſtraight line, has a given ratio to t 

third BD : Let AE be that given ſtraight- line, therefore t 

remainder” EB has a given ratio to BD: Let BD be pla 

b. 44. Dat. at right angles to EB, and join DE; then the trianglgEBD 
| given in ſpecies; whereſore the angle BED is given: Let! 

| which is given in magnitude, be given alſo in poſition, as; 

c.32.Dat. the point E, and the ſtraight line ED will be given © in p 
tion : Join AD, and becauſe the ſum of the ſquares of 

d.47.1. BD, that is d, the ſquare of AD is given, therefore 
e£.34-Dat. ſtraight line AD is given in magnitude; and it is alſogire 

in poſition; becauſe from the given point A it is drawn tot 

ſtraight line ED given in poſition : Therefore the point I, 

which the two ſtraight lines AD, ED given in poſition 

f. 28.Dat. one another, is given f: And the ſtraight line DB whichis 

g 33 Dat. right angles to AB is given“ in poſition, and AB is given 
| . poſition, therefore f the point B is given: And the points 

h.29.Dat. D are given, whercfore ® the ſtraight lines AB, BD are give 

2. Dat. And the ratio of AB to BC is given, and therefore BC 
given. 


The Compoſition. X 

Let the given ratio of FG to GH be that which AB is req 
red to have to BC, and let HK be the given {traight | 
which is to be taken from BC, and let the ratio which the 


D-- — 


\\ 


{\ F, BNM E H 
mainder 18 required to have to BD be the given ratio of 
to GL, and place GL at right angles to FH, and join LE, 


1 
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Next, as HG is to GF, ſo make HK to AE; produce AF to 
x, ſo that AN be the ſtraight line to the ſquare of which 

e ſum of the ſquares of AB, BD is required to be equal; 
nd make the angle NED equal to the angle GFL; from the 
enter A at the diſtance AN deſcribe a circle, and let its cir- ' 
umference meet ED in D, and draw DB perpendicular 
» AN, and DM making the angle BDM equal the angle 
GLH. Laſtly, —__ BM to C, io that MC be equal to HK; 
hen is AB the farſt, BC the ſecond, and BD the third of the 
light lines that were to be found, 

For the triangles EBD, FGL, as alſo DBM, LGH being 
quiangular, as EB to BD, ſo is FG to GL; and as DB to 
BM, ſo is LG to GH; therefore, ex quali, as EB to BM, 
bis (FG to GH, and ſo is) AE to HK or MC; wherefore*, k 

3B is to BC, as AE to HK, that is, as FG to GH, that is 3 
in the given ratio; and from the ſtraight line BC taking MC, 
which is equal to the given ſtraight line HK, the remainder 
BM hab to BD the . ratio of HG to GL; and the ſum of | 
the ſquares of AB, BD is equal © to the ſquare of AD or AN, q 1 
which is the given ſpace. Q. E. D. | | FO 
| believe it would be in vain to try to deduce the preceed- | 
ing conſtruction from an algebraical ſolution of the Problem. 
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LAIN TRIGONOMETR Y. 


L EMMA I. Fre. 1. 


ET ABC be a rectilineal angle, if about the point B as a 
center, and with any diſtance BA, a circle be dzfcribed, 
ting BA, BC, the ſtraight lines including the angle ABC 
A, E; the angle ABC will be to four right angles, as the 
4+ AC to the whole circumference. | 

Produce AB till it meet the circle again in F, and thro' B 
DE perpendicular to AB, meeting the circle in D, E. 

by 33- 6. Elem. the angle ABC is to a right angle ABD, as 
arch AC to the arch AD; and quadrupling the conſe- 


AC to four times the arch AD, or to the whole circum- 
ence. | 


LEMMA Il FIG. 2. 


ET ABC be a plain rectilineal angle as before: About B 

as a center with any two diſtances BD, BA, let two cir- 
be deſcribed meeting BA, BC in D, E, A, C; the arch 
will be to the whole circumference of which it is an arch, 
the arch DE is to the whole circumference of which it is an 
Y Lemma 1. the arch AC is to the whole circumference of 
ich it is an arch, as the angle ABC is to four right angles; 
by the fame Lemma 1. the arch DE is to the whole cir- 
nſerence of which it is an arch, as the angle ABC is to four 
It angles; therefore the arch AC is to the whole circumfe- 
e of which it is an arch, as the arch DE to the whole cir- 
werence of which it is an arch. | 


DEFINITIONS. Fc. 3. 


I. 
ET ABC be a plain rectilineal angle; if about B as a cen- 
ter, with BA any diſtance, a circle ACF be deſcribed 
deeting BA, BC, in A, C; the arch AC is called the mea- 
le of the angle ABC. . 
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nts, the angle ABO will be to four right angles, as the 


ircumference of a circle is ſuppoſed to be divided into 
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PLAIN TRIGONOMETRY 


360 equal parts called degrees, and each degree into 6 Mor. 

qual parts called minutes, and each minute into 60 equi] and 
parts called ſeconds, &c. And as many degrees, minutes, ang! 
conds, &c. as are contained in any arch, of fo many (il cant 
grees, minutes, ſeconds, &c. 1s the angle, of which that arc 
1s the meaſnre, ſaid to be 


Cor. Whatever be the radius of the circle of which the me A 
ſure of a given angle is an arch, that arch will contain ol Det. 
fame number of degrees, minutes, ſeconds, &c. as is mani gent, 
ſeſt from Lemma 2. 1 5. 

III. Tang 


Let AB be produced till it meet the circle again in F, the ang the 1: 
CBF, which, together with ABC, is equal to two rig kl, C 


angles, is called the Supplement of the angle ABC. AE t. 
! DM t 
IV. Henc 


A ſtraight line CD drawn thro? C, one of the extremities be ſu 


the arch AC, perpendicular upon the diameter paſſing th warts, 
the other extremity A, 1s called the Sine of the arch AC, riven 
of the angle ABC, of which it is the meaſure. arts; 
Cor. The Sine of a quadrant, or of a right angle, is equal ö 
the radius. 2 
V. 


The ſegment DA of the diameter paſſing thro? A, one ext 
mity of the arch AC between the fine CD, and that « 

tremity is called the verſed Sine of the arch AC, or ang 
ABC. 1 | 


A ſtraight line AE touching the circle at A, one extremity 
the arch AC, and meeting the diameter BC paſſing throu 
the other extremity C in E, is called the Tangent of the a 
AC, or of the angle ABC. | 

VII. N 

The ſtraight line BE between the center and the extremity 
the tangent AE, is called the Secant of the arch AC, 
angle ABC. ö 

Cor. to Def. 4. 6. 7. The Sine, Tangent, and Secant of: 
angle ABC, are likewiſe the Sine, Tangent, and Secant 
its Supplement CBE. 

It is manifeft from Def. 4. that CD is the Sine of the an 
CBF. Let CB be produced till it meet the circle again in 
and it is manifeſt that AE is the Tangent, and BE the 
cant, of the angle ABG or EBF, from Def. 6. 7- 


PLAIN TRIGONOMETRY.. 


om. to Def. 4, 5. 6. 7. The Sine, verſed Sine, Tangent, 
and Secant, of any arch which is the meaſure of any given 
angle ABC, is to the Sine, verſed Sine, Tangent, and Se— 
cant, of any other arch which is the meaſure of the ſame 
angle, as the Radius of the*farſt is to the Radius of the ſe- 
cond. 
lt AC, MN be meaſures of the angles ABC, according to 
Def. 1. CD the Sine, DA the verſed Sine, AE the Jan— 
gent, and BE the Secant of the arch AC, according to Def. 
4 5. 6. 7. and NO the Sine, OM the verſed Sine, MP the 
Tangent, and BP the Secant of the arch MN, according to 
the fame definitions. Since CD, NO, AE, MP are paral- 
kl, CD is to NO as the radius CB to the radius NB, and 
AE to MP as AB to BM, and BC or BA to BD as BN or 
}M to BO; and, by converſion, DA to MO as AB to MB. 
Hence the Corollary is manifeſt; therefore, if the Radius 
te ſuppoſed to be divided into any given number of equal 
parts, the Hine, verſed Sine, Tangent, and Secant of an 
tren angle, will each contain a given number of ets 
parts; and, by Trigonometrical Tables, the length of the 
ual WI Sine, verſed Sine, Tangent, and Secant of any angle may 
tt found in parts of which the radius contains a given 
wmber : and, vice verſa, a number'expreſſing the length of 
tte Sine, verſed Sine, Tangent, and Secant being given, the 
mple of which it is the Sine, verſed Sine, Tangent, and 
cant may be found. 

VIII. 


difference of an angle from a right angle is called the 
umplement of that angle. Thus, if BH be drawn perpen- 
cular to AB, the angle CBH will be the complement of the 
ugle ABC, or of CBE. 

| IX 


HK be the Tangent, CL or DB, which is equal to it, the 
ine, and BK the Secant of CBH, the complement of 
BC, according to Def. 4. 6. 7. HK 1s called the Co-tan- 
12 BD the Co- ſine, and BK the Co-ſecant of the angle 
f. 1. The Radius is a mean proportional between the Tan- 
Fat and Co-tangent. | 
 ince HK, BA are parallel, the angles HKB, ABC will 
equal, and the angles KHB, BAE are right; NI 
rne 


— —  — — 
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Fig. 3 
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Con. 2. The Radius is a mean proportional between the ( 


radius, the remaining ſide is the tangent of the angle 


ABC oppoſite to it, and the hypothenuſe BC the ſecant ef 


PLAIN TRIGONOMET RV. 


the triangles BAE, KHB are ſimilar, and therefore AB 
to AB, as BH or BA to HK. | 


In 2 
ll b 
hich 
Fro! 
ſes / 
ht a 
BA, 
poles 
lewi! 
nd CO 
ies 7 
COR 
a pl 


ll. 


ſine and Secant of any angle ABC. 


”_ CD, AE are parallel, BD is to BC or BA, as B. 
E. 


PROP. I. Fic. 5. 


N a right angled plain triangle, if the hpyothen 
be made radius, the ſides become the fines of 
angles oppoſite to them; and if either fide be m 
poſite to it, and the hypothenuſe the ſecant of the (iM 
angle. | 


Let ABC be a right angled triangle; if the hypothe 


BC be made radius, either of the tides AC will be the {i | a 
the angle ABC oppoſite to it; and if either ſide BA be diff 
radius, the other ſide AC will be the tangent of the at 


ſame angle. | 

About Bas a center, with BC, BA for diſtances, let WC wi 
circles CD, EA be deſcribed, meeting BA, BC in D, E: JW the 
CAB is a right angle, BC being radius, AC is the ſine ofif®ir di 
angle ABC by Def. 4. and BA being radius, AC is the 
gent, and BC the ſecant of the angle ABC, by Def. 6.7. 

Cor. 1. Of the hypothenuſe a fide and an angle of a 
angled triangle, any two being given, the third is allo g 

Cok. 2. Of the two ſides and an angle of a right anglec 
angle, any two being given, the third is alſo given. 


PRO P. II. Fic. 6. 7. 


H E. ſides of a plain triangle are to one another; 
the {ines of the angles oppoſite to them. 


In right angled triangles this Prop. is manifeſt from une! 
I. for, it the hypothenuſe be made radius, the ſides ar > 
fines of the angles oppoſite to them, and the radius Wl 
ſine of a right angle (Cor. to Def. 4.) which is oppo 6) 1 
the hypothenuſe. 


PLAIN TRIGONOMETRY. 


n any oblique angled triangle ABC, any two ſides AB, AC 
be to one another as the fines of the angles ACB, ABC 
ich are oppoſite to them. | 

from C, B draw CE, BD perpendicular upon the oppoſite 
es AB, AC produced, if need be. Since CEB, CDB are 
ht angles, BC being radius, CE is the fine of the angle 
A, and BD the fine of the angle ACB; but the two tri- 
ples CAE, DAB have each a right angle at D and E; and 
tewiſe the common angle CAB; therefore they are ſimilar, 
xd conſequently, CA is to AB, as CE to DB; that is, the 
es are as the ſines of the angles oppoſite to them. 

m Con. Hence of two fides, and two angles oppoſite to them, 
12 plain triangle, any three being given, the fourth is alſo gi- 
ell. 8 


he ( 


PROP. III. Fr G. 8. 


a plain triangle, the ſum of any two ſides is to their 
| difference, as the tangent of half the ſum of the an- 
es at the baſe, to the tangent of half their difference. 


Let ABC be a plain triangle, the ſum of any two fides AB, 
IC will be to their difference as the tangent of half the ſum 
the angles at the baſe ABC, ACB to the tangent of halt 


heir difference. 


the About A as a center, with AB the greater fide for a diſtance, 
6.7.82 circle be deſcribed, meeting AC produced in E, F, and 
ain D; join DA, EB, FB; and draw FG parallel to BC, 
ſo gfccting EB in G. 


The angle EAB (32. 1.) is equal to the ſum of the angles 
tthe baſe, and the angle EFB at the circumference is equal 
d tne half of EA B at the center (20. 3.) ; therefore EFB is 
kt the ſum of the angles at the baſe; but the angle ACB 
2-1.) is equal to the angles CAD and ADC, or ABC to- 
her; therefore FAD is the difference of the angles at the 
we, and FBD at the circumference, or BFG, on account of 
e parallels FG, BD, is the half of that difference; but ſince 
de angle EBF in a ſemicircle is a right angle (1. of this) FB 
ng radius, BE, BG, are the tangents of the angles EFB, 
WG; but it is manifeſt that EC is the ſum of the ſides BA, 
IC, and CF their difference; and ſince BC, FG are parallel 
6.) EC is to CF, as EB to BG; that is, the ſum of the 
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| bale, is to the tangent of half their difference. 


PLAIN TRIGONOMETRY. 


ſides is to their difference, as the tangent of half the ſun ; 
the angles at the baſe to the tangent of half their difference, 


PROP. IV. FIG. 18. 


N any plain triangle BAC, whoſe two ſides are BA 
AC and baſe BC, the leſs of the two fides, which | 

be BA, is to the greater AC as the radius is to the tan 
gent of an angle; and the radius is to the tangent 
the exceſs of this angle above half a right angle as Hus 
tangent of half the ſum of the angles B and C at th 


At the point A, draw the ſtraight line EAD perpendicula 
to BA; make AE, AF, each equal to AB, and AD to ACM 
Join BE, BF, BD, and from D, draw DG perpendicular upo meter 
BF. And becauſe BA is at right angles to EF, and EA, Mang 
AF are equal, each of the angles EBA, ABF is half a rig 
angle, and the whole EBF is a right angle; alſo (4. 1. EL.) E 
is equal to BF. And ſince EBF, FG are right angles, EB 
parallel to GD, and the triangles EBF, FGD are fimilar 


therefore EB is to BF as DG to GF, and EB being equal i let u 
BF, FG muſt be equal to GD. And becauſe BAD is a tic. B. 
angle, BA the leſs fide is to AD or AC the greater, as the Ill be 
dius is to the tangent of the angle ABD; and becauſe BCD Kor 


a right angle, BG is to GD or GF as the radius is to theta 
gent of GBD, which is the exceſs of the angle ABD abo 
AF half a right angle. But becauſe EB is parallel to GD, 50 
is to GF as ED is to DF, that is, ſince ED is the ſum oft 
ſides BA, AC and FD their difference, (3. of this,) as the ta 
gent of halt the ſum of the angles B, C, at the baſe to the tanget 
of half their difference. Therefore, in any plain triangle, & 


E. D. 
PROP. V. Fic. 9. and 10. 


won th 


» N an 

IN any triangle, twice the ectangle contained by ani. 8 
two ſides is to the difference of the ſum of the ſquatꝗ vin 
of theſe two ſides, and the ſquare of the baſe, as the rai AC 
dius is to the co- ſine of the angle included by the tw Ne 
ſides. 0 7 
Let ABC be a plain triangle, twice the rectangle ABC coun Us 
tained by any two ſides BA, BC is to the difference of the fu = 


PLAIN TRIGONOMETRY. 


{the ſquares of BA, BC, and the ſquare of the baſe AC, as the 
»dius to the Co-fine of the angle ABC. 

From A, draw AD perpendicular upon the oppoſite ſide 
; then (by 12. and 13. 2. El.) the difference of the ſum 
{the ſquares of AB, BC, and the ſquare of the baſe AC, is 
cual to twice the rectangle CBD; but twice the rectangle CBA 
to twice the rectangle CBD, that is, to the difference of 
e ſum of the ſquares of AB, BC, and the ſquare of AC, (I. 
as AB to BD; that is, by Prop. 1. as radius to the Sine of 
AD, which is the complement of the angle ABC, that is, as 
zus to the co-ſine of ABC. 


PRO P. VL Hic. 11; 


N any triangle ABC, whole two ſides are AB, AC, 

and baſe BC; the rectangle contained by half the pe- 
meter, and the exceſs of it above the baſe BC, is to the 
tangle contained by the ſtraight lines, by which the 
uf of the perimeter exceeds the other two ſides AB, 


rig 

c, as the ſquare of the radius is to the ſquare of the 
* ngent of half the angle BAC oppoſite to the baſe. 

zal 


G, BG ; and, producing the fide AB, let the exterior angle 
H be biſected by the ſtraight line BK, meeting AG in K; 
d from the points G, K, let there be drawn perpendicular 
on the ſides the ſtraight lines GD, GE, GF, KH, KL, 


* Lince therefore (4. 4.) G 1s the center of the circle in- 
"” ded in the triangle ABC, GD, CF, GE will be equal, and 
* D will be equal to AE, BD to BF, and CE to CF. In like 


ner KH, KL, KM will be equal, and BH will be equal 
DM, and AH to AL, becauſe the angles HBM, HAL are bi- 
ked by the ſtraight lines BK, KA: And becauſe in the tri- 
fles KCL, KCM, the ſides LK, KM are equal, KC is com- 
u and KLC, KMC are right angles, CL will be equal to 
fl: Since therefore BM is equal to BH, and CM to CL; 
will be equal to BH and CL together ; and, adding AB 
AC together, AB, AC, and BC will together be equal 
all and AL together: But AH, AL are equal: Wherefore 
hof them is equal to half the perimeter of the triangle 
: But fince AD, AE are equal, and BD, BF, and alſo 
; CF, AB together with FC, will be equal to half the pe- 
deter of the triangle to which AH or AL was ſhewn to be 
ul; taking away therefore the common AB, the remain- 
| der 


Let the angles BAC, ABC be bifeCted by the ſtraight lines, 
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oppoſite to the baſe. Q. E. D. 


PLAIN TRIGONOMETRY, 


der FC will be equal to the remainder BH: In the ſame M diff. 
ner is it demonſtrated, that BF is equal to CL: And ſince Wc, G 
points B, D, G, F, are in a circle, the angle DGF will bete ! 
qual to the exterior and oppoſite angle FBH, (22. 3.) ; whel e p 
fore their halves BGD, HBK will be equal to one anoth! t is, 
The right angled triangles BGD, HBK will therefore AC! 
quiangular, and GD will be to BD, as BH to HK, and MM: | 
rectangle contained by GD, HK will be equal to the red e E 
gle DBH or BFC : But ſince AH is to HK, as AD tos, 
the rectangle HAD (22. 6.) will be to the rectangle conta be f. 
by HK, DG, or the rectangle BFC, (as the ſquare of Am. 
to the ſquare of DG, that is) as the ſquare of the radius be ! 
the ſquare of the tangent of the angle DAG, that is, the i ſqu 


of BAC: But HA is half the perimeter of the triangle A 
and AD is the exceſs of the ſame above HD), that is, above 
baſe BC; but BF or CL 1s the exceſs of HA or AL abe 
the ſide AC, and FC, or HB is the exceſs of the ſame HA 
bove the fide AB; therefore the rectangle contained by 
the perimeter, and the exceſs of the ſame above the bz 
viz. the rectangle HAD, is to the rectangle contained by 
ſtraight lines by which the half of the perimeter exceeds 
other two ſides, that is, the rectangle BFC, as the ſquare of Wk. Le 
radius is to the ſquare of the tangent of half the angle BW «qu: 


PROP. W. His. i 


N a plain triangle, the baſe is to the ſum of the ſi exc: 
as the difference of the ſides is to the ſum or diE. 
rence of the ſegments of the baſe made by the perpen 
cular upon it from the vertex, according as the ſquare 
the greater ſide is greater or leſs than the ſum of 


ſquares of the lefler ſide and the baſe. 


Let ABC be a plane triangle; if from A the vertex 
drawn a ſtraight line AD perpendicular upon the baſe | 
the baſe BC will be to the ſum of the ſides BA, AC, as 
difference of the ſame ſides is to the ſum or difference of 
ſegments CD, BD, according as the ſquare of AC the gr 
er {ide is greater or leſs than the ſum of the ſquares of 
leſſer ide AB, and the baſe BC. | 

About A as a center, with AC the greater fide for 2 utes, 
ſtance, let a circle be deſcribed meeting AB produced in 
F, and CB in G: It is manifeſt that FB is the ſum, and 


PLAIN TRIGONOMETRY. 


e difference of the ſides; and ſince AD is perpendicular to 
0, GD, CD will be equal; coniequently GB will be equal 


* \the ſum or difference of the ſegments CD, BD, according 
hel the perpendicular AD meets the baſe, or the baſe produced; 
oth is, (by Conv. 12. and 13. 2.) according as the ſquare 


{AC is greater or leſs than the ſum of the ſquares of AB, 


ing e: But (by 35+ 3.) the rectangle CBG is equal to the rect- 
rede EBF; that is, (16. 6.) BC is to BF, as BE is to BG: 
% is, the baſe is to the ſum of the ſides, as the difference 
ata e (ides is to the ſum or difference of the ſegments of the 


ſe made by the perpendicular from the vertex, according 


Jing WW the ſquare of the greater fide is greater or leſs than the ſum of 
he H ſquares of the lefler fide and the baſe. Q. E. D. 
A 


PROF VHL PROD: Hs. 14 
ol HE ſum and difference of two magnitudes being 
given, to find them. 


Half the given ſum added to half the given difference, will 
e bWethe greater, and half the difference ſubtracted from half the 
by Wn, will be the leſs. 

eds For, let AB be the given ſam, AC the greater, and BC the 


b. Let AD be half the given ſum; and to AD, DB, which 
x equal, let DC be added, then AC will be <qual to BD, 
DC together; that is, to BC, and twice DC; conſequent- 
wice DC is the difference, and DC half that ditterence 
t AC the greater is equal to AD, DC; that is, to half the 
m added to half the difference, and BC the lets is equal to 
r exceſs of BI), half the ſum above DC halt the difference. 


. F. 
o e.. 

Of the ſix parts of a plain triangle (the three ſides and three 
les) any three being given, to find the other three is the bu- 
tels of plain Trigonometry; and the ſeveral cates of that 
blem may be retolved by means of the preceeding Propoli- 
ens, as in the two following, with the Tables annexed. In 
le, the ſolution is exprefled by a fourth proportional to three 
pen lines; but if the given parts be expreſſed by numbers 
m Trigonometrical Tables, it may be obtained arithmetically 
the common Rule of 'Threc. 


Vit, In the tables the following abbreviations are uſed, R, is 
t tor the Radius; T, for Tangent; and 8, tor Sine. Degrees, 
Mutes, ſeconds, &c. are written in this manner; 309 25' 13"! &c. 
lich ſigniſies 30 degrees, 25 Minutes, 13 ſeconds, &c. 


nd H 3 SOLUTION 


* 


9 — 


4 | AB and B, a 


fide and an angle. 


The hypo- 
thenuſe BC. 


5 BC and B, the 
hypothenuie and 
an angle. 


'The ſide 
AC. 


—— — 


Theſe five caſes are reſolved by Prop. 1. 


482 PLAIN TRIGUNOMETRY, | 
SOLUTION of the Casts of right-angle 
TRIANGLES: 501 

GENERAL PROPOSITION, 

IR a right angled triangle, of the three ſides and th 
angles, any two being given beſides the right and G 

the other three may be found, except when the two 

cute angles are given, in which caſe the ratios of [ a 

ſides are only given, being the ſame with the ratios of MF tÞr: 

fines of the angles oppoſite to them. may | 

It is manifeſt from 47. 1. that of the two ſides and hypo wh 

| nuſe any two be given the third may alfo be found. It is Mig th 

| manifeſt from 32. 1. that if one of the acute angles of a rig polite 

angled triangle be given, the other is alſo given, for it is 
complement of the tormer to a right angle. 

If two angles of any triangle be given, the third is alſo gi 
being the ſupplement of the two given angles to two ri 
angles. _ RIF 

Fig. 15. The other caſes may be reſolved by help of the preceediii bre 

propoſitions, as in the following table. AB. 

GIVEN. DOUGH T. 

I Two ſides, AB] The angles] AB: AC:: R: T, B. A 

AC, B, C. which C is the complemenM two 

ang 

one 

2 AB, BC, a ſide} The angles | BC: BA:: R: S. Cn 
and the hypothe- B, C. which B is the compleme 

nuſc. | A 

3 FEISTY * A, 

he 

3 | AB, B, a ſide The other R: T, B:: BA: AC. 0 

and an angle. ſide AC. 


IC. 


| 


PLAIN TREGONOMETHEY. 


SJOLUTION of the Cas Es of oblique-angled 


TRIANGLES. 


GENERAL PROPOSITION, 


Wan oblique-angled triangle, of the three ſides and 


three angles, any three being given, the other three 
my be found, except when the three angles are given; 
n which caſe, the ratios of the ſides are only given, be- 
fg the ſame with the ratios of the fines of the angles op- 
lite to them. 


GIVEN. 


SOUGHT. 


. 


— 


<<. 


A, B, and Sd BC, AC. 


AB. 


fore C, and the ſide 


8, C: 8, A:: AB; BC, and; 
alſo 8, C: 8, B: „ AB: AC; 


* 


—_ 


AB, AC, and B, 
two fides and an A and C. 
! angle oppoſite to 


The angles ( .) This alle admits of two 


PO Fo ET 


ſolutions; for C may be great- 
er or leſs than a quadrant. 


he included 
Wy 


one of them. (Cor. to Det. 4.) 
AB, AC, and' The angles AB T- AC: AB—AC: : T. 
A, two ſides, and B and C. C + B.: T. CB: (3. ) and 


2 2 

the ſum and difference of the 
angles C, B, being given, each 
of them is given. (7.) 

Othe Wiſe. Fro. r$, 
BA: AC:: R: T, ABC, and 
allo R: T, ABC—452::T, 
BO: T, B—C : (4) there- 


2 2 
ſore B and C are given as be- 


Fig16- 170 


WL. 


* 
r 


tore. (J.) 
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SOUGHT. 


AB, BC; CA, 
the three ſides. 


A, B, C, the 
three angles. 


Fig. 16. 


ACT CBg. Fig. 17. BC: B. 


2 ACx CB: AG Fo 
—AB9 : : R: Cos, C. If AC} 
+ Ch be greater than ABg 


SP 


2 ACXCB: ABqg—AC; 
CBqg: : R: Cos, C. If AB 
be greater than ACq + CB; 
Fig. 17. (4s) 

Otherwiſe. 


Let AB+BC+AC=2P 
P x P=—-AB:; P— AC xP. 


BC : : Ry: Ty, 4 C, and hence the 
C is known. (5.) {an 
Otherwiſe. 

Let AD be perpendicular to 4 (pi 
BC. 1. If AB) be leis th cor 
ACq + CBg. FG. 16. BC wh 
BA + AC:: BA—AC:B 
, and BC the ſum of BD ſp 
DC is given; therefore eac 18 0 
of them is given. (7.) Wi 


2 If ABq be greater tha 


+ AC:: BA—AC: BD 
DC; and BC the difference of 
BD, DC is given, therefore 
each of them is given. (7.) 
And CA: CD:: R: Cos 
C. (I.) and C being found, 
and B are found by Caſe 2. 013 
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SPHERICAL TRIGONOMET RL. 


DEFINITIONS. 


I, 


H E pole of a circle of the ſphere is a point in the ſuper- 
ficies of the ſphere, from which all ſtraight lines drawn 
to the circumference of the circle are equal. 

II. 

Agreat circle of the ſphere is any whoſe plane paſſes through 

encq the center of the ſphere, and whoſe. center therefore is the 

fame with that of the anna 
III. 

ar roll \ ſpherical triangle is a figure upon the ſuperficies of a ſphere 
comprehended by three arches of three great circles, each of 
which 1s leſs than a ſemicircle. 

IV. 

A ſpherical angle is that which on the ſuperficies of a ſphere 
is contained by two arches of great circles, and is the ſame 
with the inclination of the planes of theſe great circles. 


: Bl PROP. I. 


55 A REAT circles biſect one another. 


3 As they have a common center their common ſection will 
or 3 be a diameter of each which will biſect them. 


PROP. II. Fic. 1. | 
4 * E arch of a great circle betwixt the pole and cir- 


cumference of another is a quadrant. 


Let ABC be a great circle and D its pole; if a great cir- 
de DC paſs through D, and meet ABCin C, the arch DC 
vill be a quadrant. 

Let the great circle CD meet ABC again in A, and let 
AC be the common ſeQion of the great circles, which will 

H h 3 paſs 
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ſequently each of them is a quadrant. Q. E. D 
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paſs thro' E the center of the ſphere: Join DE, DA, De 
By Let. 1. DA, DC are equal, and AE, EC are alſo equa] 
and DE is common; therefore (8. 1.) the angles DEA, DE 
are equal; wherefore the arches DA, DC are equal, and con 


P R:0 FM, e. . 


IF a great circle be deſcribed meeting two great circlet 
AB, AC paſling thro? its pole A in B, C, the angl 
at the center of the ſphere upon the circumference BC 
is the ſame with the ſpherical angle BAC, and the ard 
BC is called the meaſure of the {pherical angle BAC, 


Let the planes of the great circles AB, AC interſect ont 
another in the ſtraight line AD paſſing thro' D their com 
mon center; join DB, DC. 

Since A is the pole of BC, AB, AC will be quadrants, and 
the angles ADB, ADC right angles; therefore (6. Def. 11. 
the angle CDB 1s the inclination of the planes of the cir 
cles AB, AC; that is, (Def. 4.) the ſpherical angle BAC 
Q. E. D. | 

Cor. If thro' the point A, two quadrants AB, AC, be 
drawn, the point A will be the pole of the great circle BC 
paſſing thro? their extremities B, 

Join AC, and draw AE a ſtraight line to any other poin 
Ein BC; join DE: Since AC, AB are quadrants, the angle 
ADB, ADC are right angles, and AD will be perpendicula 
to the Plane of BC: Therefore the angle ADE is a right angle 
and AD, DC are equal to AD, DE each to each; therefore 
All, AC are equal, and A is the pole of BC, by Def. 1 


Q. E. D. 


refore 
phe: 


PROP. IV. Fic. 3. 


JN Ifolceles ſpherical triangles, the angles at the bale art 
equal. 


Let ABC bean Iſoſceles triangle, and AC, CB the equally 
ſides; the angles BAC, ABC, at the baſe AB, are equal. f ght 
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Dole D be the center of the ſphere, and join DA, DB, 
quae; in DA take any point E, from which draw, in the plane 
e, the ſtraight line EF at right angles to ED mecting CD 
coo r, and draw, in the plane ADB, EG at right angles to the 
ie ED; therefore the rectilineal angle FEG is (6. Def. 11.) 
e inclination of the planes ADC, ADB, and therefore is 
ſame with the ſpherical angle BAC: From F draw FH 
xendicular to DB, and from H draw, in the plane ADB, 
traight line HG at right angles to HD meeting EG in 
and join GF. Becauſe DE is at right angles to EF and 
b it is perpendicular to the plane FEG, (4. 11.) and there- 
the plane FEG is perpendicular to the plane ADB, in 
ich DE is: (18. 11.) In the ſame manner the plane FHG 
perpendicular to the plane ADB; and therefore GF the 
mon ſection of the planes FEG, FHG is perpendicular 
he plane ADB; (19. 11.) and becauſe the angle FHG is 
inclination of the planes BDC, BDA, it is the ſame with 
ſpherical angle ABC; and the ſides AC, CB of the ſphe- 
| triangle being equal, the angles EDF, HDF, which 
pd upon them at the center of the ſphere, are equal; and 
the triangles EDF, HDF the fide DF is common, and the 
ges DEF, DHF are right angles; therefore EF, FH are e- 
|; and in the triangles FEG, FHG the fide GF is com- 
nand the ſides EG, GH will be equal by the 47. 1. and 
refore the angle FEG is equal to FHG ; (8. 1.) that is, 
ſpherical angle BAC is equal to the ſpherical angle ABC. 


PROP. V. Fic. 3. 


in a ſpherical triangle ABC, two of the angles BAC, 
ABC be equal, the ſides BC, AC oppoſite to them, 
equal. 


lead the conſtruction and demonſtration of the preceed- 
| propoſition, unto the words, “and the ſides AC, CB, 
. and the reſt of the demonſtration will be as follows, 


and the ſpherical angles BAC ABC being equal, the 
lineal angles FEG, FHG, which are the ſame with them, 
qual; and in the triangles FGE, FGH the angles at G 
ght angles, and the fide FG oppoſite to two of the equal 

Hh 4 angles 


equa 
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angles is common; therefore (26. 1.) EF is equal to FH; 35 
in the right-angled triangles DEF, DHF the fide DF is won 
mon; wheretore (47, 1.) ED is equal to DH, and the anelt 
EDF, HDF are therefore equal, (4. 1.) and conſequently tl 
ſides AC, BC of the ſpherical triangle are equal. 


PROP YL. Fi6 4 


NV two ſides of a ſpherical triangle are greater th; P | 
the third, | 


Let ABC be a ſpherical triangle, any two fides AB, I 
will be greater than the other fide AC. 

Let D be the center of the ſphere ; join DA, DB, DC. 

The folid angle at D is contained by three plane ang 
ADB, ADC, BDC; and by 20. 11. any two of them AD 
BDC are greater than the third ADC; that is, any two fi 


AB, BC of the ſpherical triangle ABC, are greater than t 
third AC. 


Le 

* 
D v 
A wi 

2. 


PR. Q-P, . 0 6, g. 

| there! 

HF. three ſides of a ſpherical triangle are leſs tha ¶ Neat 
circle. 3. 

be let 

Let ABC be a ſpherical triangle as before, the three fi eb 
AB, BC, AC are leſs than a circle. = 
Let D be the center of the ſphere : The ſolid angle at D . 
contained by three plane angles BDA, BDC, ADC, which p 41 
gether are leſs than four right angles, (21. 11.) there . 
the ſides AB, BC, AC together, will be leſs than four q nent 


drants; that is, leſs than a circle. 


PROP. VIII. Fic. 5. 


18 a ſpherical triangle the greater angle is oppoſite 
the greater ſide; and converſely. | I 
Let ABC be a ſpherical triangle, the greater angle A8! / 

poſed to the greater ſide BC. arcl 
Let the angle BAD be made equal to the angle VDI 

then BD, DA will be equal, (5. of this) and therefore , t 
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IC are equal to BC; but AD, DC are greater than AC, (6. 
this.) thereſore BC is greater than AC, that is, the greater 
ele A is oppoſite to the greater fide BC. The converſe is de- 
zonſtrated as Prop. 19. 1. El. Q. E. D. 


F — 


- thi 4 any ſpherical triangle ABC, if the ſum of the ſides 

AB, BC be greater, equal, or leſs than a ſemicircle, 
he internal angle at the baſe AC will be greater, equal, 
nr leſs than the external and oppoſite BCD; and there- 
bre the ſum of the angles A and ACB will be great- 
nc. Nx, equal, or leſs than two right angles. 


ADM Let AC, AB produced meet in D. | | 
of. If AB, BC be equal to a ſemicircle, that is, to AD, BC, 
an i will be equal, that is, (4. of this) the angle D, or the angle 

A will be equal to the angle BCD. 
2. If AB, BC together be greater than a ſemicircle, that 
x, greater than ABD, BC will be greater than BD; and 
therefore (8. of this) the angle D, that is, the angle A, is 
tha cater than the angle BCD. 
z. In the ſame manner is it ſhewn, that if AB, BC together 
te leſs than a ſemicircle, the angle A is leſs than the angle 
e Feb. And ſince the angles BCD, BCA are equal to two 
nght angles, if the angle A be greater than BCD, A and ACB 
at Dugether will be greater than two right angles. If A be equal 
vic BCD, A and ACB together will be equal to two right angles; 
vere *27 if A be leſs than BCD, A and ACB will be leſs than two 
ur q nght angles. Q. E D. 8 


PROP. X. Fi6: 7 


ſite 

T the angular points A, B, C of the ſpherical triangle 
AM 1 ABC be the poles of three great circles, theſe great 
. arcles by their interſections will form another triangle 


IDE, which is called Jupplemental to the former; that 
oc b, the ſides FD, DE, EF are the ſupplements of the 
1 meaſures 
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meaſures of the oppoſite angles C, B, A, of the trianei e 


ABC, and the meafures ol the angles F, D, E of the tr wh 
angle FDE, will be the ſupplements of the ſides AC, BC 4+ 
BA, in the triangle ABC. 5 BY 

x 


Let AB produced meet DE, EF in G, M, and AC meet FD 
FE in K, L, and BC meet FD, DE in N, H. 

Since A 1s the pole of FE, and the circle AC paſſes throug 
A, EF will paſs through the pole of AC, (13. 15. 1. Th.) an 
ſince AC paſſes thro* C, the pole of FD, FD will paſs throug 
the pole of AC; therefore the pole of AC is in the point F,! 
which the arches DF, EF interſect each other. In the ſame 
manner, D is the pole of BC, and E the pole of AB. 

And ſince F, E are the poles of AL, AM, FL and EM ar & 
quadrants, and FL, EM together, that is, FE and ML toge- nl | 
ther, are equal to a ſemicircle. But ſince A is the pole of ML, 
ML is the meaſure of the angle BAC, 3 FE is the . 
ſupplement of the meaſure of the angle BAC. In the fame 
manner, ED, DF are the ſupplements of the meaſures of the 
angles ABC, BCA. | 

Since likewiſe CN, BH, are quadrants, CN, BH together, " 
that is, NH, BC together, are equal to a ſemicircle ; and ſince * 
D is the pole of NH, NH is the meafure of the angle FDE, Bi. ”. 
therefore the meaſure of the angle FDE is the ſupplement of il. 
the ſide BC. In the ſame manner, it is ſhewn that the meaſures ithe 
of the angles DEF, EFD are the ſupplements of the ſides AB, To 
AC, in the triangle ABC. Q. E. D. pot 


R OP. XI. FIG. . 1 C 


HI. three angles of a ſpherical triangle are greater 
e | 92 ch C. 
than two right angles, and leſs than fix right In 4 
angles. : 3 e leaf 


The meaſures of the angles A, B, C, in the triangle ABC, Hiace 
together with the three ſides of the ſupplemental triangle t of 
DEF, are (to. of this) equal to three ſemicircles; but tne 


three ſides of the triangle FDE, are C. of this) leſs than two 
ſemicircles; 
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icircles 3 therefore the meaſures of the angles A, B, C are 
ater than a ſemicircle z and hence the angles A, B, C are 
ner than two right angles. 

all the external and internal angles of any triangle are equal 
ix right angles; therefore, all the internal angles are leſs 
ſix right angles. 


PROP. XII. Fic. . 


angl 
Ee tr 


, BC 


t FD 


'oug 
) ant 
'Oug 
F, i 


ſam a 


from any point C, which is not the pole of the great 
arcle ABD, there be drawn arches of great circles 
, CD, CE, CF, &c. the greateſt of theſe is CA, 
ich paſſes thro? H the pole of ABD, and CB the re- 
nder of ACB is the leait, and of any others CD, CE, 


I are \&, CD, which is nearer to CA, is greater than CE, 


oe ich is more remote. 
ML, 
= let the common ſection of the plains of the great circles 


(B, ADB be AB; and from C, draw CG perpendicular to 
„ which will alfo be perpendicular to the plain ADB; (4. 
x. 11.) join GD, GE, GF, CD, CE, CF, CA, CB. 

Of all the ſtraight lines drawn from G to the circumference 
DB, GA is the greateſt, and GB the leaſt; (7. 3.) and GD 
ich is nearer to GA is greater than GE, which is more 
Inte, The triangles CGA, CGD are right angled at G, 
they have the common fide CG; therefore the ſquares of 
b, GA together, that is, the ſquare of CA, is greater than 
e ſquares of CG, GD together, that is, the ſquare of CD; 
CA is greater than CD, and therefore the arch CA is 
ater than CD. In the ſame manner, fince GD is greater 
an GE, and GE than GF, &c. it is ſhewn that CD is 
ater than CE, and CE than CF, &c. and conſequently, the 
k© CD greater than the arch CE, and the arch CE greater 
n the arch CF, &c. And ſince GA is the greateſt, and GB 
leaſt of all the ſtraight lines drawn from G to the circum- 
tence ADB, it is manifeſt that CA is the greateſt, and CB 
leaſt of all the ſtraight lincs drawn from C to that circum- 


the 


ther, 
ſince 
DE, 
1t of 
ures 


AB, 


0, ce z and therefore the arch CA is the greateſt, and CB the 
gle ul of all the. circles drawn through C, meeting ADB. Q. 


PROP. 
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will be greater or leſs than right angles, 
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PROP. XII. FIG. 9. 


1 a right angled ſpherical triangle the ſides are of + 
fame affection with the oppoſite angles; that is, ift 
ſides be greater or leſs than quadrants,the oppoſite ang 


Let ABC be a ſpherical triangle right-angled at A, ; 
ſide AB, will be of the ſame affection with the oppoſite ang 
ACB. | 

Caſe 1. Let AB be leſs than a quadrant, let AE be a gi 
drant, and let EC be a great circle paſſing through E, 
Since A is a right angle, and AE a quadrant, E is the p 
of the great circle AC, and ECA a right angle; but ECA 
greater than BCA, therefore BCA is leſs than a right ang 

3 
eats 2. Let AB be greater than a quadrant, make AL a q 
drant, and let a great circle paſs thro? C, E. ECA is a right a An, 
as before, and BCA is greater than ECA, that is, greater tha fron 
right angle. Q. E. D. 


PROP. XIV. * 
JF the two ſides of a right-angled ſpherical triangle be 1 
the ſame affection, the hypothenuſe will be leſs tha 


quadrant ; and if they be of different affection, the Mut 
pothenuſe will be greater than a quadrant. „ Le 


Let ABC be a right- angled ſpherical triangle, if the two Me A 
AB, AC be of the ſame or of different affection, the hypo ch a: 
nuſe BC will be leſs or greater than a quadrant. (B of 

Caſe 1ſt. Let AB, AC be each leſs than a quadrant. cox. 
AE, AG be quadrants; G will be the pole of AB, and LB per 
pole of AC, and EC a quadrant ; but, by Prop. 12. of 
greater than CB, fince CB is farther off from CGD than Wang 
In the ſame manner, it is ſhewn that CB, in the triangle Cl fall 
where the two ſides CD, BD are each greater than a Mes! 
drant, is leſs than CE, that is, leſs than a quadrant. Not 
E. D. 
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the hypothenuſe BC will be greater than a quadrant ; for 
AE be a quadrant, then E 1s the pole of AC, and EC will 
:quadrant. But CB is greater than CE by Prop. 12. fince 


paſſes thro? the pole of ABD. Q. E. D. 


PROP. XV. 


the hypothenuſe of a right-angled triangle be greater 
or leſs than a quadrant, the ſides will be of different 
he ſame affection. 


a ql 
E, nis is the converſe of the preceeding, and demonſtrated in 
A ame manner. 


r n r. . 


Vany ſpherical triangle ABC, if the perpendicular AD 
from A upon the baſe BC tall within the triangle, the 
les B and C at the baſe will be of the ſame affection; 


[if the perpendicular fall without the triangle, the 
zes B and C will be of different affection. 


le be 
tha 


the WB, ADC are right-angled ſpherical triangles, the angles B, 


nuſt each be of the ſame affection as AD. 


eB is of the ſame affection as AD; and by the ſame, the 
te ACD is of the ſame affection as AD; therefore the angle 
Band AD are of different affection, and the angles B and 
ib of different affeCtion. 

Cox. Hence if the angles B and C be of the ſame affection, 
perpendicular will fall within the baſe ; for, if it did not, 
of this) B and C would be of different affection. And if 
than We angles B and C be of oppoſite affection, the perpendicular 
ze COM fall without the triangle; for, if it did not, (16 of this) the 


na 0 Fe B and C would be of the ſame affection, contrary to the 
ant. Woſition. 


two 


hypot 
rant. 


nd E 
2. Cl 


PROF. 


(Uſe 2. Let AC be leſs, and AB greater than a quadrant; Fig. 10. 


* 
— 0 11 


„Let AD fall within the triangle; then (13. of this) ſince Fig. 11. 


Let AD fall without the triangle, then (13. of this) the Fig, 12, 
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PR 07. XVII. 6. 13. ent Of 


N right-angled ſpherical triangles, the ſine of eithe 

the ſides about the right angle, is to the radius 
the ſphere, as the tangent of the remaining fide is to 
tangent of the angle oppoſite to that fide. 


N 

Let ABC bea triangle, having the right angle at A; # 

let AB be either of the ſides, the fine of the fide AB wil * 
to the radius, as the tangent of the other fide AC to thet [ 

gent of the angle ABC, oppoſite to AC. Let D be the e 5 


ter of the ſphere; join AD, BD, CD, and let AE be dr 
perpendicular to BD, which therefore will be the ſine of 
arch AB and from the point E, let there be drawn in 
plane BDC the ſtraight line EF at right angles to BD, meet 
DC in F, and let AF be joined. Since therefore the ſtra 
line DE is at right angles to both EA and EF, it will alſe 
at right angles to the plane AEF, (4. 11.) wherefore the pl 
ABD, which paſſes thro' DE, is perpendicular to the pl 
AEF, (18. 11.) and theplane AEF perpendicular to ABD: 
plane ACD or AFD is alſo perpendicular to the ſame AB 
Therefore the common ſection, viz. the ſtraight line AF, i 
right angles to the plane ABD: (19. 11.) And FAE, FAD 
right angles; (3. Def. 11.) therefore AF is the tangent 
the arch AC; and in the rectilineal triangle AEF, hawn 
right angle at A, AE will be to the radius as AF to thet 
gent of the angle AEF, (1. Pl. Tr.); but AE is the fine 
the arch AB, and AF the tangent of the arch AC, and 
angle AEF 1s the inclination of the planes CBD, ABD, 
Def. 11.) or the ſpherical angle ABC: Therefore the ſine ot 
arch AB is to the radius as the tangent of the arch AC 
the tangent of the oppohte angle ABC. 

Cor. 1. If therefore of the two ſides, and an angle op 
ſite to one of them, any two be given, the third will allo 

wen. 

; Cor. 2. And ſince by this propoſition the fine of the 
AB is to the radius, as the tangent of the other fide ! 
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the tangent of the angle ABC oppoſite to that fide ; and as 
je radius is to the co-tangent of the angle ABC, fo is the tan- 
ent of the ſame angle ABC to the radius, (Cor. 2. Def. Pl. 
ſr.) by equality, the ſine of the fide AB is to the co-tangent 
the angle ABC adjacent to it, as the tangent of the other 
le AC to the radius. 


PROP. XVIIE Fic. 13. 


N right angled ſpherical triangles the ſine of the hy- 
pothenuſe is to the radius, as the ſine of either ſide is 


A, 8 
dle {ine of the angle oppoſite to that fide, 
= Let the triangle ABC be right-angled at A, and let AC 


keither of the ſides ; the fine of the hypothenuſe BC will be 
bthe radius as the fine of the arch AC is to the fine of the 
wle ABC. 

Let D be the center of the ſphere, and let CG be drawn 
tmendicular to DB, which will therefore be the ſine of the 
Imothenuſe BC; and from the point G let there be drawn 
6 the plane ABD the ſtraight line GH perpendicular to DB, 
ad let CH be joined: CH will be at right angles to the plane 


54 WD, as was ſhewn in the preceeding Propoſition of the 
ABBghtline FA: Wherefore CHD, CHG are right angles, 
AF, i CH is the ſine of the arch AC; and in the triangle 
abe, having the right angle CHG, CG is to the radius as 
gent 1 to the ſine of the angle CGH : (1. Pl. Tr) But ſince CG, 


IG are at right angles to DGB, which is the common ſec— 
Im of the planes CBD, ABD, the angle CGH will be equal 


7 ythe inclination of theſe planes; (6. Def. 11.) that is, to 
ind ſpherical angle ABC. The fine, therefore, of the hypo- 
BD, denuſe CB is to the radius as the fine of the fide AC is to 
ne of ſine of the oppoſite angle ABC. Q. E. D. 

AC Cox. Of theſe three, viz. the hypothenuſe, a ſide, and the 


ile oppoſite to that fide, any two being given, the third is 
W given, by Prop. 2. | 


NO. 


5 * 
3 — — — * — — 
* — 2 - 
: —— : 
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PROP. XIX. Fic. 14. 


N right-angled ſpherical triangles, the co-ſine of f 

hypothenule is to the radius as the co-tangent of 4 

ther of the angles is to the tangent of the remain 
angle. 


Let APC be a ſpherical triangle, having a right angle 
A, the co-tne of the hypothenuſe BC will be to the rad; 
as the co-tangent ol the angle ABC to the tangent of t 
angle ACBÞB. 


D-ic:ibe the circle DE, of which B is the pole, and e 
it meet C in F, and the circle BC in E; and fince the cird 5 
0 


BI paties, thro” the pole B of the circle DF, DF will alſo p 
thro" the pole ot BD. (13. 18. 1. Theod. ſph.) And fince AC 
p"ipen dicujiar to BD, AC will alſo paſs thro' the pole 
BI; wheretore the pole of the circle BD will be ſound int 
point where the circles AC, DE meet, that is, in the point! 
The arches FA, FD are therefore quadrants, and Iikewietl 
arches BD, BE: In the triangle CEF, :ight-anglcd at the poi 
I., CE is the complement of the hypothenuſe BC of the t 
angle ABC, EF is the complement of the arch ED, which 
the meaſure of the angle ABC, and FC the kypothenuts 
the triangle CEF, 1s the complement of AC, and the ar 
AD, which is the meaſure of the angle CFE, is the comn| 
ment of AB. 

But (17. of this) in the triangle CEF, the ſine of the fe 
CL is to the radius, as the tangent of the other fide is to tl 
tangent of the angle ECF oppoſite to it, that is, in the triang 
ABC, the co-line ol the hypothenufe BC is to the radius, 
the co-tangent of the angle ABC is to the tangent of the ang 
ACP. Q. . Þ 

CoR. 1. Of theſe three viz. the hypothenuſe and the t cher 
angles, any two being given, the third will alſo be given. 

CoR. 2. And ſince by this Propoſition the co-ſine of tl 
hypothenuſe BC is to the radius as the co- tangent of tl 
angle ABC to the tangent of the angle ACB But as ther 
dius is to the co-tangent of the angle ACB, fo is the fange 
of the fame to the radius; (Cor. 2. Def. Pl. Tr.) and, 
«quo, the co-{ine of the hypothenuſe BC 1s to the Me. 
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{the angle ACB, as the co-tangent of the angle ABC to the 
mus. 

of tl 
of e 
Lain! 


PROP. XX. Fic. 14. 
N right angled ſpherical triangles, the co-fine of an 


angle is to the radius, as the tangent of the ſide ad- 


ent to that angle is to the tangent of the hypothe- 
ngle Ne. 
radi 
me ſame conſtruction remaining; in the triangle CET, 
7, of this) the fine of the fide EF is to the radius, as the 
nent of the other fide CE is to the tangent of the angle 
E oppoſite to it; that is, in the triangle ABC, the co-fine 
the angle ABC is to the radius as (the co-tangent of the 
noth-nuſe BC to the co-tangent of the fide AB, adjacent to 
or as) the tangent of the ſide AB to the tangent of the 
mnothenuſe, ſince the tangents of two arches are recipro- 
ly proportional to their co-tangents. (Cor. 1. Def. Pl. 


1 
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int 
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Cor. And, fince by this propoſition the co-fine of the 
we ABC is to the radius, as the tangent of the ſide AB is 
he tangent of the hypothenuie ; and as the radius is to 
E co-tangent of BC, ſo is the tangent of BC to the rad us, 
equality, the co-ſine of the angle ABC will be to the 
tangent of the hypothenuſe BC, as the tangent of the fide A 
lacent to the angle ABC to the radius. 


PRO EA i. 4 


ne fd 
to fl 
riang 
* N right angled ſpherical triangles, the co- ſine of either 
of the ſides is to the radius, as the co- ſine ot the hy- 


je ti cchenuſe is to the co- ſine of the other fide. 


ven. 


of tl 3 f ER 
of of be fame conſtruction ORE} in the triangle CEF, the 
chene of the hypothenuſe CF is to the radius, as the fine of the 


Ke CL to the ſine of the oppoſite angle CFE; (18. of this) 
lat is, in the triangle ABC the co-fine of the fide CA is to 
e radius as the co-ſine of the hypothenuſe BC to the co- 


& of the other ſide BA. Q. E. D. 
11 PROP, 
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SPHERICAL TRIGONOMETRY. 
P.-R OP. XIII. Fre: 14. 


N right angled ſpherical triangles, the co-ſine of eithdM © 
of the ſides is to the radius, as the co-fine of the an 
gle oppoſite to that fide is to the ſine of the other ang 


N 

The fame conſtruction remaining; in the triangle CEF | 
the fine of the hypothenuſe CF is to the radius as the fine Mid t 
the ſide EF is to the fine of the angle ECF oppoſite to it WM i 
that is, in the triangle ABC, the co-fine of the fide CA ist hate 
the radius, as the co-ſine of the angle ABC oppoſite to it, . 
to the ſine of the other angle. Q. E. D. jrts 
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SPHERICAL TRIGONOMETRY. 


Of the CIRCULAR PARTS. 


N any right angled ſpherical triangle ABC, the comple- Fig. 15. 


OFF ment of the hypothenuſe, the complements of the angles, ö 
e che two ſides, are called The circular parts of the triangle, | 
it Ws if it were following each other in a circular order, from | 


is t betever part we begin: Thus, if we begin at the complement 

it, the hypothenuſe, and proceed towards the fide BA, the | 
arts following in order will be the complement of the hy- | 
athenuſe, the complement of the angle B, the fide BA the 
e AC, (for the right angle at A is not reckoned among the 
arts,) and laſtly, the complement of the angle C. And 
aus at whatever part we begin, if any three of theſe five be 
uken, they either will be all contiguous or adjacent, or one 
if them will not be contiguous to either of the other two: 
I the firſt caſe, the part which is between the other two is 
alled the Middle part, and the other two are called 44ja- 
ent extremes. In the ſecond caſe, the part which is not 
ontizuous to either of the other two is called the Middle 
rt, and the other two Oppoſite extremes. For example, if 
he three parts be the complement of the hypothenuſe BC, 
he complement of the angle B, and the ſide BA; ſince theſe 
tree are contigucus to each other, the complement of the 
ugle B will be the middle part, and the complement of the 
Impothenuſe BC and the fide BA will be adjacent ex- 
remes : But if the complement of the hypothenuſe BC, and 
de ſides BA, AC be taken; fince the complement of the hy- 
ppthenuſe is not adjacent to either of the fides, viz. on account 
« the complements of the two angles B and C interveening | 
between it and the ſides, the complement of the hypothenuſe | 
dC will be the middle part, and the ſides, BA, AC oppoſite | 


> RT 


> 
y . VE CE — 1 


. — REI Id Aer” oo a7 ES > — 


xtremes. The moſt acute and ingenious Baron Napier, | 
the inventor of Logarithms, contrived the two following rules if 
concerning theſe parts, by means of which all the caſes of right- - 


mgled ſpherical triangles are refolved with the greateſt eaſe. l 


RULE:L | 
The rectangle contained by the radius and the ſine of the | 
112 middle 


—— << ee 
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Fig. 16. 
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middle part, is equal to the rectangle contained by the tay 


gents of the adjacent parts. 
RULE II. N 
The rectangle contained by the radius, and the fine of th 5 
middle part is equal to the rectangle contained by the icht 
ſines of the oppoſite parts. 
Theſe rules are demonſtrated in the followiug manner, Wh the 
Firſt, Let either of the ſides, as BA, be the middle par prec 
and therefore the complement of the angle B, and the fd lutic 
AC will be adjacent extremes. And by Cor. 2. Prop. 15. AM dem 
this, 8, BA is to the Co-T, B, as T, AC is to the radius, aul com 


therefore R x 8, BA = Co-T, BxT, AC. 

The ſame ſide BA being the middle part, the complement ( 
the hypothenuſe, and the complement of the angle C, at 
oppoſite extremes; and by Prop. 18. 8, BC is to the radiu 
as 8, BA to 8, C; therefore RxS, BA=S, BC 8, C. 

Secondly, Let the complement of one of the angles, 
B, be the middle part, and the complement of the hypothe 
nuſe, and the fide BA will be adjacent extremes: And | 
Cor. Prop. 20. Co 8, B is to Co-T, BC, as T, BA is tot 
radius, and therefore R x Co 8, B = Co-T, BC x T, BA. 

Again, Let the complement of the angle B be the midd 
part, and the complement of the angle ©, and the fide A 
will be oppoſite extremes: And by Prop. 22. Co 8, AC 
to the radius, as Co 8, B is to 8, C: And therefore Rx Co! 
B Co 8, AC x», C. | 

Thirdly, Let the complement of the hypothenuſe be t 
middle part, and the complements of the angles B, C, w 
be adjacent extremes: But by Cor. 2. Prop. 19. Co S. BC 
to Co-T, C as to Co-T, B to the radius : Therefore R x Co 
BC = Co-T, B x Ceo-T, C. 

Again, Let the complement of the hypothenuſe det 
middle part, and the ſides AB, AC will be oppoſite extremeWF , | ; 
But by Prop. 21. Co 8, AC is to the radius, Co 8, BC 
Co 8, BA; therefore R x CoS, BC S Co 8, BA x Co 
AC. Q. E. D. | 


8 OL! | 


OLUTION of the Sixteen CASES of 2. 


right-angled Spherical triangles. * 


tan 
GENERAL PROPOSITION. 

* a right angled ſpherical triangle, of the three ſides, 1 
and three angles, any two being given beſides the 

cht angle, the other three may be found. 


h the following table the ſolutions are derived from the 
preceeding Propoſitions. It is obvious that the ſame ſo- 
lutions may be derived from Baron Napier's two rules above 
demonſtrated, which, as they are eaſily remembered, are 
commonly uſed in practice. 

ſale] Given 


Sought 
AC, C B R: Co 8, AC::S, C:CoS,B:AndB is 
of the ſame ſpecies with CA, by 22. and 13. 


— 


Gb ToSAC:K:CoS,B:i9;C:iDya33 i 


8, C: Co 8, B:: R: Co 8, AC: By 22. and | 
B,C | AC | AC is of the fame ſpecies with B. 13. | 


— 


\ [ 
R: Cos, BA:: CoS, AC: Cos, BC 21.andif 
both BA, AC be greater or leſs than a qua- 
BA, Ac BC | drayt, BC will be leſs than a quadrant. But 
. if thhy be of different affection, BC will bel 
Srater than a quadrant. 14. | 


—_— 


Co 8, BA: R:: Co8, BC : £CoS, AC 21: 
BA, BC | AC fand it BC be greater or leſs thana quadrant, 
BA, AC will be of different or the ſame at- 1 
1 fection: By 15. 


3 | | 
| 8, BA: R:: T., CA: T, B. 17. and B is, | 
BA, AC B | of the ſame affection with AC, 13. i 


ON 


1 Fl 


113 Caſe 
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Caſe| Given Sought 


— — — 


R: 8, BA:: T. B: T. AC. 17. And AC: 
7 BA, B | AC | of the ſame affection with B. 13. 


— —[¼ — * _ - — — — — 
. 


8 Ac, B BA T. B: R.: T. CA:S, BA. 17. 


— —ñää— a * — 2 


| R:CoS,C::T, BC: T, CA. 20. If BC es 
leſs or greater than a quadrant, C and | 
9 BC, | AC | will be of the ſame or different affection. 19 


13. 

nge 
uſe B 
FFF W che 
| e C: R:: T, AC: T, BC. 20. And BC! om 

| els or greater than a quadrant, according a 
10 Ac, C | BC Cand AC or C andB are of the ſame 4 0 - 

* different affections. 14. 1. 8 

| ec 
DR * | | eit! 
| TING EK ET CACSS, ©2600 : 5 

BC, | leſs or greater than a quadrant, C ane 
hy C. CAC AB, and therefore CA and C, are of thi ron 
ſame or different affection. 15. ucle 
b mang 
— — 5 * | g 0 de {1 
R:S,BC::S,B : 8, AC. 18- And AC is 

BC, B , , , 

12 AC the ſame affection with B. Ne C 
» 2 There 
CY 1 65 : { 
73 AC, B BC 8, B:S, AC:: R: 8. BC: 18. Fr 

14 BC, AC. B 8, BC: R:: 8, AC: S, B: 18. And Bis 


| the ſame affection with AC. 


— — — 


* 


T. C: R:: Co T, B: CoS, BC. 19. an 
J B, C according as th angles B and C are of d 
5 hy BC ferent or the ſame affe&tio,, BC will be 
greater or leſs thana quadrant. 14- 


A | R: Co 8, BC :: T, C: co T, B. 16. {f BU 


be lets or grca':r chan a quadrant, C nd | 
will be of the ſame or different affection. 15 
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The ſecond, eighth, and thirteenth cafes, which are com- 
mly called ambiguous, admit of two ſolutions : For in theſe 
is not determined whether the ſide or meaſure of the angle 
ught be greater or leſs than a quadrant. 


PROP. XXIII. Fits. 16. 


N ſpherical triangles, whether right-angled or oblique 
angled, the fines of the ſides are proportional to the 
nes of the angles oppoſite to them. 


— < 


Firſt, Let ABC be a right-angled Ing . having a right 
ale at A; therefore by Prop 18. the fine of the hypothe- 
we BC is to the radius (or the fine of the right angle at A) 
the fine of the fide AC to the ſine of the angle B. And, 
like manner, the fine of BC is to the ſine of the angle A, 
the fine of AB to the ſine of the angle C; wherefore (11. 
the ſine of the ſide AC is to the fine of the angle B, as 
ie fine of AB to the fine of the angle C. 
Secondly, Let BCD be an oblique-angled triangle, the fine Fig. 17. 18 
either of the ſides BC, will be to the fine of either of 
z other two CD, as the ſine of the angle D oppoſite to 
IC is to the fine of the angle B oppoſite to the fide CD. 
tu brougb the point C, let there be drawn an arch of a great 

cle CA perpendicular upon BD; and in the right-angled 

tiangle ABC (18. of this) the fine of BC is to the radius, as 
; he fine of AC to the ſine of the angle B; and in the triangle 
* is DC (by 18. of this:) And, by inverſion, the radius is to the 
ine of DC as the ſine of the angle D to the line of AC: 
ſherefore, ex aequo perturbate, the ſine of BC is to the fine 
of DC, as the ſine of the angle D to the fine of the angle 


. E. D. | 8 

3 15 0 PROP. XXIV. Fic. 17. 18. 
© MIN oblique-angled ſpherical triangles, having drawn a 
. perpendicular arch from any of the angles upon.the 


in be Polite ſide, the co- ſines of the angles at the baſe are ? 
Foportional to the fines of the vertical angles. i 


f BU | 114 Let i 


8$PHERICAL TRIGONOMETRY. 


Let BCD be a triangle, and the arch CA perpendicular 
the baſe BD; the co-fine of the angle B will be to the co-fj 
ot the angle D, as the fine of the angle BCA to the fi 
of the angle DCA, 

For by 22. the co-ſine of the angle B is to the fine off 
angle BCA as (the co-fine of the fide AC is to the radiu 
that is, by Prop. 22. as) the co-fine of the angle D tot] 
ſine „th angle DCA; and, by permutation, the co-line of tl 
angle B is to the co-ſine of the angle D, as the fine of the a 
gle BCA to the ſine of the angle DCA. Q. E. D. 


P. R O P. XXV. FG. 17. 18. 


HE fame things remaining, the co- ſines of the ſid 
BC, CD, are proportional to the co-ſines of t 
baſes BA, AD. 
\ 


For by 21. the co-fine of BC is to the co-ſine of BZ 
as (the co-fine of AC to the radius ; that is, by 21. as) t 
co- ſine of CD is to the co- ſine of AD: Wheretore, by pe 
mutation, the co-ſines of the fides BC, CD are proportion 
to the co-fines of the baſes BA, AD. Q. E. D. 


PROP. XXVI. FIG. 17. 18. 


T HE fame conſtruction remaining, the ſines of th 
baſes BA, AD are reciprocally proportional toti 


tangents of the angles B and D at the baſe. 


For by 17. the fine of BA isto the radius, as the tange 
of AC to the tangent of the angle B; and by 17. andi 
verſion, the radius is to the fine of AD, as the tangent of Dt 
the tangent of AC: Therefore, ex aequo perturbate, the fn 
of EA is to the ſine of AD, as the tangent of D to the ta 
gent of B, 


9] 
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P R O FP. XXVII. Fic, 17. 18. 
HE co-ſines of the vertical angles are reciprocally 
proportional to the tangents of the fides. 


For by Prop. 20. the co-ſine of the angle BCA, is to the 
ins as the tangent of CA is tc the tangent of BC; and by 
fame Prop. 20. and by inverſion, the radius is to the co- 
e of the angle DCA, as the tangent of DC to the tangent 
CA: Therefore, ex acquo perturbate, the co-ſine of the 
gle BCA is to the co- ſine of the angle DCA, as the tangent 
DC is to the tangent of BC. Q. E. D. 


L E MM A. FIG. 19. 20. 


N right-angled plain triangles, the hypothenuſe is to 
the radius, as the exceſs of the hypothenuſe above 
ther of the ſides to the verſed fine of the acute angle 
ſcent to that fide, or as the ſum of the hypothenuſe, 
d either of the ſides to the verſed fine of the exterior 
ze of the triangle. 


Let the triangle ABC have a right angle at B; AC will 
to the radius as the excels of AC above AB, to the verſed 
i? of the angle A adjacent to AB; or as the ſum of AC, 
WV to the verſed fine of the exterior angle CAK. 
With any radius DE, let a circle be deſcribed, and from 
he center let DF be drawn to the circumference, making 
* angle EDF equal to the angle BAC, and from the point 
kt FG be drawn perpendicular to DE: Let AH, AK be 
ade equal to AC, and DL to DE : DG therefore is the co- 
e of the angle EDF or BAC, and GE its verſed fine : And 
cauſe of the equiangular triangles ACB, DFG, AC or AH 
to BF or DE, as AB to DG: Therefore (19. 5.) AC is to 
le radius DE as BH to GE, the verſed ſine of the angle 
VF or BAC: And ſince AH is to DE, as AB to DG, (12. 
| AH or AC will be to the radius DE as KB to LG, the 
aled fine of the angle LDF or KAC. Q. E. D. 


PADS 
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PROP. XXVIN. fic. ar: 


N any ſpherical triangle, the rectangle contained 

the ſines of two ſides, is to the ſquare of the radius, 
the excels of the verſed ſines of the third fide or b 
and the arch, which is the exceſs of the ſides, is to 
verſed fine of the angle oppoſite to the baſe. 


Let ABC be a ſpherical triangle, the rectangle contai 
by the fines of AB, BC will beto the ſquare of the radi 
as the exceſs of the verſed fines of the baſe AC, and of t 
arch, which is the exceſs of AB, BC to the verſed fine 
the angle ABC oppoſite to the baſe. 

Let D be the center of the ſphere, and let AD, BD, ( 
be joined, and let the ſnes AE, CF, CG of the arches; 
BC, AC be drawn; let the fide BC be greater than BA,: 
let BH be made equal to BC; AH will therefore be the 
ceſs of the ſides BC, BA; let HK be drawn perpendicular 
AD, and ſince AG is the verſed fine of the baſe AC, 
AK the verſed fine of the arch AH, KG is the exceſs oft 
verſed fines of the baſe AC, and of the arch AH, which 
the excels of the ſides BC, BA: Let GLilikewiſe be dra 
parallel to KH, and let it meet* FH in L, let CL, DH 
Joined, and let AD, FH meet each other in M. 

Since therefore in the triangles CDF, HDF, DC, UL 
are equal, DF is common, and. the angle FDC equal tot 
angle FDH, becauſe of the equal arches BC, BH, the Þ 
HY will be equal to the baſe FC, and the angle HFD eq 
to the right angle CFD : The ſtraight line DF therefore 
11.) is at right angles to the plane CFH: Wherefore the pl 
CFH is at right angles to the plane BDH, which paſſes ti 
DF. (18. 11.) In like manner, ſince DG is at right angles 
both GC and GL, DG will be perpendicular to the p! 
CGL; therefore the plane CGL is at right angles to the pl 
BDH, which paſſes thro' DG: And it was ſhewn that 
plane CFH or CFL, was perpendicular to the ſame pla 
DH; therefore the common ſection of the planes Ch 
CG1,, viz. the ſtraight line GL, is perpendicular to the pla 


BDA, (19. 11.) and therefore CLF is a right angle: In 


triangle CFL having the right angles CLF, by the Lemma ( 
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the radius as LH, the exceſs, viz. of CF or FH above 
is to the verſed fine of the angle CFL ; but the angle 
is the inclination of the planes BCD, BAD, ſince FC, 
ce drawn in them at right angles to the common ſec— 
BF: The ſpherical angle ABC is therefore the ſame 
the angle CFL; and therefore, CF is to the radius as 
to the verſed fine of the ſpherical angle ABC; and ſince 
mangle AED is equiangular (to the triangle MFD, and 
fore) to the triangle MGL, AE will be to the radius of 


ls as) GK to LH : The ratio therefore which is compound- 
if the ratios of AE to the radius, and of CF to the ſame 
us; that is, (23. 6.) the ratio of the rectangle contained 
E, CF to the ſquare of the radius, is the fame with the 
compounded of the ratio of GK to LH, and the ratio 
H to the verſed fine of the angle ABC; that is, the ſame 
the ratio of GK to the verſed line of the angle ABC; 
xfore, the rectangle contained by AE, CF, the fines of the 
AB, BC, is to the ſquare of the radius as GK, the exceſs 
he verſed ſines AG, AK, of the baſe AC, and the arch 


N „ which is the exceſs of the ſides to the verſed fine of the 
Ce ABC oppoſite to the baſe AC. Q. E. D. 

8 oft | 

hich 


P R O P. XXIX. FIG. 23» 


HE rectangle contained by half of the radius, and 
the exceſs of the verſed fines of two arches, is e- 
to the rectangle contained by the fines of half the 
, and half the difference of the ſame arches. 


let AB, AC be any two arches, and let AD be made e- 
to AC the leſs; the arch DB therefore is the ſum, and 
arch CB the difference of AC, AB: Thro' E the center 


ngle the circle, let there be drawn a diameter DEF, and AE 
e r led, and CD likewiſe perpendicular to it in G; and let 
ok be perpendicular to AE, and AH will be the verſed fine 


ls of theſe verſed fines: Let BD, BC, BF be joined, and 

ao meeting BH in K. 

ance therefore BH, CG are parallel, the alternate angles 

„ KCG will be equal; but KCG 3s in a ſemicircle, and 
therefore 


phere AD, (as MG to ML; that is, becauſe of the pa- 


the arch AB, and AG the verſed fine of AC, and HG the 
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therefore a right angle; therefore BKC is a right angle; 
in the triangles DFB, CBK, the angles FDB, BC K in 
ſame ſegment are equal, and FBD, BK C are right ang] 
the triangles DFB, CBK are therefore equiangular ; where 
DF is to DB, as BC to CK, or HG; and therefore the u 
angle contained by the diameter DF, and HG is equal tot 
contained by DB, BC; wherefore the rectangle contained 
a fourth part of the diameter, and HG, is equal to that c 
tained by the halves of DB, BC: But half the chord DB js 
ſine of half the arch DAB, that is, half the ſum of the arc 
AB, AC; and half the chord of BC is the ſine of half 
arch BC, which is the difference of AB, AC. Whence 
Propoſition is manifeſt. 


PROP. XXX. Fic. 19. 24. 


I HE rectangle contained by half of the radius, : 
the verſed fine of any arch, is equal to the {qu 
of the fine of half the ſame arch. 


Let AB he an arch of a circle, C its center, and AC, ( 
BA being joined: Let AB be biſected in D, and let C 
Joined, which will be perpendicular to BA, and biſect it in 
(4. 1.) BE or AE therefore is the fine of the arch DB 
AD, the half of AB: Let BF be perpendicular to AC,: 
AF will be the verſed ſine of the arch BA; but, becauſe of 
ſimilar triangles CAE, BAF, CA is to AE as AB, that 
twice AF to AF; and by halving the antecedents, halt of 
radius CA is to AE the line of the arch AD, as the fame AY 
AF the verſed ſine of the arch AB. Wherefore by 16. 06. 


Propoſition is manifeſt. 


PROP. XXXI. FIC. 25. 


N a ſpherical triangle, the reQangle contained by 

lines of the two ſides, is to the ſquare of the rad 
as the rectangle contained by the fine of the arch wh 
is half the fum of the baſe, and the exceſs of the ſid 
and the ſine of the arch, which is half the differenc 
the ſame to the ſquare of the ſine of halt the angle 
polite to the bale, 
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t ABC be a ſpherical triangle, of which the two ſides are 
BC, and baſe AC, and let the leſs ſide BA be produced, ſo 
BD ſhall be equal to BC: AD therefore is the exceſs of 
BA; and it is to be ſhewn, that the rectangle contained 
he fines of BC, BA is to the ſquare of the radius, as the 

ngle contained b the fine of half the ſum of AC, AD, 
he fine of half the difference of the ſame AC, AD to the 
re of the ſine of half the angle ABC, oppoſite to the baſe 


Bis 
11 ince by rop. 28. the rectangle contained by the fines of 
nce Wides BC, BA is to the ſquare of the radius, as the exceſs 


he verſed fines of the baſe AC and AD, to the verſed ſine 
he angle B; that is, (1. 6.) as the rectangle contained by 
[the radius, and that exceſs, to the rectangle contained by 
[the radius, and the verſed fine of B; therefore (29. 30. of 
the rectangle contained by the lines of the ſides BC, 

s to the ſquare of the radius, as the rectangle contained 
he ſine of the arch, which is half the ſum of AC, AD, 

he fine of the arch which is half the difference of the 
; * AC, AD is to the ſquare of the ſine of half the angle 


- QED. 
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SOLUTION of the twelve Casts of oblig 
angled SPHERICAL TRIANGLES, 


GENERAL PROPOSITION. 


IN any oblique angled ſpherical triangle, of the f 
ſides and three angles, any three being given, thi 
ther three may be found. 


Fig. 26. GrvEN. SOUGHT. 
„ | Co S, BC:R:: Co T, BTT 
oy BC, two an- 19. Likewiſe by 24. Co 8, B: 8, BC. 
gles and a Co 8, D: S, DCA; wherefore BC] 
ſide oppo- C. the ſum or difference of the angl:sD( 
ſite one of BCA according as the perpendicular. 
them. falls within or without the trian 


BCD; that is, (16. of this,) accord 
as the angles B, D are of the ſame 
different affection. 


— — 


2 B, C, and Co 8, BC: R:: Co T, B: T. B 
BC two an-|] D fi. and alſo by 24. S, BCA: 8, De. 
gles and the Co 8, B: Co 8, D; and according as 
ſide between angle BCA is leſs or greater than BO 
them. the perpendicular CA falls within 


without the triangle BCD ; and the 
fore (16. of this,) the angles B, D 
be of the ſame or different affection 


$3 de eon R: Co 8, B:: T, BC: T, BA. 
and B. and Co 8, BC: Co 8, BA:: Co 8, I 
Co 8, DA. 25. and BD is the {um 
difference of BA, DA. 


41 BC, DB! CD. R: Co 8, B:: T, BC: T, BA. 

and E. and Co 8, BA: Co 8, BC: : Co 8, 
g Co 8, DC. 25. and according as DA, 
are of the ſame or different affection, 
will be leſs or greater than a quadr. 


14. 


Gl 


a 


CO) hrs 


anc 


BC 
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Given. 8 SOUGHT. 


1 NTS, F:: T. BC T. BA. 20. 
B, D and and T, D: T. B. 8, BA: 8, DA. 26. 
BC. DB. and BD is the fam or difference of BA, 


(DA. | 


— — — 


Nes d:: T, der, BA; 0 
and 8, DA: S8, BA: : T, B: T, D; and 
D. according as BD is greater or leſs than 
BA, the angles B, D are of the ſame or 

different affeQion. 16. 
BC. — 


| 
BC] 
500 reer, neee 
Hart 19. and T, DC: T, BC: : Co 8, BCA: 
rian a C. Co 8, DCA 25. the ſum or difference of 
cor ill | . the angles BCA, DCA is equal to the 
lame angle BCD. 


— —— — 


— 


Co 8, BC: R:: Co T, B: T, BCA. 
19. alſo by 27. Co 8, DCA: Co 8, BCA:: 

| T, BC: T. DC 27.if DCA and B be 
B, C and} DC. ſof the ſame affection; that is, (13.) 9 


AD and CA be ſimilar, DC will be lef: 
than a quadrant, 14. and if AD, CA b 
not of the ſame affection, DC is greater 
hs a quadrant. 14. 


y 


—{ ſa 


DC| gh. 8, CD: 8, B:: 8, BC: 8, D. 


bas Ss DFT BCiS, Fr, DE: 


— — — 
9 


8, AB X 8, BC: Rg: : 8, AC AD 
BA 


2 
B. be 8, AC—AD : Sg, ABC. See Fig. 25. 


— — 


AD being 5 . of the ſides BC, 


— 2 
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GIVEN. SOUGHT. 


| See Fic, 7. 

In the triangle DEF, DE, EF, 

12 A,B, C.] The reſpectively the ſupplements of the 

Fig. „ G ſures of the given angles B, 4, Ci 

5 triangle BAC; the ſides of the tr; 

DEF are therefore given, and byth 

ceeding caſe the angles D, E, P 

found, and the ſides BC, BA, AC u 

ſupplements of the meaſures of 
| angles. 


The zd, «5th, 7th, oth, roth, caſes, which are com 
called ambiguous, admit of two ſolutions, either of whid 
anſwer the conditions required; for, in theſe cafes, th 
ſure of the angle or ſide ſought, may be either greater ( 
than a quadrant, and the two ſolutions will be tvpplem 
each otl er. (Cor. to Def. 4. C. Pl. Tr.) 

if from any ot the angles of an oblique- angled ipheric 
angle, a perpendicular arch be erawn upon the oppoſit 
molt of the caſes of oblique- angled triangles may be n 
by means of Napier's rules. 
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